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A Comparison of Computations for Spatial Frequency Filtering

ERNEST L. HALL, MEMBER, IEEE

Abstract=—Three computational algorithms for performing spa-
tial frequency filtering are compared and tradeoffs developed.
Although each method is defined by a convolution relation, the con-
volution computations are different. Equal filter point-spread func-
tions are assumed to effect the comparison, If the filter point-spread
function is nonzero only over a small area, then the computation
tradeoff is simply the well-known comparison between direct convo-
jution and the fast Fourier transform (FFT). If the filter point-
spread function is nonzero over a large area, then a recursive filter
is competitive with the FFT. Core memory requirements for this case
are smallest with the recursive filter. Experimental examples are
given to illustrate the subjective evaluation problem.

[NTRODUCTION

N AN IMAGE PROCESSING system, the need to de-
I[ sign a filter with given spatial frequency domain char-
acteristics often arises. Some examples are: a spatial
frequency equalizing filter might be needed to compensate
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for imaging-system aberrations; a spatial notch or bandpass
filter might be desired to remove or enhance a systemaric line
structure; a smoothing or low-pass spatial filter might be
needed to reduce speckled or “snow” tvpe noise; a high-pass
spatial filter might be needed to remove the contrast infor-
mation and retain the edge information; a high-frequency
emphasis spatial filter might be desired to enhance the image
for human visualization: a spatial matched filter might be
desired to detect a certain feature in an image.

Most of the previous spatial frequency filter design meth-
ods have used either direct spatial convolution or ths two-
dimensional fast Fourier transform {(FFT) to implement the
filter [1], [2]. Since recursive difference equations car. often
lead to an order of magnitude speed advantage over convolu-
tion or the FFT in one-dimensional digital filtering [3], it is
natural to inquire about this possibility in two-dimersional
filtering. This question is of particular interest in real time
or small computer applications for which computation time
and core memory storage are limited.
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In this paper, three computational algorithms for digital
spatial frequency filtering will be compared. The comparison
shows that each method is advantageous under certain con-
ditions.

COMPUTATIONAL ALGORITHMS

Since the defining relationship of the linear position-
invariant spatia! filter is a convolution, a direct method of
filtering is via convolution. If the filter impulse respense is
nonzero only over a small area or truncated to meet this re-
quirement, then convolution is competitive in speed to the
other methods. The filter design in this case consists of speci-
fving the filter point-spread function h(nX, mY).

The filter is characterized by its point-spread function,
and the filtering relation is given by

gl(hX, m Y)
Mi—1 M1

=3 ¥ nmiEX,j¥)fnX - iX,m¥Y — j¥)

=0  J=0

1)

where gi{nX, mY) is the filter output at point (nX, m¥),
f(nX, mY) is the filter input, and both functions are defined
for

n=0,1,--~,‘V1-—1,~--
m=0,1,"‘,.V2""1,'

SN M~ 1,

.,;’\72+M2_1,... (2)

and (41X, i V) is the filter point-spread function.

In the general case, the index space of both f and g is the
two-dimensional array of positive integers. An important
special case consists of considering the input image f defined
on an Ny by Ny array; then since convolution is a broadening
operation, the output image g is defined on an (N;+ M) by
(Na2+ M) array. Another important special case restricts
consideration of both the input f and cutput g images to the fi-
nite frame of Ny by N; points. Only this case will be considered
in the following to simplify the comparison of algorithms and
also because it is the most commonly occurring practical
situation.

The filter point-spread function is usually nonzero only
for an area much smaller than the frame area, i.e., A(iX, j1)
is nonzero only for

i=20,1, s Mi—1 (3)
j=01, y M — 1 4)
and
M, KN
M: LN,

The convolution fAiter defined in the above manner is often
called a nonrecursive filter.

Filtering may be accomplished via the FFT by computing
the transform of the image function, multiplying by the filter
transfer function, and inverse transforming the result. One
advantage of filtering via the FFT is the ease and versatility
of the frequency domain design techniques. That is, the fHiter
transfer function may be directly specified in the frequency
domain. Also an isotropic (rotationally invariant) filtering
may be easily performed if the images are scanned accord-
ingly. Since any of the four types—low-pass, high-pass, band-
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pass, or band-reject—may be easily obtained from a low-pass
prototype, only the low-pass prototype need be designed.

A class of isotropic spatial digital filters will be used for
comparison with the other filters. However, it is first 1seful
to review one requirement of an image scanning system.

[t is often desirable to obtain an isotropic (rotationa'ly in-
variant) frequency space since the two-dimensional filter
design problems can be reduced to a one-dimensional problem
and because many naturally occurring images do not have
nonisotropic frequency spaces. The discrete Fourier transform
of f is given by

Ni—1 NVo—1 iu ]'U
Flu,0) = 2 Zf(iX,jY)e‘”'( +w-,w) ()
L THRT | -'Vl :\2
with
w=01---,¥, —1
=01, -, N ~ 1. (6)

If an isotropic Fourier transform filtering is to be per-
formed, then the filter transfer function H must satisfy

H(f') = H(fu’fv) (7>

where f, and f, are the rectangular spatial frequencies and
fr is the radial spatial frequency. If H(f,, fo) is a continuous
function defined on a region R of two-dimensional space, then
even if H(f,, f»} is sampled on a Cartesian grid, the isotropic
requirement may be satisfed. For example if

fr=ViEE TR ®)

then the isotropic condition follows. Some difficulties may be
encountered in the discrete representation of H; for example,
if the sampling increments X and ¥ are not equal, cr if a
continuous filter function is not available; however, these
difficulties may be minimized by scanning with equal sampl-
ing increments. This is usually not a severe restriction.

The third method for realizing a digital spatial filter is by
recursive partial difference equations. Using the two-dimen-
sional z transform, spatial and frequency domain design
methods may be developed.

The general form of the digital imaging computation is
given by

Ki—=1 K1

g X, m¥) = Y. 3 auf(nX — kX, m¥ —1V)
k=m0 =0
Li—1 L1
+ X Y bhug(nX = EX,mY —1V). (9)
k=0 =0
k20

Assuming that the system is spatially causal, that is, f(nX,
mY)=0 and g(nX, m¥)=0 for n, m<0, one may use the
shifting theorems of the ZW transform to develop the transfer
function for the system. Therefore, assuming boe=1,

K1—1 K1

> gzt

_ G(z, 'I.t') _ Y, T

H(Z, ?ZJ) - (10)
F(Z 'Ll’,') Li=1 Lo=1
’ 2 bpagtwt
kw0 =0
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The equation for H(z, w) is the defining equation of the two-
dimensional digital filter. Clearly, given the transfer function
of the filter H(z, w) in the form shown in {10) one can reverse
the above steps to obtain the difference equation describing
the computation. Also, given the filter transfer function H{z,
w), the ZW transform of the output may be found by simply
performing the multiplication

Gz, w) = H(z,w) F(z, w).

Note that the filter is a feedback type. That is, previous out-
puts may be used to compute the present output. This also
provides a virtual infinite memory for the filter computation,
although only a small finite memory is actually required.

CoMPUTATIONAL TRADEOFFS

In this section, the three computational algorithms will be
considered and certain tradeoffs given. Although each method
is defined by a convolution relation, the actual convolution
computation for each method is different. Since the normal
aperiodic convolution computation requires the same number
of computations for each output point, it may be called a
constant number convolution. The FFT method produces a
periodic convolution and for each output point the computa-
tion is over the full range of input points. The equivalent
convolution for the recursive equation is also aperiodic, but
the number of points used in the computation of each output
point is variable. Thus, a comparison of the three methods is
somewhat complicated.

The first computational method, aperiodic convolution, is
described by (1), (3), and (4). The number of computations
required for filtering an Ny by N; pointimage is approximately

(11)

real operations where a real operation is defined as a real
multiplication and addition.

For the FFT computation, the periodic convolution which
is equivalent to FFT transform multiplication and inverse
transformation is given by

L\-'Cl = 4M1M2;\"11\T2

g(nX, mY)
Ni—1 N1
= 3 X wGX,iDfln - i]X, [m - j1¥} (12)
() =0
where

[n = i] = (n — 1) mod ¥V,

[m — j] = (m — j) mod V.. (13)
The modulus expressions indicate the periodic or “wrap-.
around” nature of FFT equivalent convolution. Also note that
the computation is over the entire frame. The number of
computations using an FFT algorithm for computing a trans-
form is proportional to 2V, N, log..¥V1.V2 complex operations,
where a complex operation is defined as a complex multiplica-
tion and addition. Therefore, if the filter operation consists of
computing the transform of the input function. point-by-
point multipiication of the input by a hlter transform. and
inverse transforming the result, the number of computations
required is approximately
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.’VCE = 4;\"1.\‘72 lOgg avli\‘vz ‘l" 1“71‘-\"2_ (14)

The final computational algorithm produces an equivalent
convolution given by
gnX, m¥)
n m
= 32 X h(iX, jV)f(nX — iX,mV — V). (1)
imd jm0

If the output image frame was computed by the above equa-
tion, the number of computations required would be

Ni—1 V-1

> X E+HDGHD

i=0 =i}
NP+ N+ 2\N/N2+ N+ 2
-C)E) e

However, the recursive filter computation requires only
LVC3 = (KlK-g + Lle)i\Tl.N’z (17)

real operations.

In order to compare the three algorithms, one must assume
equal impulse responses. It is useful to consider two cases
corresponding to small and large nonzero convoelution areas.
For simplicity, one may assume square areas, i.e.,

Ki=Ksy Li=1Ly Miy=M., Ni=N. (18
Case 1. Small Convolution Arec
Suppose the filter responses are equal, i.e.,
o= hy = hy = I (19)
and the convolution area is small, i.e.,
hrX,m¥) =0, n,m> M. (20)

The number of computations by direct convolution is
NC, = M2N? (21)

real operations while the number of computations for FFT
filtering is

NC: = N*8log. N + 1} (22)
complex operations. Finally, the number of computations for
the recursive equation is

NC; = (K + LYV, (23)

However, since the impulse response has been constrained to
be finite, the filter has been essentially constrained to be non-
recursive. That is, the primary computational comparison is
between the direct FFT and finite convelution computations.
The more detailed comparison between direct and sectioning
or block mode FFT filtering is described in [3]. Also, given a
finite impulse response it may be possible to design a recursive
filter which approximates the response and requires fewer
computations [6]. Therefore,

K=¥
L =0.

]

(24)
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Thus. for this case, the direct convolution and nonrecursive
filter are identical, and the computational tradeotf is simply
the well-known comparison between direct convelution and
the FFT. If this comparison is made and is [avorable for direct
convolution then a more detailed comparison with the recur-
sive filter should be made.

Case 2. Large Convolution dreq

Again assume the filter responses are equal, but suppose
the nonzero respounse is large, i.e.,

nX, m¥) #0, n,m < N, (23)
For this case, the number of computations required by
direct convolution is

NCy = N4 (26)

while the FFT still requires N, computations as given in
{22), the number of computations required for the recursive
filter is still N3 as given in (23). For large values of N,
clearly NC» and NCy will be much smaller than NCi. Thus,
the main comparison is between the FFT and recursive filter.
Using the conservative estimate that one complex operation
isequivalent to two real operations permits one to develop the
situation in which recursive filters are advantageous as

K412 —2

T i
16 < log, V. 27
If K=L and N=256, the above equation requires K?<65.

Thus, a recursive filter with 32 feed-forward and 32 feed-
back coefficients would still be advantageous. Therefore, for
the case in which the convolution area is large, both the FFT
and the recursive filter are much faster than direct convolu-
tion. Furthermore, since X? and L? may not increase as fast
as logs N, the recursive filter is at least competitive and may
have a computation advantage over the FFT,

It is useful to note that both the FFT and the recursive
fijter compute a different convolution than the aperiodic con-
volution. However, the “variable” type response is usually
not as bothersome in image processing as a periodic “wrap-
around” or aliasing.

The amount of core memory required to perform a compu-
tation is also an important consideration, especially in real
time digital image processing. Both aperiodic convolution
and recursive hlters require only a small core memory when
thev are computationally advantageous. That is, for the small
filter response case, JM? is small. For the large hlter response
case, K*+L? is also small. Thus both methods are suitable
for small computers and real time computations. For the
FFT using a single image array, N core locations are required.
Large arrav transforms can only be computed in real time
with a large computer or special purpose FFT processor.

Discussion

To effect the previous comparison, equal point-spread
functions were assumed. Clearly, this assumption cannot
alwavs be satisfied directly: for example, a nonrecursive hiter
has a fAnite area impulse response, while the recursive filter
response may be nonzero over an infinite area. However,
techniques such as sectioning [4]. [5] may be used to compute
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Fig. 1. Original image scanned at 256 by 256 point resolution.

e ol

Fig. 2. Enhanced image computed via isotropic FFT filter,

Fig. 3. Enhanced image computed via nonisotropic recursive filter,

aperiodic convolutions via the FFT. Also, it is usually pos-
sible to construct approximatelyv equal point-spread functions.

If equal point-spread functions cannot be attained, the
filtering methods may be compared subjectively. For example,
the original Lincoin image shown in Fig. 1 was high-frequency
emphasis filtered with a GGaussian isotropic filter via the FFT
with the result shown in Fig. 2. and with a nonisotropic
Butterworth {9] filter with the result shown in Fig. 3. One
may subjectively compare these results to select the desired
filter. The flters used have approximately equal gains and
cutofl frequencies but have different shapes. Note that toth
the high-frequency emphasis images show more edge detail
than the original, but there is a ditfference in contrast levels

[E o R 4



PROCEEDINGS OF THE IEEE, VOL. 60, o, 7, JuLy 1972

between the images in Figs. 2 and 3. The computation times
for the 256 by 256 images on an IBM 360,50 were 3 min for
Fig. 2 and 1 min for Fig. 3.

Finally, the design simplicity should be noted. It is very
easy to design FFT filters and many programs are available.
The stability of recursive filters has been considered [6], [7]
and some design methods developed [8]-[10]; however, the
design theory for two-dimensional recursive filters is not vet
complete. Therefore a judgment on filter use based on design
simplicity may be premature.
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