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Abstract—Several recent papers have presented data from experi-
mental investigations of the human ivsual system (HVS) which support
the general hypothesis that the HVS is composed of spatial frequency
channels. It has been pointed out, however, that a linear systems analysis
of the entire system is not valid. Furthermore, a nonlinear model con-
sisting of a iog-bandpass filter produced some experimental results with
deviations at high spatial frequencies. A new structure for a nonlinear
mathematical medel which is easily quantifiable, produces results which
compare with experimental data, and has a physiological correlate is
presented. The significance of this model is that the bandwidth of the
visual system decreases as contrast increases. Thus the system appears
to maximize the signal to nvise ratio while attempting to maintain a
constant “‘perceptual” spatial-frequency fidelity.

1. InTRODUCTION

T HAS BEEN suggested by Campbeil and Robson [1]
that the human visual system (HVS) may contain
channels tuned to spatial frequencies. An excellent review
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of psychophysical experimentation in this area can be found
in Campbell [2]. In addition to psychophysical support for
this hypothesis, there exists neurophysiological evidence that
neurons in the visual cortex of the cat and the monkey are
sharply tuned to spatial frequency as well as orjentation
[3]-[8]. Pollen and Taylor [9] have suggested, based on
their experimental work, that the complex cell structure of
the striate cortex of the HVS may be performing two-
dimensional spatial decompositions of subdomains of the
visual space. They have specified electrophysiological
properties of a neural substratum that could support such a
spatial transformation.

In 1965 Kabrisky [10] suggested the type of neutral
interconnections which could support a cross-correlation-
type of computation in the visual cortex. The Kabrisky
model for the HVS has been extended to include low
spatial-frequency filtered transformations [11]-[13]. This
model has been applied to various pattern recognition tasks
[14]. Ginsburg [15], [16] has shown the Kabrisky model
has psychological correlates which demonstrate the Gestalt
principles of closure, similarity, and proximity. In addition,
he has demonstrated that spatial filters based on the visual
system modulation transfer function (MTF) are superior to
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simple low-pass spatial filters [17]. Andrews has found that
the number of features required for minimum mean-square
error is fewer in the discrete Fourier transform domain
(spatial frequency domain) than in the Walsh/Hadamard or
Haar transform domains [18], [19]. Thus the spatial
frequency domain appears to be an effective and efficient
representation space for visual imagery.

The wide diversity and large amount of evidence indi-
cating that a spatial frequency decomposition occurs in the
visual system is difficult to ignore. The fact that a simple
pattern recognition system based on such a premise has
been used successfully makes a mode! of the HVS based on
spatial frequency transformations practical as well as
satisfying. A convenient concomitance of such a model is
that linear systems techniques can be used in analyzing it.
The main objective becomes that of finding a MTF for the
HVS. Once the MTF is specified, the response of the visual
system to any input pattern can be computed. This capability
has obvious applications in image processing, analysis, and
recognition,

Unfortunately, the human visual system contains non-
linearities. This fact is easily established by analyzing the
phenomena of “brightness constancy” and “simultaneous
contrast” [20, pp. 270-284, 352-353]. One is left with the
chotce of ignoring the nonlinearities, developing a separate
describing function for each region of interest, or performing
the complex nonlinear systems analysis. The first choice is
suitable for a first approximation. This approach will be
considered in the next section. The linear model will then
be extended to include a nonlinearity. This simple nonlinear
model will be shown to be inadequate as a concise model of
the HVS, In Section IV a modified nonlinear model will be
presented. This model is consistent with the spatial frequency
decomposition requirement, contains a nonlinearity in an
appropriate location, and, therefore, reflects the physio-
logical structure of the eye. A discussion of the relevance
and application of our model is contained in the last
section.

II. FIRST APPROXIMATION MODELS

A first approximation model for the HVS can be made by
considering the system to be linear, isotropic, and time- and
space-invariant. Other assumptions which are often implied,
although not explicitly stated, are that the system is
monocular, monochromatic, and photopic.

The use of the MTF to estimate the system response to an
input image assumes that the system is linear and thus obeys
the principle of superposition. In general, if the intensity
of the light radiated from an object is increased, the mag-
nitude of the response of the HVS should increase pro-
portionally. We will initially assume the response increase
to be directly proportional to the stimulus, i.e., a linear
system.

An isotropic system is one which has characteristics which
are invariant to direction. The visual system is not isotropic
{21]. The response of the system to a rotated contrast
grating is a function of frequency of the grating as well as
angle of orientation. The sensitivity of the system decreases
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to a minimum at 45° and then rises again reaching the
original level at 90° rotation. At the point of maximum
deviation, 45°, a frequency of 30 cycles/degree would be
—3 dB below the response at 0° rotation. A frequency of
10 cycles/degree is reduced by only 15°% when rotated from
the vertical or horizontal to a 45° position. This anisotropic
behavior will not be included in our models, It can be added
easily when the application warrants the increased
complexity.

The assumption of spatial and temporal invariance or
homogeneity is difficult to modify quantitatively. The HVS
is not spatially homogeneous, neither in optics nor receptors.
However, optical spatial invariance is a good assumption
near the optic axis, and even though the densities of rods
and cones vary strongly with retinal position, the foveal
region is relatively homogeneous [22, pp. 47-52]. Davidson
has pointed out that the anatomical evidence against
homogeneity is weakened by the fact that certain structuraliy
inhomogeneous systems are functionally self-homogenizing
[23]. The situation in the case of temporal homogeneity is
even more complicated. The apparent existence of susrained
and transient chanoels in the visual system [24]-[26]
produce complex and interrelated responses to psycho-
physical stimuli which are difficult to interpret [27]-[30].
The modeis discussed in this paper will not consider
temporal responses, and thus temporal homogeneity is not
a factor.

Since we are not considering depth perception in our
model, the differences between monocular and binocular
vision are primarily due to the effects on absolute threshold
and resolution. Campbell and Green [31] have shown that
binocular threshold is lower than monocular threshoid by a

factor of v 2. Furthermore, they found binocular resolution
to be approximately 7%, better than monocular resolution.
Because of these simple relationships, a monocular model
can be easily extended to an equivalent binocular raodel
without depth perception. Since the psychophysical experi-
ments referenced in developing our medel stimulated one
eye, we will model the monocular case.

Monochromatic vision may be defined as the inability to
distinguish differences in hue. Since the illumination sources
used in the experimental protocols of interest are of a
constant spectral content (usually white or blue-green Ight),
there are no hue variations in the stimuli. Thus mrono-
chromatic vision is an acceptable restriction to the model.

The assumptions detailed previously are valid for the
system which produces the MTF derived via cortrast
gratings as described in Cornsweet [20, pp. 330-342]. This
MTF is shown in Fig. 1. The question then becomes, “How
can the system which produced this response be modeled 7"
Of course, one can just represent the system as a bandpass
filter (Fig. 2(a)). This is difficult to defend from a physio-
logical standpeint since the response is a compound one due
to several mechanisms within the HVS.

A slightly more detailed model would be a combination
of a low-pass and a high-pass filter (Fig. 2(b)). The high-pass
portion, which produces the well-known Mach band
phenomenon, is a result of lateral inhibition [20. p. 358].
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Fig. 2.

The low-pass filter is determined by several mechanisms.
The optical characteristics of the eye, including pupil size,
obviously affect the high-frequency response of the system.
The size and density of the photoreceptors and neural sum-
mation will also tend to limit resolution or high spatial
frequency response. In additon, light scattering within the
aqueous humor is probably an increasing function of fre-
quency and would cause a lower sensitivity at these fre-
quencies due to the increased losses. Campbell has concluded
[32, p. 182] that the answer to the question, “Which is it
that limits resolution, optics or the retina-brain complex?”
is not a simple one. He further states that for large pupils
(2.8 mm in diameter or greater) or poor focus, the optics
does most of the attenuation. The retina-brain complex
limits resolution when the pupil diameter is 2.4 mm and the
system is focused. Riggs [33, pp. 333-334] has pointed out
that for pupil diameters less than 2 mm, the limits of
resolution are established by Rayleigh’s diffraction limit.
Although the model depicted in Fig. 2{b) can be used to
describe a system which produces an MTF similar to the
HYVS, it will not account for the phenomenon of “brightness
constancy.” In general, the brightness of an object tends to
remain constant, despite variations in the illumination
falling on it. This phenomenon can be accounted for by
introducing a nonlinearity in the system [20, p. 373].

111, SIMPLE NONLINEAR MODELS

In the previous section it was pointed out that if a systemn
is linear (or nonlinear operating in a linear range), Fourier
techniques can be used for analysis. In particular, an MTF
can be determined, and multiplication of the Fourier
transform of any object by this MTF will give the transform
of the image. In other words, the system respense can be
determined for any input stimulus. In the HVS these
techniques are applicable up to the photoreceptors in the
retina. This is the case since to this point we are dealing
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with electromagnetic radiations within the optics of the eye
[34]. Beyond this point the assumptions necessary to
justify a linear systems analysis are difficult to defend.

There are two types of photoreceptors in the retina, rods
and cones. These receptors have different functions. The
rods function primarily at low intensities and are not
involved in color vision. The cones, on the other hand,
function at higher light intensities and are responsible for
color vision. In addition, the area of the retina which has
maximum photoreceotor density and minimurn neural
summation, the fovea,! is rod free. Thus the cones con-
tribute to maximal acuity (in terms of resolution), Kabrisky
has likened this effect to viewing the world through a piece
of frosted glass with a clear spot in the middle [19, p. 18].
The clear spot is analogous to the fovea, and we are not
cognizant of the “blurring” since the clear spot is always
where we are looking. This duality of the retinal receptors
is sometimes referred to as the duplicity theory [35, p. 387].

It is not yet known exactly how a quantum of light
stimulating a photoreceptor elicits an electrical response
from an accompanying nerve celi. It is known that for a
dark adapted eye one quantum is sufficient to st:mulate a
single rod, and approximately nine rods within a 50 p
diameter area must be stimulated within 1 ms of each other
before the stimulus is perceived {20, pp. 23-26]. Thus an
absolute minimum threshold nonlinearity exists in the
system. This threshold varies as a function of retinal
location and time in the dark [36, pp. 81-84]. If an input
image were to remain above this threshold and no other
nonlinearities existed in the HVS, then a linear systems
analysis would be valid. Unfortunately, other nonlinearities
exist.

In 1932 Hartline and Graham reported the recording of
neurological signals from single receptors in the eye of the
Limulus (the horseshoe crab) [37]. Subsequently, Fuortes
measured the electrical properties of the nerve cells of the
eye of the Limulus [38], [39]. His findings were consistent
with the hypothesis that light stimulating the receptor causes
a potential difference between the inside and outside of the
receptor cell. This potential difference mediates the fre-
quency of adjacent nerve impulse firings. Rushton feit that
Fuortes' data indicate that the resistance of the cell mem-
brane is proportional to the logarithm of the total light
incident on the receptor [40]. Furthermore, he concluded
that the relationship between the membrane potential and
the frequency of impulses is a linear one and, therefore, the
frequency is a logarithmic function of light intensity.
Rushton compared this result with the stimulus-response
relationship of mechanical receptors and observed that the
logarithmic transformation seems to be a property of sense
organs in general [40, p. 177], i.e., they follow the Fechner
logarithmic law.

Stevens [417, [42, pp. 208-209] has replotted Hartline’s
data on a log-log scale and pointed out that the functional

! The fovea is a circular area of ~ 0.5 mm in diameter centered
on the optical axis of the eye. The density of cones in 1his area is
approximately 2 x 10° mm~2.
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Fig. 3. Two simple nonlinear models of HVS.

relationship follows a power law with an exponent of 0.29.
It is interesting to note that Stevens discussed his power law
vis-a-vis Fechner's logarithmic law at the same symposium
at which Rushton reported his analysis of Fuortes’ data
[43). Stevens has also reported that the exponent for
perceptual brightness of 5° targets in the dark is 0.33
{42, p. 15]. This number represents all of the nonlinearity
in the system since the experimental paradigm now includes
the perception of the stimulus and the response is not just
the monitoring of a neurological signal. In other words, the
0.29 exponent is based on physiological data. The 0.33
exponent is from psychophysical data, Uttal, in discussing
the coding of sensory magnitude, has concluded that the
main site of response compression occurs at the receptors
[44, p. 317], and the above data indicate this is true, In any
case, the nonlinearity can be approximated by a logarithmic
function, and we wilt do this for convenience.

Two simple ways this nonlinearity can be added to a
model of the HVS are shown in Fig. 3. The question which
immediately arises is, “How can an MTF, which requires a
linear system, be included in such a model?” The argument
that is usually made in support of such a structure is that
for small variations in intensity of input patterns the system
is operating in essentially a “linear” region of the non-
linearity [20, pp. 334-335]. Recently, Mansfield has
reported that the system is, in fact, linear for intensities near
absolute threshold and follows a power law with exponent
0.32 above in intensity of 107? trolands [45, p. 682).
Further, under increasing light adaptation conditions, the
linear region becomes larger. Of the two structures shown
in Fig. 3, (a) can be used to explain the phenomenon of
brightness constancy [20, pp. 352-353].

Fig. 4(a) contains the intensity profiles of two hypothetical
images. The difference between the two profiles is that the
intensity of the second is five times greater everywhere. A
human observer would not detect this difference, and in
fact, the two images would be perceived as having the same
“brightness.” A linear model for the HVS would filter out
the average intensity level, passing the higher frequency
transition of the step change in intensity. Since the step
itself has been increased by a factor of five, the change
would be preserved by the linear system. If, however, the
model is noniinear and in particular, logarithmic, then the
situation depicted in Fig. 4(b) occurs. As can be seen, the
step in intensity is now equal in amplitude for both intensity
levels. After high-pass filteting, this constant amplitude step
is the only thing that passes through the system; thus
brightness constancy results. We see then that the model of
Fig. 3(a) not only is physiclogically sound, but that it
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Fig. 5. HVS response to exponential sine wave gratings (from
Davidson [23, p. 1305]).

predicts brightness constancy as well. Stockham has
successfully applied a version of this model to image
processing [46]. In addition, Mannos and Sakrison have
found the same basic model to be appropriate for image
coding {47]. They also found that images which were coded
using a cube root function were judged subjectively as being
“better” than those coded via a logarithmic function.

In 1968, Davidson [23] performed the contrast grating
experiment with exponential sine-wave gratings. He
reasoned that this stimulus should linearize the HVS. The
results are shown in Fig. 5. Davidson noted the variation of
the measured describing functions with contrast at high
frequencies and observed that this result implies a highly
nonlinear system at high frequencies, He then convincingly
argued that the finding may have been an artifact.

Recently, Henning, Hertz, and Broadbent {4&] have
reported experimental results which indicate a nonlinear
distortion of signals at high, but not low, spatial frequencies.
Their results do not support a model consisting of a
logarithmic nonlinearity followed by linear independent
frequency channels. The model discussed in the next section
is consistent with their findings and explains the high
frequency variations in Davidson’s data.
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Fig. 6. (a) Proposed nonlinear model for spatial characteristics of
HVS. (b) Nonlinear mode] of HVS assumed by Davidson.
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Fig. 7. Spatial frequency response function H(w) as determined by
Fourier transform of line spread function for pupil size of 3 mm.

IV. A NEw MODEL

Our model is shown in Fig. 6(a). The mode! has simply
placed the low-pass filter in front of the nonlinearity. This
modification can be justified by the physical location of the
mechanisms which are responsible for this filter, as discussed
in Section 11. Westheimer and Campbell [49] measured the
light distribution formed by the living human eye and found
the line spread function (LSF) to be of the form

hy(x) = exp (—alx|). (1)

For white light and a pupil diameter of 3 mm, « has a value
of 0.7, The MTF of this system can be computed from the
LSF. Assuming the one-dimensional case, the Fourier
transform becomes

H = [ h@ep(-jend
Performing the integration gives
2
Hyw) = ———, &)
a° + w

which determines the frequency response of the low-pass
filter. A plot of this function with @ = 0.7 is shown in Fig. 7.
The —3 dB point occurs at approximately 6.6 cycles/degree,
well within the passhand of the visual system MTF. Thus
it can hardly be disputed that anatomically, this low-pass
filter modifies ali images before the receptors in the HVS are
encountered. It will now be shown that this different
structure has a significant effect on the spatial frequency
response of the system. In particular, the response varies at
high frequencies for different contrast levels, and the system
requires both a high-pass spatial filter and exponentiation

161

165

Receptor |

Light
9

R 7 | )
Receptor 2 “Pa

Fig. 8. Backward inhibition model for photoreceptors in HVS.

to linearize it. In contrast, the system of Fig. 6(b) requires
only an exponentiation to linearize it.

The effect of the receptors will be modeled using the
backward inhibitor model. This is one of four model types
proposed for neural networks by Furman [50] and
developed in detail by Cornsweet [20, pp. 290-299]. The
model for two receptors is shown in Fig. 8. The receptors
will be assumed to have a logarithmic response to the
incoming light intensity. In Fig. 8 ¢, is the signal produced
when receptor i is illuminated, and g, is the output of the
ith network. The inhibitory coefficient b,; represents the
strength of the inhibition that g; exerts on g;. If we assume
the threshold of the receptors to be zero and the g, » 0,
then

gy =e — bung, g: =€ — byg 4

define the system. Or in general,

gi =€ — z bl‘jgj! i = 1,2,"',”. (5)
i=1
This equation may be written in matrix form as
g=¢- By (6
where
91
g=1%1,
5.
e, ]
e = e:z ,
e, ]
and
bll bll b],,
B = b;x b1s ban
b;l bnz T brm
Equation (6) can be rewritten as
(I+Byg=ce (N
or
g =(+ B e (8)

Now we assume no self-inhibitory interaction and that the
inhibitory interaction is an exponentially decreasing function
of the distance between receptors, i.e.,

b, = |°

e i=)
Y \ag exp (—ali — ji)

i# (9)
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Under this assumption (I + B) becomes

1w Wy Tt W,
r+p=|" b oo™ Wa-r | 10y
“:,n wn~-l Wu—z l

where
w, = a, exp (—ka).
This matrix is Toeplitz and corresponds to a linear shift-

invariant system, Thus the impulse response of the matrix
becomes

g(x) = (1 — ag)d(x) + ao exp (—alx]). (1D
The Fourier transform of this impuise response is
2a
Glw) = (1 — ap) + ag——— . 12
@) = (1 = a0) + @y (12)

The matrix (/ + B)~! will therefore have a frequency
characteristic

1 2 2
Hyw) = —— = LI 03
Gw) 2apa + (1 — agia® + w*)
This function represents a high-pass filter with
Hf0) = ——2% | 14
0) 2a, + a(l — ay) (4
and
lim Hyw) = — (15)
W= - dg

Plots of H,(w) as a function of a, and a are shown in Fig. 9.
A comparison with the low frequency portion of Fig. 5
indicates that appropriate parameter values for normalized
responses of the two systems are 2 = 0.01 and a5 = 0.2.
Using these parameters for the high-pass filter and those of
the low-pass filter derived earlier, we will now analyze the
two nonlinear models illustrated in Fig. 6.

Counsider the input of the two nonlinear models to be
exponentiated sine wave gratings. The resulting responses
will permit an analytical comparison of the two systems,
and they may also be compared to the experimental results
obtained by Davidson [23]. The configuration shown in
Fig. 6(b) is the model assumed by Davidson in his expo-
nential sine wave cancellation experimeni, This- model
performs an exponential-log cancellation at the input, which
results in a simplified analysis. The model in Fig. 6(a) does
not perform this simple cancellation, and therefore, the two
systems are not equivalent.

A mathematical development which contrasts these two
models is contained in the Appendix. The essence of this
development is the set of frequency response functions
shown in Fig. 11. Note that the functions vary at high
frequencies as a function of contrast and thus predict
Davidson's experimental data shown in Fig. 5. In particular,
the high-frequency response increases in bandwidth as the
input contrast is decreased. The implications of this result
and applications of the new mode! will be discussed in the
following section.
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Fig. 9. High-pass spatial fitter response H.(@) produced by neural
inhibition for (a) two inhibition strength values g and a d:stance
factor @, = 0.8, and (b) two distance factors ao and an inhibition
strength factor a = Q.01.

V. IMPLICATIONS AND APPLICATIONS

In the previous section a new model for the spatial
frequency characteristics of the HVS was presented. This
model predicts a nonlinear spatial frequency response of the
HVS which agrees with experimental data. The madel is
based on an arrangement of elements in the system in a
manner which correlates with the physiological structure
of the HVS. It is the placement of nonlinear elements which
produces the predictable response. The results were obtained
by a combination of mathematical analysis and computer
calculations and agree with independent results obtained
with psychovisual testing as reported in the literature
[23], [48].

The major implication of this model is that the system is
analogous to a variable bandwidth filter which is controlled
by the contrast of the input image. As input contrast
increases, the bandwidth of the system decreases. In an
optimal system design one would limit the bandwidth in an
attempt to maintain maximum signal to noise ratio. Since
imagery noise contains predominently high spatial-
frequencies, it would be reasonable to limit this end of the
system transfer function. Unfortunately, in most real
systems, the signal of interest contains frequencies in the
same band as the noise. In our case, the “edge” information
is of high spatial-frequency content. Thus a filtering out of
noise can only be made at the expense of “blurring” edges.
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An optimum system would contain an appropriate tradeoff
between system performance (in terms of “edge fidelity™)
and signal to noise ratio. If we consider noise and edges in
the context of gradient operators, high contrast increases the
magnitude of the system response. Subjectively, if we view
two prints of a low noise photograph which differ only in
the contrast at which they were printed, the higher contrast
print appears “sharper” and more “crisp.” On the other
hand, the contrast of a noisy image (such as a “snowy” TV
screen) can be increased subjectively by squinting while
viewing the screen (squinting increases the high-frequency
roll-off). These two examples could illustrate the extreme
performance ends of a system attempting to maximize the
signal to noise ratio while attempting to maintain a constant
perceptual spatial frequency fidelity, In any case, the new
mode! has several applications as a preprocessor for image
processing, image coding, pattern recognition, and scene
analysis.

The nonlinear structure shown in Fig. 6(a) can be used to
form a logical extension of the Kabrisky model of the HYS
which has been used successfully in several pattern recog-
nition applications [ 14]. A fundamental premise upon which
his mode! is based is that the HVS uses low spatial-
frequencies as features. In particular, a correlation between
low spatial-frequency filtered images and stored prototypes
is performed in area 18 or 19 of the striate cortex. If such is
the case, then the model developed in this paper has sig-
nificant relevance as a preprocessor in this type of recog-
nition system. In particular, for complex scenes, which
contain variable contrast information, such a preprocessor
would have a significant affect on the spatial frequency
content of the input signal. [t may turn out that just as the
human cbserver directs his attention to various subsections
of a complex scene during cognition, an automated system
based on this model should compute average contrast over
localized areas and adjust the spatial frequency filter
parameters accordingly. Such a model would be useful in
scene analysis.

In the case of image coding, the structure in Fig. 6{a) is
again important as a preprocessor. If our intent is to code
an image for transmission over a noisy channel, then it
makes sense to first preprocess the image in the same
manner as the HVS. We are then left with the problem of
coding only that data which is relevant and reduce any noise
problems. The same argument holds for bandwidth reduc-
tion and efficient storage problems. Thus the functional
form which has been proposed by Mannos and Sakrison
[47] for studies of visual fidelity should perhaps be modified
to

Af) = [e, + Gl exp [=(im(@fe)?], (16)

where we have added m(c), a function of contrast responsible
for modifying the high-frequency roll-off.

Frei has proposed a model for color spatial vision [5 1]
which can be extended in the same manner that we extended
the monochromatic model of Fig. 3{a). Frei’s model con-
tains a transformation representing the change from
spectral energy space S(x,y,4) to tristimulus space t,(x,¥),
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t,(x,y), and 74(x,). This transformation is placed in front
of the configuration shown in Fig. 3(a). A more accurate
mode! would have the low-pass filter portion of the MTF in
front of the spectral transformation. In fact, there could be
three filters, one for each band, which have different roll-off
points caused by chromatic aberrations of the occular media.
Investigations of this model in the context of image coding
and a fidelity criterion are being pursued.

The low-pass, nonlinearity, high-pass structure is not
limited to spatial response or even spectral-spatial response.
Spekreijse has shown that this basic structure is valid for
modeling the temporal response of the HVS as well [52].
Thus the first stages of the HVS, the optics, the photo-
receptors, and retinal interconnectivity can be modeled with
a structure which is consistent with spectral and spatio-
temporal responses. We might hasten to add that there is
nothing new in the physical structure we have discussed.
What has been shown is that the assumptions madie in the
past which permitted simpler models are not valid. More-
over and most significantly, the effects of these assumptions
are relevant to system performance, and they can be
quantified. The resulting model should permit more
accurate studies of the visual system and be a useful addition
(as a preprocessor) to various image processing systems.

APPENDIX

We begin with the analysis of the model in Fig. 6(a) and
first determine the contrast response to an exporentiated
sinusoid of the low-pass-log system. 1f the input signal is
defined as
(17

where g is the average luminance and m is the peak ampli-
tude of the sinusoidal variation, (17) can be rewritten as

(18)

fi(x) = exp (@ + m cos wyx)

Si(x) = fo exp {m cos (wox)}
where
fo = exp (a). 62))
Next, the contrast response of the log-low-pass system to
the exponential sinusoid, which is simply its low-pass
frequency response, is computed. Finally, computations of
the contrast response of the new model are compared to the
experimental data.
The Fourier transform of /;(x) becomes

Fi(w) = fuF {exp [m cos (wyx)]}. (20)
From Taylot's theorem this expression can be expanded to
Fyw) = fo ¥ = F{2""'[cos (@0)]'}.

a=0 n!

(21)

Performing a binomial expansion yields

Fiwy=fo ¥ E-l" Y (n) 2né{w — (20 — n)wp]. (22)
w=0 nl 2% =0 \i

From (3), with « = 0.7, we have

0.14

FhGN = oo T ot

23)
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Thus the response of /i, (x) to f,(x) becomes
FU () ® h(x)} = F{AR} Flhx)}

0.14 z m 21: n
049 + 0? fo .;o n! 2" tg:o (l)
8w — (2i — mwg]

(24)
where ® denotes convolution. Therefore, from the inverse
Fourier transform,

&> m 1

x5 ()

fD @ =fo § T

_0.14 exp [J(2i — njwox]

. (25
0.49 + [2i — mw, ¥ (5
This convolution is a maximum when
exp [j(2i — mwex] = 1
or
x=2 002 (26)
Wo
Therefore,
- 1 n
L00 ® hlans = fo 3, 2% 3 (1)
. 0.14
049 + [(2i — mwe}®
(27}
Similarly, the minimum response, which occurs for
exp [J(2i — mywex] = 0
or
@D 012, (28)
Wy
becomes
L] ___l n N
(400 ® h@lme =5 . = § (%)
w=on! 2" i=o \i
0.14
. (29
0.49 + [(2i — Mw,])? 29)
Taking the logarithm of (27) and (29) yields
Ios {fl(x) @ hl(x)]mlx
2fo)
= |
= ot (o 7
0.7 & 1 & 0.14
log{l+=— ¥ ——
* og{ * 2 .;un'2 ; ( )049+[(21—n)w0]2}
(30)
and
log [fi(x) ® B (X)) min
7
= los (o 7
07 & m (1) & ()
+ log {l 2 n§1 n! » 1;; i
i 0.14 } an
0.49 + [(2i - n)we]?
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By using the series expansion for log(1 + x) and letting

T & m 1 & [n 0.14
F 2 #Sim! 250 (i) 0.49 + [(2i — mwe]? 2)
and
_0T & m(=1) ¢ 0.14
Q= 2 ,.;1 nt 27 .szo ( ) 0.49 + [(2i — m)?’
(33)
one may obtain
(- 1Y+
108 [/i(x) ® h(leus = 108 (555o) + T, P
(34)
and
2 o (=1 J+i
108 () ® (L = 108 (55 + 3, 5—¢
(35)

If we define contrast as the difference between the maximum
and minimum logarithmic responses, then

__1)}+1P_|

C = log (—fo) + Z (

e () B
log (0.71r °) ,-gl T

= (=1Y* .
= (pi—
% ; (

j=1

(36)

9.

Now consider the model shown in Fig. 6(b). In this case
we first take the logarithm of the input giving

log [f1(x)]

log {fo exp [m cos (wox)]}

a + m cos (@yX). 37N

Since the log and exponent operations cancel, the system is
linearized with respect to the sinusoidal input. The frequency
response H,(w) could be determined by observing the
modification of the input sinusoidal amplitude at different
frequencies. The Fourier transform of (37) becomes

Fllog £,(x)} = 2nad(w) + ma[dw + wp) + o — wg)].
(38)

For the purpose of analysis, it is interesting to determine
the type of filter in the new model which would correspond
to a given filter H,{e) in the log-low-pass model. This filter
would, unlike H,(w), be input signal dependent. Eowever,
the filter shape and variation could then be compared to the
empirical results obtained in Davidson’s experiment. To
determine an equivalent signal dependent filter let

H'(w) & F{h'(0)]. (3%

Then the transform of the output becomes
F)'(w) = H)'(w)F {logfi(x}

= H,'(@){2raé(w) + ma[é(w + wy) + dw — we)]}.
40
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Fig. 10. Spatial frequency response of equivalent signal dependent
filter H,'(w) for several values of sinusoidal modulation ar.

The inverse transform gives

ﬁm=§f

-

o

F,’{w) exp (Jox) deo

= aH/(0) + gtHl'(wo) exp (jwex)

+ H,'(—wg) exp (jwx)].

@1)
However, H,(w,) = H,'(~wy), therefore,
f'(x) = alH,'(0) + mH " (wy) cos wyx. (42)
Thus
[/ )] mas = aH)' (@) + mH,'(wo) 43)
and
L2 ()] min = aH'(0) — mH,'(wy). {44)
The contrast for this model becomes
C' = aH,'(0) + mH,'(wy) — H/(0) + mH, (w,)
= 2mH "(wy). (45)
Equating the contrast of the two models gives
. & (=
mH(wo) = T E—— P = 0) )
or
Hiws) = — 3 EX e _on

2m j=1

A plot of H,"(w,) for several values of m is shown in
Fig. 10. When this characteristic function is combined with
that for the high-pass filter, the curves illustrated in Fig. 11
are obtained. These curves compare favorably with the
experimental data of Davidson. In particular, the high-
frequency response increases in bandwidth and sensitivity
as the input contrast is decreased. Furthermore, this
variation is a predictable inherent response of the new model
but not of the previous one.
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