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ABSTRAGCT

A comparative study of four popular 3-D image
;econséruétion algorithms has been made.
attention was given to artifacts generated and noise
sensitivity. The methods considered include two
spatial domain convolution algorithms, the Linear
Superposition with Compensation (LSC) and a Fourier
Convolution Method (FCM), a direct Fast Fourier
Transform method (FFT), and an algebraic technique,
the Sifnultaneocus Iterative Reconstruction Technique
[SIRT). The methods were compared by computing
reconstructed images for an identical input phantom
image, The phantom imdge contains several edges
and 2. 2% contrast object. Variations, artifacts and
noise sensitivity are easily visualized by perspective
plots of the reconstructed i images, Considerations as
to thé optimum algorithm for a particular application
arte discussed, '

1. INTRODUCTION

Recent 3-D image reconstruction techniques [ 1]
have wide application in nuclear science since they
provide a method for viewing the interior secions of
an object without physically destroying the object.
The widespread use of these methods especially in
nuclear medicine and radzology' have raised many
exciting queéstions concerning artifact generation,
minimum_required number of projections, effects of
noise statistics, filtering methods and computation
speed: With a number of given constraints, such as
finite exposure time, the efféct of energy averaging
{from a polyenergetic source either of Bremsstrah-

"lung x-rays or from a multlple peak, radioactive
source), projection éeomei:ry, and inherent precision
{such as the positron camera case), it is possible to
choose an optimum computing algorithm. An impor-
tant application of 3-D image reconstruction has been
transverse axial transmission tomography using
x-rays. This method requires statistics of better
than 0.5% in determination of the linear attenuation
coefficient and alse requires a large number of
points for each projection as well as a iarge number
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Particular

of projections. Another important application where
3-D image reconstruction algerithms can be applied
is in tomography systems for positron emitting
isotopes which utilize coincidence detection of anni-
hilation gamma rays to obtain the image reconstructic:
information [3, 41

. Computer implementation of 3-D image reconstruc-
tion may be accomplished in several ways. Three of
these are linear superposition, Fourier transform,
and algebraic. The advantages of each techniques
appear to be application dependent and a general
theoretical comparison is difficult, Ih this papera
theoretical development and experimental comparisen
will be made of the following techniques:

a} Linear Superposition with Compensation
(Lsc) [5,6,7]

b) Fourier Convolution Technique (FCT) [8, 9,10]
¢) Fast Fourier Transform (FFT) [11]

d) Simultaneous [terative Reconstruction Technique
(SIRT) [13,14,15].

A comparison of the above methods will be made on
the basis of image quality with a given number of
projections and given statistics.

The basic nature and essential part of 3-D image
‘reconstruction seems to be the actual gcanning oT
data collection mechanism which is known (mostly in
the medical field) as "Transverse Axial Scanning'.
It is therefore often called Transverse Axial Tomo-
graphy (TAT), or more specifically, Corhputerized
Transverse Axial Tomography (CTAT). Although
there exist few alternative scanning or data collectio?
methods, we shall, in this paper, be confined to the
Transverse Axial Scanning mode (fan beam geometfY
is a variation of parallel beam). In this mode, 2
first order image reconstruction can be obtained by
simple linear superposition (which is also known 25
back projection). In a more complex situation, how"
ever, the image reconstruction is grossly deviated
by the blurring, particularly the central portion of
the image, due to the nature of the axial scanning
mode,

To introduce the methods suppose that the Fourie?
transform of f(x,y) is F{f ,f ). The general expr??’
sion is a simple well-known 'two dimensional Fouri¢?
transform, as illustrated in Fig, 1, i.e.,
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By virtue of the circularly symmetrical nature of

cTAT concepts, Eq. (1} can be transformed into polar
coordinates, i.e,,

moe
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chere R| is the Tamp function in the Fourier domain
41ising from the coordinate transformation, and
5, ¥ fxs fy» ¥, and Bhave the following relationshipe:

(R, 9 | R Jexpl 2miR rcos(y-#)]dRdy (2

x =rcosP, y = r sing, 4 = l:a.n.l v/x

f =R cosy, f =R siny, | =tan-1f /£
x y vy 'x

¥ =0+ n/jz

£q. (2) can then also be denoted as

T o

fir, ) =_[thR.e) IRExpl2miR rsin(s-p)laras (3

=

chere F(R;6) = F[f(-t;a)]i[f(lce)exp[-eriR.L]dL

fiR;%)therefore Tepresents the Four

ier transform of
ke projection f(4:9),

If, however, one makes a simple Fourier transform
vith F(R;8), it results in the linear superposition re-
construction image f1 s(r,®, i.

e., )
mo® ) ‘
[ glr 9 =ffF(R,s)exp[zmnrsin(e-o)JdRas (4)
0 -= :

“his is in effect the same asg
ﬂ k-]

LSn D = f fF(R. s)lR]erlexP[ 2nRrsin(8- §)aRds
0% :

= f(r, @ w2

o
T (5)
The correct image f{r, ® can therefore be obtained

Ly deconvolvi.ng the 1/r function, i.e. .

f(]" a) = fLS(r‘ g) ¥ r

m
=f£f(£, 8 * p(4)]as (6)
0

"iw the deconvolution function g4} is
Rl )
oL} =f IRIexp[ZniR 1]dR,

1

::.!-1'1) through (7) cover the basic nature of the image
,iTring and deblurring principles, Eqs, (2) and (3},

N ®¥ample, suggest a direct Fourier transform to
Tuin the reconstructed and deblurred images in the
"itig) domain, while eqs,. {5} and (6) indicate a direct

(7}
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convolution or deconvolution Process in th

e spatial
domain, as will be detailed

in the followin_g.

Another method suggested in the earlier stage of
the 3-D image reconstruction era is the Iterative
method, more widely known as the Algebraic Recon-
struction Technique (ART) (13), and iis family [14,15],
This ART method and its modified version known as
SIRT will be detailed in a separate section,

2. RECONSTRUGTION ALGC_RI'J_?HMS

Spatial domain deconvolution methods,

If we focus our attention on a possible spatial do-
main processing method, a proper deconvolution
function o(4) can be found. This process is equiva~
lent to searching for a suitable low pass filter
function. Four deconvelution functions which z.ye

considered to be representative will be des'crib_ed in
the following. ) )

a. Linear Superposition with

Compensatior; and its
deblurring function, ’

The simplest technique known for Years in nuclear
medicine and diagnostic radiology is the linear super-
position technique [16], However, to obtain a correct-
ly reconstructed image, the proper deblurring function
is required. A deblurring function known as the Trans-
fer Function {LSC) t proposed by Cho et, al. and

was p
results in the technique called Linear Superposition
In this case, the deblur-

with Compensation (LSC)
ring function, @(1), is derived in the spatia! dornain
vation is described in refs, {51, (61,

{detailed deri

and [7]). The LSC deblurring function (Fig. 3(a)) is
the spatial domain equivalent of the Foif JRIJ given
in eq. (8) and can be expressed as [see also Fig. 2
and 3),
©(L) =f(na} = 1 in=0
A1
® (1) = f(na) = I= -Irl = - in=1
. 1 . 1
P(4) =f(na} =1 (8)
“n
, . vy a-1 _
2‘11:'1An+ IrZAn+ * I1-,n-lA1'1 ) An
AR
n
n-1 .
22,1 A - a .
_1-'- IlL n n ;n=+2'i3
A '
n

The use of the deblurring function (transfer fur ction)
given in eq.(8) and linear Superposition using weight-
ing factors Wij is detailed in refs, [5],[6], and [7].

b. The Fourier-Convolution Technique and its decon-
volution function [8,9].

According to Shepp and Logan [ 8] and Ramachandran




and Lakshiminarayan [9], the deconvolution function
derived from Fourier domain (frequency domain) can
be written in a discrete form as

@y =f(r)] = f(na) = _— ;n=10
na
-4 (9)
b = f(na) —5— i k=il +2,...
ma 4K -1)

and is shown in Fig. 3{b).

c. F-IERH Function and other simple spatial domain
deblurring functions.

According to Bracewell [10], the Fourier transform
of the ]RI in finite bandwidth, i.e., iR.l, leads to

R

A

1 Rl

iRI exp [27R. r R =f rect [—B——]—
"R 2R

1 1 -1

. exp[2miR. rdR (10)

where rect --g-l-] and A [%] corresponds to rectangular

and triangular functions, respectively.

The result is then

o (2= f(r) ]2 2R s‘mcz(Rl ) (1)

sinc(Zer) - R1

1

where T = na with n an integer.

This deblurring function is also shown in Fig. 3
as an analog form (Fig. 3{c)).

d. A simpler form similar to the egs. (10) and (11) is
the simple sinc function. The reason that the simple
sinc function works at all is due to the fact that the
sinc function in spatial domain corresponds to the
bandwidth limited function in the frequency domain.

Fourier transform methods,

The Fourier transform method is perhaps the
most convenient and basic form of 3-D image recon-
sturction method, and has been proposed by several
investigators [10] and [111. Although there are
rnany methods for reconstruction using the Fourier
and other transforms. two illustrative methods will
be considered. One invalves frequency demain
interpolation while the other uses spatial domain
interpolation.

It is easily shown for both the continuous and dis-
crete cases that the Fourier transform of a project-
ion at 0° equals the central section of the transform
of the object. However, the discrete transform of
the projection at oblique angles equals the transform
sampled at oblique angles, Thus the discrete trans-
form points are produced on a polar grid rather
than a rectangular grid. Since the fast Fourier ,
sransform algorithm requires a rectangular gri'c_‘., an
interpolation is required. The interpolation is
further complicated by the complex nature of the
Tourier transform. Although the magnitude of these
complex numbers are highly correlated, the phase

terms are independent. Particular difficulty is pré;"
duced if consecutive points have opposite signs, i.e.,"

{2n+1)7 phase shifts, One partial solution to this
problem is to transform the Fourier transform
points to minimize the phase variation, perform the
interpolation, then perform the inverse of Fourier
transformation., The main advantage of frequency
domain interpolation is the simplicity and efficiency -
of the fast Fourier transform algorithm.

The second method uses a Bessel function expan. -
sion to permit a polar coordinate Fourier transiorm
computation. This produces an image known ona
discrete polar grid in the spatial domain. Spatial
domain interpolation is then used to obtain a final -

image.

Let F(R, 8) denote the Fourier transforrn of the
projection at angle & and {(r, & be the tomographic
section in polar coordinates, and the exact recon-
struction is given by

2m ®

f(r, 8) = fF(R.e)ex}..[ 2mirR cos(8-8)JRERAS (17)
00

where U is now simply denoted as § for convenience,
The transform values are known only at discrete
angles, fi and radii, R, . Thus the numerical in-
tegration must be used fo obtain an estimate (1, #),
of the image.

fir,® =2 Y. F(R,, Bk)exp(ZTTerLcos(Bk-Q))RLARE.S

!

k 4 (13
This computation may be {nterpreted as a discrete
polar coordinate Fourier transform if discrete values
of r, and 8, are sufficient,

Since the frequency domain interpolation could ir-
troduce spurious edges in the image, it would seem
desirable to employ an algorithm that utilizes the
Fourier coefficients directly on polar coordinates.
Crowther, De Rosier and Klug proposed such an
algorithm using the Fourier-Bessel transform ins.
Crowther et, al. have emploved this algorithm in the
reconstruction of images obtained in electron micro«
scopy with reasonable results.

On the polar coordinate transform, note that

a) cos(5-0) = sin(6-0+m/2).

b) exp(ja sin x) =3, 3.2 exp {jkx}
k= -

where J, {a) is the kth order Bessel function of the
first kingd. Inserting these two relationships into (12!
and rearranging the order ¢f summation and integsa-
tion, ome obtains,

) 2 =
f(r, @) =Z,jk1[f (R, S)szZer)exp{jke-jk@}R.dee
0

[

where jk = tf::-:'pf_'jl-cI .
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pro- If we define
i.e., 27 w
s k
£(r) =] f fF(R,G)Jk(ZﬂRr)exp[jkB}RdeB
1 the . 0 0
.er : (15)
- we obtain the Fourier series expression
ency .
-]
xpan- f(r, ) = 3. £ (r)explikp} (16)
sform k=-=
aa -
ial ' Note that {16) is indeed a Fourier series for
al ]
en .
the ﬁ((r) e f(r, Pexp{jkplde (17}
hic
on- U
- If we restrict ourselves to discrete angles evenly
.. wpaced over (0, 2m), (16) becomes a discrete inverse
_‘ Fourier transform. Knowledge of { (r) will permit
@8 a2) an exact reconstruction of f(r, #} along radii equally
- ! . spaced over (0,2m) . F(R,H is in general not avail-
--able for all R and 9 since projections are available
: lor only a discrete set of angles and because a DFT
ience, ' on each projection produces the transform only at
:te “discrete frequencies, Therefore, F (R,8) is the
1in- _‘.;LZ-D sampled form of the Fourier tr;nsform F(R,8)
e, 9, ',:given by
» . 2rAR I-1 N-1 2
. - i __'IE LLES]
ARG - F(R,8) == f\: ); F{idR,<—=2)5(R-iAR, § )
. . i=0 n=0
13 - (18)
:.r::;ues where N = number of projections and I = number of
* POmts in each projection.
s Insertmg {18} into (15) obtains an estimate of f (r)
yuld in '
: ~termed fi{r) in the form of a Riemann sum
. seem i
: the
ates. I 1 N-1 "
an R lr) = Z EF(R )j I (2R x)
n[1tl. e i=0 n=0 1
n in the -
jcro- g _—
mi - R, exp{ jkzrm/N} (19)
1at
L"hEre AR has been replaced by R The estimated
:teconstruction f(r, #)is then
-~ L] -~
Kr,9) =2, £ (rlexpl-jko } (20)
»f the - k= 'mf.k
into (12 +
integra” E&nce f{r,®) is a space bounded continuous function,
»9) is an analytic function and thus equation (19)
';u“‘ays exists, Equation (19) is in reality retangular
dRas egration, and if AR and 2n/N are small, f (r) is an

Lcurate estimate of fi({r). The a.bxhty to estimate

)
{14 '® tomographic section of f(r, #) with f(t, P) is thus
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It can

limited only in the accuracy of the fi(r).
easily be shown that equation {20) can be expressed as

. > F1 N-1 .
f(r,0) = ZRe[Z Y rw,ER
= L=0 n=0

\J'k(ZnRir)Riexp[jRZHHIN-jk(ﬁ-ﬁIZ) ] (21)

where € =2 for k=0 and ¢ =l for k#0, and j¥ is agair
replaced by exp{jkn/2}. Equation (2I) can be com-
puted by a fast Fourier transform operation, fol-
lowed by a Bessel function weighting operation and

a final fast Fourier transform operation.

Algebraic or Iterative Reconstruction Techniques

In the area of 3-D image reconstruction, along with
Fourier and conveclution techniques an iterative
algebraic method {known as ART) { 13]has been pro-
posed by Gordon et. al. and a refined version, known
as Simultaneous Iterative Reconstruction Technique
{SIRT) [14]. For simplicity, we have adopted the
latest version employed by Budinger and Gullberg
[15], with some meodification in the weighting pro-
cess [ 5,6,7]. The present version probably could
be called a Weighted Simultaneous Iterative Fecon-
struction Technique (WSIRT).

The simultaneous iterative reconstruction method
belongs to a class of algebraic reconstruction tech-

‘niques which are implemented in spatial domain, It

was developed by Gilbert [14] and is so called be-
cause at each iteration, the densities are changed by
using data from all the projections simultaneously,
in contrast to ART, where densities are altered
using one projection data at a time. The additive
SIRT algorithm is

n
5 Pk{e) ZE-;‘ P”L:(B)

i, ) = max(®i, ) == T
K8) % Nie)

L 01 (22)

where L1 (i,j)n and ;_J,(i,j)n'H are the densities (or at-
tenuation coefficients) evaluated at n™" and

(n+l)t}, iterations, respectively, (i,j) represent the
pixel which is an element of ray k{8); Ly(g) is the
length of the ray k(8); Py(g) is the measured project-
ed density of the ray k(8); RE(8)is the projected
density of ray k{9) after iteration n and Ni(g) is the
number of points in ray k{B8).

After each iteration, the densities (i, j) are
scaled so that their sum over the total array is
equal to the sum of one projection data. One par-
ticvlar drawback of this method is the calculation
of Rk(e) . Ryqg is the sum of the densities asso-
ciated with the points contained within that ray. The
use of Ly(g) and Ny(gy is also resulted from this
approximation.

For our implementation of SIRT, we used the



weighting factor approach of calculating Ri(g). Due
to this meodification, there is no need to use Ly(g.
The modified additive SIRT becomes

n
ze: pk(S) -z Rk(B)

%Ak{e)

» o}

(1, 5) = maxlu®(i,5) + (23)

where A8 ) is the area of the array croas d by the
ray k(8). We also stored the Epk(g) and . k(8) as
the function of the grid points (i, j} so that they can be
used for all subseguent iterations.

The advantage of this weighted form of additive
SIRT is that it is more accurate and converges
faster. From the experimental result so far, there
is no sign of divergence as the process goes on.

3., Experimental and Simulation Results.

Three categories of the 3-D image reconstruc-
tion algorithms have been simulated using a phantom,
Since the question of whether the non-symmetrical
object has any significant deviation from the symme-
trical one has been proved, for the sake of simplicity
and computation cost, only symmetrical phantoms
have been used for simulation.

The Figs, (4) through {7} show gradual improve-
ment of the LSC method by increase of correction
terms, i.e., for 120 x 120pattern matrix, the full
compensation term would simply be + 120, In Figs.
{8) and (9), image quality as a function of number of
projections are shown. In Figs.(10) and (11}, the
noise dependent image quality are shown.

In Fig. (12), the Fourier-Convolution technique
using the deblurring function derived by Shepp and
Logan is illustrated. It also shows a well-recon-
structed image comparable to the LSC. In Fig. (13},
noise immunity of the convolution technique is
shown. ’

In Fig. (14), the results of Fourier transform
reconstruction are shown. The image shown in
Fig. (I4a) was obtained using frequency domain in-
terpolation with linear interpolation between polar
and rectangular points, The deviations are due to
the inherent interpolation. In Fig. (14b) the results
of the Fourier Bessel reconstruction is shown.

In Fig.(l7), a vertical section of a moukey head
scanned with a nuclear source Gdl33 is shown. The
image reconstruction was done by use of the LSC
algorithm. The right side of the figure is the per-
spective view of the reconstructed image shown in
the left,

CONCLUSIONS

At this point in time, it appears that the basic
nature of 3-D reconstruction is well understood
through the concepts of linear spatial superposition
and Fourier transform. In the present comparative
study it is concluded that the iterative type algorithms

r

348

130

do not appear attractive in reconstruction of 3-D
transverse axial images, In general, spatial domajgy
image reconstruction (either LSC or Fourier- '

Convolution} techniques would appear to be the mor,
The Fourier transform L

efficient and accurate.
methéod, will probably be faster in reconstructing 4 -
large image matrix. For latter, more study and

careful programming implernentation would seem ¢y - -
be required to obtain comparable image quality wify

the spatial domain methods, -
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1.0 F(na} = 1 : n=0Q
A1
F(na) = -~ — H n =x1 B
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(a) According to LSC Transfer Function (Deblurring Function)

-
H
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F(r=0) =
n(a)?
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n(a)z(t’mz-l)
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T

F{r=ma) = ; o=zl 22,...
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m §
T
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(b) Fourier-Convolution Deblurring Fumction (According to

—m — b _..—m--m—---——l

Shepps & Logan, and Ramachandran & Lakshiminarayan)
1.0l

sin 2rR sinz(rRl)

!
1
!
i 1
|
I
|
4

(e) F-l(lkﬁ) Deblurring Function
(According to Bracewell & Riddle)

Fig. 3. Variety of deblurring function #(4}). The (a)
is the deblurring function derived from
spatial domain while (b) and (c) are the onea
derived from frequency domain.
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FULL 120 x 120 MATRIX A QUADRANT OF 120 x 120
Fig. 4, A reconstruction of a phantom (see Fig. 7)
with simple linear superposition.

Linesr & ion with C4 =
Portial Compensnion with. 10 Terme}

nsc)

LI

FULL 120 x 120 MATRAIX A QUADRANT OF 120 x 120

Figure 5.
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FULL 120 x 120 MATRIX
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FULL 120 x 120 MATRIX

Fig. 5,6, 7.
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ORIGINAL BASE
LINE {x = 0.100

A GUADRANT OF 120 x 126

Figure 6. -

Linear iom with C son {LSC)

with Full Compansation (170 Yerme)

A QUADRANT OF 120 x 120

Figure 7.

Gradual recovery of actual image by
deconvolutions, Figs, 5 and é are
with incomplete transfer function
{truncated), as indicated, while Fig. 7
is with cofplete transfer function, 1
i.e,, 1120 terms. It is important to
note that incompiete transfer function
produces uneven background which
could result in ambiguity in image
visualization.
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A QUADRANTY OF 120 x 120

120 x 120
Fig. 8, Same image as Fig. 7, with lower pro-
jection data (90 projections).
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Same as Fig. 7, with 45 projection data.
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A QUADRANT OF 120 x 120

120 = 120

Fig. 9.
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. 120x 120 A QUADRANT OF 120 x 120

Fig.10, Same as Fig. 7 with noise added. Each
projection data I is assumed 50K,

126 x 120 A QUADRANT OF 120 x 120

Fig.ll., Same as Fig. 10, with filtering (simple
linear interpolation).
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Convelution Algorithm (wodified with using W.7 and Shepp's T.F.) 7;

o

120 x 120
& quadrane of 120 x 120
Fig, 12, Image reconstructed with convolution
transfer function derived by Shepp and
Logan [8].
toavolution Algoritha (modLfled with using ¥.F and Shepp‘s T.F.}
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120 = 120 L]
1
A quadrant of 120 x 120

Fig, 13, Same as Fig. ll (convolution with noise
added (I =50K ).
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.= 0.100°

120 x 120 (a) A quadrant of 120 by 120

Fourier Transform Frequency Interpolation

Fourier Bessel Reconstruction

u=0,102

s ——c—— £

b

84 x (4 (b} A quadrant of 64 x 64

Fig, 14. Fourier reconstruction (120 projections) !
without no¥se (a) Fast Fourier transform .
with {requency domain interpolation
(b) Fourier-Bessel one dimensional
Fourier transformation,
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LEC Asmarrrection of Mesiary Hesd.

Fig, 17. Cross section image of a monkey head
reconstructed with UCLA CTAT scan-

ner using nuclear isotope source
(Gdal53)and LSC algorithm. The

right hand side figure is isometric dis-
play of the image shown in the left,
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