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Preface

The purpose of this book is to provide a unified, systematic introduction to
concepts and techniques that have proven useful in the com puter analysis of
pictures.
This book is an outgrowth of courses taught by the author in the Electrical
Engineering and Com puter Science D epartm ents at the University of
Tennessee, the University of Southern California, Yale University, and the
University of Missouri over the past several years. The book is well suited to
a three-quarter or two-semester sequence in picture processing and pattern
recognition at the senior or graduate level with the extent and depth of
coverage selected by the instructor.
The book is especially intended as an aid to the engineer and com puter or
physical scientist who needs to design or use a m achine that performs an
intelligent task based upon pictorial information. In some cases task evalua
tion will be made by hum an observation and subjective judgm ent. F or others
the evaluation may be m ade objectively. The num ber and variety of intelli
gent tasks is limitless; however, a certain set quite often occurs. This includes
enhancements of degraded images, compression of pictorial information,
recognition of patterns in scenes, the reconstruction of a picture from projec
tions, and descriptions of objects in a scene.
Although the book is intended mainly for seniors and graduate students in
electrical engineering or com puter science and researchers in image process
ing and recognition, this m aterial has also been taught successfully to physi
cists, to mechanical, civil, nuclear, and industrial engineers as well as to
medical students, physicians, and psychologists interested in com puter image
processing. Some familiarity with the rudiments of linear algebra, com m uni
cation theoiy, optics, Fourier analysis, and probability theory is helpful but
not required since supplemental study of the references given at the end of
each chapter is sufficient.
Inform ation regarding the availability of a solution m anual and a set of
slides of the pictorial illustrations may be obtained from the author.
xi
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1 Introduction

1.1

Computer Image Processing and Recognition

It is estimated that 75% of the inform ation received by a hum an is visual.
W hen you receive and use visual information, we refer to this process as sight,
perception, or understanding. W hen a com puter receives and uses visual
information, we call this computer image processing and recognition. Image
rather than picture is used in the title because computers store numerical
images of a picture or scene. Processing and recognition refer to two broad
classes of techniques that have evolved in this field. The first part of this book
is devoted to representation, enhancem ent and restoration, and image com 
pression and reconstruction, which are image processing topics. The final
chapters on scene understanding and matching are image recognition topics.
The history of com puter image processing and recognition is relatively
brief. One could argue that it is no older than the first electronic computer,
ENIAC, built by Eckert and M auchy in 1946. However, staunch proponents
might argue that the 1801 weaving loom of Jacquard was actually processing
image inform ation or that the telegraph transmission of images is a good
example of digital transmission of image information.
M any com puter picture processing techniques have been developed, ex
ploited, or applied only in the last decade. The m odem advancem ent in this
area is mainly due to the recent availability of image scanning and display
hardware at a reasonable cost, and the relatively free use of computers.
However, certain economical com puter processing techniques have also con
tributed to this development. W ithout the popularization of the fast Fourier
transform algorithm by Cooley and Tukey and others in 1965, transform
processing of images would probably have rem ained in the dom ain of optics.
Also, the race to the m oon provided a major impetus to com puter picture
processing. The Jet Propulsion Laboratory was assigned the task of providing
television coverage of m an’s landing on the moon. The images had to be of
standard broadcast quality. To provide this quality, the television video had
to be scanned at a slow rate, digitized, coded, and transm itted. Error
l
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correction and several image restoration techniques had to be accomplished
at the earth stations to provide suitable quality images. Transmission of image
inform ation on earth was also being studied. The possibility of a Picturephone in every home was being carefully studied by Bell Telephone L abora
tories.
Simultaneously, it was noted that certain measurements which humans
were making from pictures seemed simple and could possibly be autom ated.
An example of this is the karyotyping or classification of chromosomes from
microscope images. In other applications, workers noticed that raw pictorial
inform ation could be enhanced by com puter processing to produce a greatly
improved image. F or example, an expensive seismic record that should
provide a map of underground structure could be so degraded by surface
scatter as to make the trace worthless. A simple compensation technique
could be used to cancel out this irrelevant information and provide an
accurate representation of the underground structure, which might show a
likely oil deposit. These applications and many more provided the m otivation
for the recently evolved discipline of computer image processing.

1.2

Applications

As with any emerging discipline, one runs a risk in classifying the major
problems or subdivisions of the area. It is probable that certain problems
have not been discovered or form ulated yet. This book will consider five of
the m ajor problems that have evolved in com puter picture processing: en
hancement, communications, reconstruction, segmentation, and recognition.
Even though it is certain that new problems will arise, it is ju st as certain that
these problems will remain im portant in most image processing applications.
Furtherm ore, an understanding of these problems and their solutions may be
necessary for future developments. It should also be pointed out that the
optimum methods for image enhancement, coding, feature extraction, or
recognition have yet to be developed. Therefore, the solutions presented will
provide intuition, guidelines, and facts, but cannot provide the “answer.” Let
us now explore each of the m ajor problems in detail.
1.2.1

Image Enhancement and Restoration

Image enhancem ent techniques are designed to improve image quality for
hum an viewing. This form ulation tacitly implies that an intelligent hum an
viewer is available to recognize and extract useful inform ation from an image.
This viewpoint also defines the hum an as a link in the image processing
system. Since hum an subjective judgm ent may be either wise or fickle, certain
difficulties may arise. Usually, a careful study of the particular problem, or
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subjective testing of a group of hum an viewers can circumvent these difficul
ties. The psychopictorial phenom ena involved should always be considered.
Image enhancem ent is only necessary when a human wants to improve the
quality of an image.
A particular class of enhancem ent problems usually referred to as image
restoration is much more tractable. An ideal image is considered which has
been degraded in some manner. The problem is to restore the original image
or compensate for the degradation. Usually, an optimum or adequate solution
may be determined. For example, systematic geometric distortions may be
eliminated, or if the statistics of the signal and noise are given, then an
optimum Wiener filter may be determined.
1.2.2

Three-Dimensional Reconstruction

Since most physical objects are spatially three dimensional, the reconstruc
tion of these objects is particularly fascinating. The basic techniques for
reconstructing a three-dimensional object from its two-dimensional projec
tions are of wide application. The implementation of these techniques for
x-ray imaging has started a new medical discipline called com puter tom ogra
phy, and several devices are now available. The methods were developed in
radio astronom y and apply to problems in a wide variety of fields, including
art and industrial testing.
1.2.3

Digital Television and Image Compression

Digital television is an exciting application of com puter image processing
and is used to introduce the general image com m unication problem.
Image com munication theory is concerned with two m ajor questions: W hat
inform ation must be transmitted? W hat is the most effective m ethod for
transm itting the information? A great deal of attention has been given to the
second question, since it is a general com m unication problem; therefore we
shall not consider the design of communications systems or channel coding in
detail. The first question is especially relevant, interesting, and unique for
image transmission. Again, the hum an must be considered as an integral part
of the image com m unication system. The psychophysical properties of the
hum an visual system may often be exploited to great advantage. A striking
example is Roberts's coding scheme in which random noise is added to a
received image to apparently increase the quality while m aintaining a low
transmission rate. The psychophysical property exploited by this coding
m ethod is that hum ans generally prefer random noise to systematic noise.
The added random noise served to break up the “false contours” produced by
quantization.
An excellent theoretical form ulation for the image com m unication problem
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is available in Shannon’s rate distortion theory. In this theory, one considers a
stationary, stochastic source to be the input to a noisy communications
channel. A distortion measure such as the mean square error between the
input and output of the channel is defined. A rate distortion function m ay be
defined as the smallest m utual inform ation rate between the input and
output, such that the average distortion is less than a specified value. A
coding theorem may then be given, stating that suitably encoded inform ation
may be transm itted over any channel with distortion less than the specified
am ount, provided that the rate distortion function is less than the channel
capacity. The difficulty in practice is that a suitable objective distortion
measure that agrees with subjective hum an evaluation is difficult to de
termine.

1.2.4

Segmentation and Description

The problem of describing verbally or by objective measurements the
inform ation contained in an image or scene requires a high level of intelli
gence for m an or machine. M ost of our knowledge about the world has been
and continues to be obtained from observations. Therefore, the potential
applications of computer segmentation and description is staggering. Some of
the applications have been realized. Com puter processing of chest x rays,
chromosome karyotyping, and blood cell analyses are a few medical exam
ples. M any other areas have not even been considered due to the apparent
difficulty of the solutions.
In the last few years, it has been recognized that the problem may generally
be divided into two stages— segmentation followed by description. Segmenta
tion consists of isolating a meaningful object or region. Description is the
m easurem ent of the properties of a single region or the relationships between
regions.
The segmentation problem m ay be approached as a rather special cluster
ing problem in which points in «-dimensional space with similar properties
are grouped together; however, the points must also cluster in a contiguous
region in two- or three-dimensional space. The description problem involves
both measurements (unary relations) and relationships (binary or higher-order
relations). Structural descriptions are almost always of interest and in certain
cases syntactic descriptions m ay be used to describe a scene concisely.
1.2.5

Scene Matching and Recognition

Visual recognition is such a natural procedure for hum ans that it is often
proposed as an inherent function of the eye-brain system. Given a picture of
an object such as a ball, recognize any new picture of the object. The
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applications of recognition vary from “simple” character recognition to
complex scene m atching for medical diagnosis, industrial inspection, or earth
resource study from satellite images.
Starting from the simple “ template m atching” approach, a variety of
methods for efficient scene m atching are presented. A novel approach involv
ing a coarse to fine search using invariant measurements attem pts to illustrate
that high speed, accuracy, and invariance to changes can be accomplished
with com puter techniques.

Introductory Bibliography
As with any emerging discipline, several thousand papers have been pub
lished on techniques and applications of com puter image processing and
recognition. A selected bibliography is presented to indicate some excellent
available literature. The references have been divided into six categories:
computer image processing, computer pattern recognition, visual perception,
computer graphics, artificial intelligence, and optics and electro-optics. A collec
tion of noteworthy special issues of journals devoted to the subject is also
included. Specific references are included with each chapter.
Computer Image Processing
Aggarwal, J. K., Duda, R. O., and Rosenfeld, A., eds. (1977). “Computer Methods in Image
Analysis.” IEEE Press, New York.
Andrews, H. C. (1970). “Computer Techniques in Image Processing.” Academic Press, New
York.
Andrews, H. C., and Hunt, B. R. (1977). “Digital Image Restoration.” Prentice-Hall, Englewood
Cliffs, New Jersey.
Andrews, H. C., ed. (1978). “Tutorial and Selected Papers in Digital Image Processing.” IEEE
Computer Society, Long Beach, California.
Gonzalez, R. C., and Wintz, P. A. (1977). “Digital Image Processing.” Addison-Wesley, Reading,
Massachusetts.
Grasseli, A., ed. (1969). “Automatic Interpretation and Classification of Images.” Academic
Press, New York.
Huang, T. S., ed. (1975). “Picture Processing and Digital Filtering.” Springer-Verlag, Berlin and
New York.
Huang, T. S., and Tretiak, O. J., ed. (1972). “Proceedings of the 1969 Symposium on Picture
Bandwidth Compressing.” Gordon & Breach, New York.
Lipkin, B. S., and Rosenfeld, A., ed. (1970). “Picture Processing and Psychopictorics.” Academic
PreL-s, New York.
Pearson, D. E. (1975). “Transmission and Display of Pictorial Information.” Wiley, New York.
Pratt, W. K. (1978). “Digital Image Processing.” Wiley, New York.
Rosenfeld, A. (1969). “Picture Processing by Computer.” Academic Press, New York.
Rosenfeld, A., and Kak, A. C. (1976). “Digital Picture Processing.” Academic Press, New York.
Tippet, J. T., ed. (1965). “Optical and Electro-Optical Information Processing.” MIT Press,
Cambridge, Massachusetts.
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Computer Pattern Recognition
Agrawala, A. K., ed. (1977). “Machine Recognition of Patterns.” IEEE Press, New York.
Andrews, H. C. (1972). “Introduction to Mathematical Techniques in Pattern Recognition.”
Wiley, New York.
Bongard, N., ed. (1970). “Pattern Recognition.” Spartan Books, Washington, D.C.
Cacoullow, T. (1973). “Discriminate Analysis and Applications.” Academic Press, New York.
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Gonzalez, R. C., and Thomason, M. G. (1978). “Syntactic Pattern Recognition—An Introduc
tion.” Addison-Wesley, Reading, Massachusetts.
Inbar, G. F., ed. (1975). “Signal Analysis and Pattern Recognition in Biomedical Engineering.”
Wiley, New York.
Kanal, L., ed. (1968). “Pattern Recognition.” Thompson, Washington, D.C.
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Meisel, W. S. (1972). “Computer-Oriented Approaches to Pattern Recognition.” Academic Press,
New York.
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Nilsson, N. J. (1965). “Learning Machines.” McGraw-Hill, New York.
Sebestyen, G. S. (1962). “Decision-Making Processes in Pattern Recognition.” ACM Monograph
Series. Macmillan, New York.
Tatsuoka, M. M. (1971). “Multivariate Analysis.” Wiley, New York.
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Image Formation
and Perception

2.1

Introduction

C om puter picture processing is concerned with physical images, and there
fore the elements of image form ation and perception often play key roles in
the formulation and solution of picture processing problems. In x-ray image
analysis, for example, the atomic interactions of x rays with m atter set the
scene in terms of information content, contrast, and noise before an x-ray
photograph is produced. Similarly, since the hum an perception of an edge
enhances the boundary, the designer of an edge detection program must
carefully consider that the com puter must process the information on the film
rather than the inform ation seen on the film. In this chapter, the physical
fundamentals of image form ation will be introduced as well as the psycho
logical fundamentals of image perception by humans.

2.2

Image Formation

Light is radiant energy that produces a visual sensation upon stimulation of
the retina of the norm al hum an eye. The psychophysical concept of light is
the bridge between the physics of light and the reaction of m an to visual
stimuli. A physical image, an energy distribution in three-dimensional space
and time, is observed from the two retinal images as a three-dimensional
scene. Psychopictorics is the discipline that connects the psychology of light
physics with com puter techniques. It is therefore appropriate to begin the
discussion of com puter image processing by reviewing the physical image-form ation process and the psychology and physiology of vision. Obviously, the
principles of image processing will apply to images other than the visible
images, such as those formed by synthetic aperture radar, seismographs,
x rays, infrared radiation, or ultrasound, if they are converted to light images.
8

2.2

2.2.1

Image Formation

9

Radiometry

Light occupies a narrow region of the electromagnetic spectrum, from
about 350 nm (violet) to 780 nm (red). As with all forms of energy, radiant
energy Q may be quantitatively m easured and expressed in joules or other
convenient units. F or example, one may determ ine the total energy radiated
by a source. Several definitions are useful in describing the spatial and
temporal variations of radiant energy (Klein, 1970). One m ay measure the
radiant density w or total energy contained in a volume V of space:
w = dQ / dV.
Another useful quantity is the radiant power or flux P, specified in watts:
P = d Q /d t.
The radiant power emitted per unit area A s of a source is called the radiant
emittance M:
M = dP / dAs.
The radiant power incident per unit area A r of a receiver is called the
irradiance E of the receiver surface:
E = dP / dAr.
The radiant intensity I is the power radiated per unit solid angle of the source
and m ay be expressed in watts per unit solid angle w:
I = d P /d u .
The unit solid angle co, expressed in steradians, is the solid angle subtended
by lm 2 of surface of a sphere having a radius of lm . Finally, the power
radiated into a unit solid angle by a unit projected area ^4p of a source is
called radiance L:
L = d I / d A p.
To measure radiance, one m ust collect the radiant power from the source and
divide by the solid angle subtended by the receiver and by the projected area
of the element of the source on which the solid angle is centered.
The spectral composition of radiant energy Q(A) or power P(A) m ay be
specified as the energy or power at each wavelength A. Relative spectral
distributions that specify the relative spectral composition of radiant energy
or power are usually sufficient for m ost problems and are more frequently
encountered. Given the spectral composition P(A), the total radiant power P
may be determ ined from
C 00

Jo P(X)dX.
Whenever radiant flux PY is incident upon an object, some of it (PR) may be
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reflected by the surface, some (PA) absorbed, and some (PT) transm itted, as
illustrated in Fig. 2.1:
P 1— PR + PA + PT.
The spectral reflectance p(A), transmittance r(A), and absorption a(X) may be
determined at each wavelength X by the following relationships:
p(X) = PR( X ) / P l(X),

t(X) = PT(X) / P j(X),

a ( \) = P A(X )/ PT(X).

For accurate use of these quantities, the spatial conditions must also be
specified, especially the direction of incidence.
The previous concepts of radiom etry are useful; however, light cannot be
adequately described as radiant energy. Daily experience readily shows that
radiance is not simply related to perceived brightness. A small night-light that
is barely visible during the day may be bright enough to read by at night.
Since light produces a visual sensation upon stimulation of the retina of the
norm al hum an observer, perhaps this difficulty can be avoided by char
acterizing the norm al hum an retina. An immediate difficulty arises since one
cannot directly measure the retinal response as one would the response of a
photoelectric cell. Some indirect m ethod must be employed. Furtherm ore, the
simplest response to elicit is that to brightness, rather than that to color. Such
considerations led to the development of photometry.
2.2.2

Photometry

Photometry is the science which relates perceived brightness in the norm al
observer to radiant energy. The first standard to be developed was the
standard luminous intensity or, simply, intensity. The procedure consisted of
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defining a known source, a candle. Unknown sources could then be com 
pared by an observer and distance or wedge filters varied until the observer
judged the sources to be of equal intensity. The unit of luminous intensity, the
candela, is defined as the luminous intensity of ^ cm2 of the projected area of
a blackbody radiator operating at the tem perature of solidification of
platinum (2045°K). Next, methods for comparing the luminance of different
colors were developed. To minimize the difficulties in comparing two chromaticities, a step-by-step com parison of two slightly different wavelengths
was made throughout the spectrum under good lighting conditions. The
observed light field was divided into two parts, one side containing a source
of known radiance and wavelength, the other containing a source of slightly
different wavelength. The observer was asked to adjust the second source
until the visual difference was minimized. The radiance differences were then
plotted to yield a luminosity function that may be considered as the spectral
response curve for the normal hum an observer. With a luminosity curve, one
can easily relate luminous intensity to radiant intensity. W hen the same
experiment was conducted under poor lighting conditions, i.e., for darkadapted eyes, two main differences were noted. First, the peak of the
luminosity function shifted from 555 nm (green region) to 507 nm (blue
region). Also, a trem endous increase in peak sensitivity from 680 lm /W for
the good lighting conditions (photopic vision) to 1746 lm /W for the darkadapted eye (scotopic vision) occurred. The C IE standard luminosity func
tions (Committee on Colorimetry of the Optical Society of America, 1963) are
shown in Fig. 2.2. The abbreviation CIE consists of the initials of and is
the recommended m ethod of referring to the Commission Internationale de

W avelength (n m )

Figure 2.2 Normalized luminosity functions for good lighting (photopic) and dark adapted
(scoptic) vision. [From the Committee on Colorimetry of the Optical Society of America (1963,
p. 225).]
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VEclairage, the International Commission on Illumination. Thus, the stan
dard observer defined by the luminosity functions is an international stan
dard.
The adoption of these standard data was somewhat arbitrary, since dif
ferent data would be produced for different observers, and a change in
observation conditions would yield different data even for the same ob
servers. The usefulness of the standard luminosity curve is that it provides a
convenient basis for general agreement concerning photometric concepts,
such as the visual effectiveness of radiant energy. Luminosity (lum ens/w att)
measures the efficiency of the time rate of radiant energy for the production
of brightness, but depends upon viewing distance since it does not account
for the area of the retina. If brightness depends upon the time rate of energy
incident upon a unit area of the retina, then a photom etric unit which would
correspond to irradiance (w atts/square meter) would be useful. This unit,
which is called illuminance, should correlate with irradiance and should have
the advantage of being more independent of observation conditions such as
viewing distance. The ratio of illuminance to irradiance can still be expressed
as luminosity (lum ens/w att) since the common area cancels when the ratio is
taken. A complete set of photom etric units corresponding to radiometric
units, as shown in Table 2.1, can thus be established and related by the
standard luminosity function. The luminosity K may be defined as the ratio
of any photom etric quantity to the corresponding radiometric quantity. For
example, the luminosity K or luminous efficiency of radiant spectral power
P(X) is given by
C CO

r GO

Jo y ( \ ) P ( \ ) d \ / f•'o P ( \ ) d \ ,
where Km is the maximum possible luminosity of radiant energy and y is the
photopic luminosity function.
The proper radiom etric or photometric unit for a given situation may be
determ ined from consideration of the type of photodetector used. If the
receptor is the hum an eye, then the response depends upon either the spectral
composition of luminance or illuminance as appropriate. If the detector is a
selective photocell, then its response depends upon the spectral composition
of radiant flux, in watts. If it is nonselective, the response depends only upon
the radiant flux. A photographic plate responds to the spectral composition of
energy per unit area.
Example: Radiometric and photometric luminous efficiency of a blackbody
radiator. To illustrate the radiometric and photom etric concepts, we may
compute the luminous efficiency of a perfect radiator.
The power em itted by a blackbody radiator, according to the StefanBoltzmann law, is proportional to the fourth power of its absolute tem pera
ture,
W = 5 .6 1 x 10~ 127’4,
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where W is the radiant emittance in w atts/square centimeter and T is the
tem perature in degrees Kelvin.
The fraction of this power at a particular wavelength A is governed by
Planck's law.
»P(A) = (2.39x 1 0 ~ " )/A 5[ exp( 1.432/T A )—1],
where A is the wavelength in centimeters.
Suppose we are interested in the fraction of the power contained in the
visible spectrum, which is approximately 400 to 700 nm. We may calculate
the visible portion by integrating Planck’s equation over these limits:
W VIs= f 7 x w " w ( \ ) d \ .
4 X 10“ 5

We may define a radiometric efficiency as the ratio of the power in the
visible spectrum to the total power:
_ 64.77 n x i o -5

dA

T 4 m x io -5 A5[e x p (1 .4 3 2 /rA )—1 ]
However, this com putation does not take into account the spectral sensitivity
of the eye. By introducing the standard luminosity function, we may compute
the luminous efficiency
64.77 r 7xio~5________y(X)d\_______

T 4 -Mxicr5 A5[exp(1.432/7’A)—1]
The radiometric efficiency and luminous efficiency were computed using

T em perature

Figure 2.3

(°K )

Efficiency of blackbody radiator computed radiometrically and photometrically.
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Simpson’s rule (D orn and M cCracken, 1974) and are shown in Fig. 2.3. Note
that the luminous efficiency is considerably lower than the visible radiometric
efficiency, which emphasizes the fact that only a fraction of the light available
is visually effective. Also note that the fraction of energy emitted below
1500°K is negligible. Furtherm ore, at the melting point of tungsten
(~3600°K ), only about 15% of the radiant energy is visible.
2.2.3

Colorimetry

The sensation of color is determ ined by the light frequencies contained in
the visual image. As defined by the Committee on Colorimetry of the Optical
Society of America (1963): “Color consists of the characteristics of light other
than spatial and temporal inhomogeneities.”
Color is a psychophysical concept depending both upon the spectral
distribution of the radiant energy of the illumination source and upon the
visual sensations perceived by the observer. The dependence upon source
illumination is readily observed. The sky appears black at night, various
shades of blue during the day, and orange or red at sunset. Color perception
depends mainly upon the physics of light and the physiology of the visual
system, which results in psychological color sensations of hue, saturation, and
brightness, as illustrated in Plate I.* Hue is the color sensation associated with
different parts of the spectrum such as red, blue, green, or yellow. A
psychophysical variable related to hue is the dom inant wavelength of the
light. For monochrom atic light the perceived hue and dom inant wavelength
are directly related. Saturation is the color sensation corresponding to the
degree of hue in a color. Purity is the psychophysical quality most closely
related to saturation. Most colors can be m atched by an additive mixture of
monochromatic and white light. Purity is related to the am ount of white
which must be added to monochrom atic light to obtain a match. M onochro
matic light has 100% purity and white light has zero. Like hue and dom inant
wavelength, saturation and purity are related but not identical. Pure yellow is
less saturated than pure violet. Brightness is the prim ary visual sensation, and
luminance is the corresponding psychophysical variable. The three color
sensations may be separately identified but are not independent. A change in
brightness can cause a change in saturation or even hue.
Since luminance is one characteristic of color, photom etry is included in
colorimetry, which is the science of color measurement. All of the concepts of
photom etry therefore apply to colorimetry, which adds the concept of chromaticity.
The tristimulus theory is the best approxim ation to a hypothesis which
explains color vision to a reasonable extent. It has been determ ined that
com binations of the three prim ary colors can m atch any unknown color C,
•The plates appear following p. 334.
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for observers with norm al color vision:
C](A) = rR(X) + gG(X) + bB(X),
M

where = indicates a hum an m atch rather than m athem atical equality, and R
is the red, G the green, and B the blue spectral prim ary function.
In some cases, it is found that either one of the primaries or white has to be
added to the unknown to effect the match. Since white may be represented as
W = R + G + B, the addition of an am ount w of white results in
C,(A) + w W( A) = rR( A) + gG( A) + bB( A)
or
Ci (A) = ( r — w)R(X) + ( g — w)G(X) + (b — w)B(X)
which may be written
M

Ci(A) = rcR(X) + gcG(X) + bcB(X).
The coefficients (rc,gc,bc) represent the color mixture of C, with respect to R,
G, B, and W. N ote that only one coefficient need be positive and that
negative coefficients should not lead to the erroneous conclusion that some
colors cannot be m atched by the primaries.
Given the tristimulus values for a color obtained by matching the color with
one set of primaries, it is possible to convert the tristimulus values to those
which would have been obtained with another set of primaries provided that
no single primary spectral function can be m atched with a linear com bination
of the other two.
To develop this relationship, suppose that a test color C(A) is m atched by a
com bination of primaries R , G , B,
C(A) = rR(X) + gG(X) + bB(X).
Now suppose the same color is m atched by a com bination of different
primaries,
M

C(A) = xX(X) +y Y(X) + zZ(X).
To relate the two sets of tristimulus coefficients, we first m atch the
R(X), G(X), B(X) primaries with com binations of the A"(A), Y(X),Z(X) primaries
M

R( X) = « n X(A) + ai27(A) + « 13Z(A),
M

G(A) = a2]X(X) + a22 Y( A) + a23Z ( A),
M

B ( A) = a3]X(X) + a32 Y(X) + a ^Z(X).
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Using the law of color additivity, the color C(A) m ay be expressed as
M

C(A) = ra^}X { \ ) + ran Y ( \ ) + r a 13Z(A)
+ ga21 *(A) + ga22Y ( \ ) + ga23Z ( A)
+ ba3

(A) + ba32Y(X) + ba3jZ(X).

Comparing the two matches of C(A) with a com bination of the X , Y, Z
primaries leads to the relation
x

y

z

a \\

a 2\

a 31

rT

a 12

a22 #32

8

a 13

a 23

a 33

.b

The above matrix m ay be used to convert the tristimulus values obtained with
the R , G , B primaries to equivalent tristimulus values obtainable with the
X, Y, Z primaries.
The accurate specification of color is very difficult since the perceived color
characteristics cannot be directly measured, and color is influenced by spatial
factors such as background texture. However, the im portance of color specifi
cation is clearly dem onstrated by the m any color systems available. Several of
these (the Munsell, the Ostwald, the 1931 and 1960 CIE, the UCS, and Lab)
will be described.
The color system developed by Albert H. Munsell, a painter and art
teacher, is based on three variables, hue, chroma, and value, as shown in
Plate II. Hues are arranged in spectral order around a circle. Chrom a
corresponds approximately to saturation, and value is related to brightness.
The origin of the coordinate system corresponds to black, which is the
darkest and least saturated color.
In practice, the Munsell system is an atlas of separate pages of color
samples, arranged in a conical tree about the value axis.
Approximately ten shades each of chroma, hue, and value are used with the
differences between neighboring samples chosen to represent psychologically
equal intervals. The Munsell system is an atlas of surface colors. Its reliability
depends upon the use of a standard white illum ination source and to some
extent upon the surface texture of the sample.
The Ostwald system uses the psychophysical variables of dom inant wave
length, purity, and luminance rather than the psychological variables of hue,
saturation, and brightness, which are approxim ated by the Munsell system.
The Ostwald coordinate system is arranged with hues of maximum purity
forming an equatorial circle and with com plementary colors opposite. The
axis of the circle starts with black at the bottom and goes to white at the top.
Purity increases outward from the origin as shown in Fig. 2.4. Each sample in
the Ostwald color tree is identified by three num bers corresponding to the
proportion of black, white, and pure color.
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Figure 2.4
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Ostwald color system variables of dominant wavelength, purity, and luminance.

The C I E system provides an internationally standard m ethod for specifying
a color. It deals with dom inant wavelength, purity, and luminance like the
Ostwald system, but can also be related to the Munsell system. The CIE
system was developed to provide color matching characteristics for the
average visual system. Using a colorimeter, a num ber of observers m ade a
series of color matches against a spectrum of monochromatic colors. The
mixtures of three prim ary colors, red, green, and blue, were recorded and
used to produce color mixture curves.
These curves contained negative values. For com putational convenience, it
was desirable to obtain linear transform ations of the color-mixture curves
which had no negative values. The transformed curves contained the same
inform ation and were called hypothetical components, since they could not be
realized experimentally. It was also possible in this transform ation to require
the green curve to exactly correspond to the luminosity function y(X) as
previously defined. Finally, these curves were averaged for many observers to
obtain standard observer curves. The standard C IE color mixtures are shown
in Fig. 2.5 and are the tristimulus values x(A),y(A),z(A) of the spectrum for the
standard observer. The tristimulus values ( X, Y , Z ) of any color C x are
defined as the magnitudes of the three standard stimuli necessary in a mixture
to match the color C,. For example, if the color C, has spectral composition
P( A), then
f 00
JfOO
x ( X) P( X) dX,
0

Y = K maxf

•'o

r oo

J0

I ( X) P( X) dX,

where ATmax is the maximum luminosity possible in the m atching situation.
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Figure 2.5 CIE standard tristimulus functions. [From the Committee on Colorimetry of the
Optical Society of America (1963, p. 242).]

Since any color may be specified by a triple (X , Y , Z ) , one may represent
any color by a point within a color solid in a three-dimensional space. The
shape of the solid depends upon the choice of the tristimulus vectors
x(A),j>(A),z(A) and the orientation of these vectors in space. It is also possible
to represent the main com ponents of chromaticity, dom inant wavelength, and
purity as a closed area in a plane. The standard m ethod of representing
chromaticity inform ation of a color (X , Y , Z ) is by defining
x = X /(X + Y+Z),

y= Y /(X + Y + Z ),

z = Z /(X + Y + Z ).

The unit plane for which x + y + z = 1 is referred to as the CI E (1931)
chromaticity diagram and normalized am ounts of all real colors are repre
sented by points (x ,y ) within this horseshoe-shaped closed region, as shown
in Plate III. N ote that the boundary of the region is determ ined by the
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tristimulus values of the standard observer to equal am ounts of radiant power
from narrow spectral bands. The chromaticity diagram may be used to
determine dominant wavelength, purity, complementary wavelength, color tem
perature, and other im portant facts for an unknown color represented by a
point (x ,y ).
The C IE chromaticity diagram shown in Plate III represents all colors of
the spectrum. The perimeter points correspond to dom inant monochrom atic
wavelengths, and the achrom atic or white point is near the center. Colors
increase in saturation with their distance from this central point. The large
area associated with greens reflects the fact that the eye is most sensitive to
them. The nonspectral purples lie on the line connecting the blue and red
ends of the curve. Each pie-like sector contains a small range of hues, graded
by saturations. Hues at opposite ends of any straight line through the center
are complementary. An additive mixture of any two colors is represented by
an interm ediate point somewhere on the straight line between the points
representing the two colors.
The 1931 C IE system, although still widely used, has a major deficiency.
Colors on the C IE diagram which are separated by an equal numerical
difference are not equally different in appearance. This is illustrated in Fig.
2.6 in which ellipses of just noticeable differences (enlarged 10 times) are
shown on the x —y C IE diagram. The 1960 C IE uniform chromaticity scale
(UCS) system is derived from the 1931 CIE diagram by stretching the axis
o

X

Figure 2.6 Standard deviations of color matching represented as just noticeable difference
regions enlarged 10 times on the chromaticity diagram. [Adapted from the Committee on
Colorimetry of the Optical Society of America (1963, p. 251).]
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unevenly in an attem pt to make linear distances correspond more closely to
perceived differences. This is accomplished by converting the tristimulus
values X , Y, Z to new tristimulus values U, V, W by
U = \X,

V=Y,

W = -\X + \Y + \Z .

The inverse tristimulus transform ation is
X = \U ,

Y=U,

Z = \U-?>V+2W.

Chromaticity coordinates may then be calculated as
u = U / ( U + V + W),

v = V / ( U + V + W),

w= W / ( U + V + W ) = l - u - v .
This gives the u, v chromaticity coordinates as
u = 4 x / ( —2 x + \ 2 y + 3 ) ,

v = 6 y / ( —2 x + 1 2 j+ 3 ).

The inverse transform ations are
x = \ u / { u —4v + 2),

y = u / ( u —4u + 2).

The UCS, or U* V* W* system, is a further attem pt to obtain a meaningful
color distance. This system is a C IE recom m ended uniform perceptual color
space. The transform ation is defined by
U * = U W * { u - v 0),

V* = 13 W * ( v —v0),

W/*=25(100y/_y0) 1/3—17,

where y is the lum inance of the color, u0 and v0 are its m easured 1960
C IE -U C S chromaticity of the reference white or perceived achrom atic point,
and y 0 is the lum inance of this standard white in the 1931 C IE coordinates.
The calculation of a m easure D of the perceived color difference between
two samples viewed in close proxim ity is simply the Euclidean distance
d = [ ( Ux* - U S ) 2 + ( V ,* - v 2* f + ( w , * - w * ) 2] :’/2,
where (t/,* , V * , W * ) and (U 2*,V 2* ,W 2*) are the coordinates of the two
color samples. F or reflecting samples, u0 and v0 are com puted for the
illuminant.
This system m ay be considered as an extension of the C IE 1960 system to
include the brightness dimension. The scaling of the chromaticities by 13 W*
increases the distance for brighter colors. A close relation exists between the
U* V* W* system and the M unsell system.
A final system that will be considered is a simplified version of the
A dam s-N ickerson space, or Lab, and is presently being considered for
adoption by the CIE. The system is defined by
£ = 2 5 (1 0 0 7 / 7 0) 1/3- 16,
a = 5 0 0 [ ( X / X 0) l/3- ( Y / Y oy / 3],
b = 2 0 0 [ ( Y / Y oy / 3- ( Z / Z o) ' / 3],
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where (X , Y , Z ) are the CIE 1931 tristimulus values and ( X 0, Y 0, Z 0) are the
tristimulus values of the reference white. The three coordinates L ,a ,b corre
spond to lightness, redness-greenness, and yellowness-blueness, respectively.
An example of four constant luminance slices is shown in Plate IV. N ote that
the perimeters of each plane are determined by the limited gamut of colors of
the television display.
This brief introduction to radiometry, photometry, and colorimetry has
presented only the minimum fundam ental concepts and has hopefully
whetted the reader’s appetite for further investigation of the references. Also,
at this point, one may have developed several questions. Why does radiant
energy not correspond to brightness? W hat determines the shape of the
luminosity and tristimulus functions? W hat determines the difference in the
photopic and scotopic luminosity curves? To answer such questions, one must
look more closely at the structure of the hum an visual system and the visual
perception process.

2.3

Visual Perceptual Processing

An understanding of the perceptual processing capabilities of the hum an
provides an ever-present m otivation and certain guidelines for developing
similar paradigms for the computer. If a task can be perform ed by a hum an it
is difficult to say that the task is impossible to accomplish with a machine. On
the other hand, studies of com puter image processing and recognition have
been recognized as being im portant in the psychology of perception and
promise increased contributions in the future.
In this section, a brief introduction is given to the characteristics of the
visual system and visually related param eters which are of established im por
tance in the design of picture processing techniques. Since m any picture
processing results are evaluated by visual observation and subjective judg
ment, it is im portant to realize the modifications the hum an visual system
makes on the perceived image.
The study of perceptual processing and visual pattern recognition is a
developed discipline and several excellent texts are available. A n excellent
collection of papers with a historical overview is by Dodwell (1971). A
systematic and interesting text, which stresses physiological factors, is that of
Cornsweet (1970). Other excellent texts include Davson (1962, 1963) and
G raham (1965).
W hen one first seriously considers visual phenomena, it often appears that
factors such as m otivation predominate. A strong contrary premise is pre
sented by Cornsweet. He indicates that in the study of most perceptual
phenom ena, 99.9% of the magnitude of the phenom ena can be accounted for
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by physical and physiological factors, with only 0.1% attributable to psycho
logical factors. In the following sections, some justification for this premise
will be presented.
2.3.1

Structure of the Visual System

The complex aspects of visual perception are best introduced by a brief
description of the anatom y of the hum an visual system (HVS). Anatomically,
the HVS may be divided into four elements: the eyes, the neural com m unica
tions pathway from the eyes, the lateral geniculate body, and the visual
cortex, as shown in Fig. 2.7. A scene is imaged onto the left and right retinal
receptors. The retinal receptors through a photochemical reaction convert the
light energy into electrical pulses. These pulses are transm itted via the optic
nerve to the optic chiasma, through the lateral geniculate bodies, and finally
to the visual cortex (Area 17) in the occipital lobe of the brain.

Figure 2.7

Overall structure of the human visual system.
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Simplified cross section of the human eye.

A simplified cross section of the hum an eye is shown in Fig. 2.8. The
opaque outerm ost layer, the sclera, is a nearly spherical shell with a radius of
about 11 mm and is 1 mm thick. At the front of the eye, the sclera merges
into the transparent cornea, which bulges forward with a radius of curvature
of about 8 mm and thickness of about 1 mm. At the rear, the optic nerve
penetrates the sclera on the nasal side of the principal axis. The ciliary body is
located behind the point at which the cornea and sclera join. Just in front of
the ciliary body is the iris. The iris is the nearly circular aperture which
constitutes the pupil of the eye. The size of the pupillary opening can be
changed from about 2 to 8 mm by dilation and contraction of the muscles
controlling the iris, which occurs as a function of illuminance and psychologi
cal responses.
Directly behind the pupil, a double convex lens is suspended in such a way
that its shape can be changed. These shape changes vary the effective focal
length of the lens and permit accom m odation for varying viewing distances.
Two cavities separated by the lens are also present. The anterior cham ber is
filled with waterlike aqueous hum or, while the posterior chamber is filled with
a viscous, vitreous humor. The innerm ost layer of the eye is covered by
the light-sensitive retina, which contains the photoreceptors and a highly
organized neural structure shown in Plate V.
The retinal surface contains a mosaic of unequally distributed photorecep
tor cells called rods and cones. The concentration of rods and cones at
various distances from the center of the retina is shown in Fig. 2.9. Ap
proximately in the center is a small depression about 0.4 m m wide called the
fovea, which contains only cones. Because of the nature and high density of
cones, color and detail recognition is best in the foveal area. Rods are about
1-2 (im thick and some 60 /j,m long. The cones vary in size, but those
occupying the center of the fovea are also about 1-2 jiim thick. It has been
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P e rim etric angle (d eg )

Figure 2.9 Concentration of rods and cones at different distances from the center of the
fovea. (Note that the highest density is roughly equivalent to a 400 by 400 array of receptors in a
millimeter). [From Pireime (1967).]

estimated that there are about 5 -7 million cones and between 75 and 150
million rods. In the fovea, the connection between cones and optical fibers is
approximately one to one. As the distance from the fovea increases, the
num ber of connections increases, and the degree of summing increases with a
ratio as high as 140 to 1 in the periphery. The rods are sensitive to very low
illumination and are responsible for scotopic vision. The order of minimum
detectable luminance is about 1 nL. The cones, which are very tightly packed
in the fovea, lie in line with the visual axis and are responsible for the most
acute vision, photopic vision. Cone minimum sensitivity is on the order of a
microlambert. The visual pain threshold is about 16 L.
The pupil of the eye contracts when exposed to a brighter light. The effect
is to reduce the am ount of light that falls on the retina. However, as time
passes, the retina adapts to the new level and the pupil returns to its original
size. The pupil can control the am ount of light entering by about a factor of
30. The retina can also adapt to changes in light intensity, but by a factor of
about 1010.
The network of nerve cells and ganglia is illustrated in Plate V. The
somewhat reversed pathway by which the light m ust pass through the
network before reaching the photosensitive receptors is believed due to the
evolutionary folding of a plane of receptors into the present spherical shape.
The neural responses of the retinal receptors are transm itted through a
layer of bipolar cells to large ganglion cells, also in the eye, where they are
com bined and encoded for transmission through the optic tract. A t the blind
spot, the one hundred million receptors connect to about one million optic
nerve fibers. The optic nerve fibers via the optical chiasma divide the image
field and project retinal regions to the lateral geniculate cells. The geniculate
cells then connect with cells in the visual cortex.
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The im portance of the retinal receptors is emphasized by considering color
blindness. Color blindness is the common name for any pronounced devia
tion from normal color vision. According to Konig’s hypothesis (Wyszecky
and Stiles, 1967), color blindness occurs whenever one or more of the three
types of photoreceptors is inoperative. The norm al observer, called a trichro
mat, can match any color with a com bination of red, green, and blue colored
lights. U nder controlled conditions most trichrom ats will use about the same
combinations of selected lights to match any particular color. An individual
who arrives at a m atch with a significantly different com bination may be an
anomalous trichromat (less severe departure from norm al vision), a dichromat
(partial color blindness), or a monochromat (complete color blindness).
Theory predicts three types of dichrom ats corresponding to one of the
three receptors being inoperative. The dichrom at can m atch all colors with
mixtures of two prim ary lights rather than three. One common form of
dichromatism is red-green blindness in which the green cones may be
inoperative. This individual can perceive only two colors— yellow and blue. A
neutral gray is seen instead of blue-green and purple. Dark reds, greens, and
grays are confused and sensitivity to brightness is decreased by about
one-half. Dichromatism occurs in about 2% of white males but in only about
0.03% of white females.
M onochromatism, in theory, can also occur in three forms corresponding
to the combinations of two inoperative receptors. However, monochrom atism
is very rare with only about one person in 30,000 afflicted. Another form of
monochrom atism occurs if all the foveal cones are inoperative. In this form,
the m onochrom at is unable to distinguish any colors and visual acuity is also
severely impaired. A m onochrom at can see only differences in brightness and
can m atch any color with a single light. Relative luminosity is the only
criterion that can be distinguished.
2.3.2

Visually Related Parameters

Certain visually related phenom ena and param eters are repeatedly used in
picture processing to describe properties of the visual system, im portant
inform ation in images, and characteristics of imaging devices. Several basic
concepts including brightness and contrast, resolution and sharpness, and
texture will be introduced in this section. Each of these concepts will be
continuously built upon throughout the text.
Brightness and Contrast
Brightness is the psychological concept or sensation associated with the
am ount of light stimulus. Due to the great adaptive ability of the eye,
absolute brightness cannot be accurately judged by a human. Light source
intensity depends upon the total light emitted and the size of the solid angle
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The perceived grayness of a surface is influenced by its background.

from which it is emitted. Two sources of equal intensity do not appear equally
bright. Luminance, the intensity per unit area, is a psychophysical property
that can be measured.
Lightness is related to the observer’s recognition of a difference in white
ness, blackness, or grayness between objects and is therefore different from
brightness. The term contrast is used to emphasize the difference in luminance
of objects. The perceived grayness of a surface depends upon the local
background as shown in Fig. 2.10. This phenom enon is called simultaneous
contrast. Generally, if the ratio of contrast between an object and its local
background or surround remains constant, the lightness perceived will remain
constant.
Several measurements of contrast are in general use. In psychology, con
trast C refers to the ratio of the difference in luminance of an object B0 and
the immediate surround B, as shown in Fig. 2.11:
C = (B 0 — B ) / B —\ B / B .
With this definition, contrast m ay be either positive or negative, with negative
contrast meaning that the object is less lum inant than the background. The
size and shape of the object and surround should be specified to avoid
ambiguity.

Figure 2.11

Contrast between an object and its surround.

28

2 Image Formation and Perception
1 lp/mm

2 Ip/mm

4 lp/mm

R eso lu tio n
T est
P a tte rn

mr

L u m in an ce

Profile

C o n tra st T ran sfe r F u n c tio n
100 r

x

lp/m m

Figure 2.12

Line pair grating showing the determination of a contrast transfer function.

A contrast m easurem ent commonly used in optics describes the contrast C
of a spatial frequency grating as the ratio of the deviation in a periodic
luminance to the average luminance. For a grating as shown in Fig. 2.12, the
contrast is defined as
C = ( B 0- B ) / ( B 0+ B ) ,
where B0 is the m aximum and B the minimum luminance levels of light
passing through the grating. N ote that if the type grating, such as square wave
or sinusoidal, is specified then this use of contrast takes on an unambiguous
meaning.
Finally, in photographic work the subject contrast C is defined as
C = D 0- D ,
where D0 represents the reflectance or transm ittance photographic density of
the subject and D the density of the surround. Since photographic density is
proportional to the logarithm of the luminance of the light used to expose the
film, as shown in Fig. 2.13, this contrast m easure is easily related to the
previous measurements.
C ontrast ratio is also used to describe differences in luminance, usually in
an overall scene. The contrast ratio CR is defined as the ratio of the maximum
to the minimum lum inance in the scene. The contrast ratio is commonly used
to describe the ratio of the largest and smallest luminances produced by an
image display, and ratios as large as 20 m ay be encountered for certain
displays.
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Figure 2.13 (a) Photographic subject contrast is equal to the difference in density and (b)
characteristic Hurter-Driffield (HD) curve for film.

The ju st noticeable difference in luminance is an im portant concept since if
an observer cannot perceive a change, its im portance is questionable. Classi
cal experiments that determ ined the just noticeable difference in lum inance
between a small region and its surround for varying background luminances
are described by G raham (1965). The resulting lum inance discrimination
curve is shown in Fig. 2.14a. N ote the decrease in the Weber ratio A L / L over
a wide range of increasing luminance. Also, over a limited luminance range
(0.1-1000) the ratio is nearly constant. This permits a quick estimate of the
num ber of distinguishable levels. Assume that the ratio is constant at 2% over
the luminance range of interest. One may then argue that only 50 different
luminance levels may be observed over the luminance range. For the total
observation range the intensity discrimination curve in Fig. 2.14a, shows that
the ratio is not constant, especially at low luminance levels. Thus, a more
accurate estimate must be obtained. A solution equation was derived from
the differential equation of the photochemical system by Hecht (Graham ,
1965). The solution is of the form
m

/

l

= k x{\ + \ / V

k^ l

)2,

where A", and K2 are related to the param eters describing the photochemical
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Figure 2.14 (a) Discrimination curve and (b) number of just noticeable differences at various
luminance levels. [After Hecht (1934).]

response. Note that for large lum inance values the ratio is constant and that
for small values a large W eber ratio is predicted.
The reciprocal of the W eber ratio may be interpreted as an incremental
num ber of just noticeable differences or distinguishable levels at each lumi
nance level. A curve of this relationship is shown in Fig. 2.14b, which
emphasizes the loss of discrimination at low levels, and that the incremental
num ber is about 500 levels over a large image. F or a given luminance range,
the average of the incremental num ber of levels m ay be used as an estimate
for the num ber of distinguishable levels.
The num ber of distinguishable color levels may be estimated for individual
colors in a similar manner. However, if one assumes all com binations are
distinguishable, then the total num ber of distinguishable colors is the product
of the num ber of individual colors. Thus, several million possible colors may
be distinguishable. However, the num ber of distinguishable chrominance
levels is less than the num ber of luminance levels due mainly to the decreased
dynamic range of cones. It is safe to say that at least several thousand
different colors are distinguishable and, as a lower limit, Munsell (1946)
specifically names over 400.
Resolution and Sharpness
Resolution is one of the most complex terms encountered in visual system
parameters. It m ay be defined in terms of m odulation transfer functions,
optical line pairs, television lines, or spot size. Furtherm ore, each definition is
internally consistent, but correlations among the various definitions need to
be clearly stated.
The psychological measure of resolution is the visual system m odulation
transfer function, which exhibits a bandpass filter characteristic. This re
sponse can be observed on the patterns shown in Fig. 2.15. These Campbell
and R obson type patterns are com puter generated sinusoidally m odulated
patterns. Note that visibility of the pattern falls off at both low and high
spatial frequencies. The frequency of the peak response varies with pupil
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Figure 2.15 Sinusoidally modulated pattern illustrating frequency sensitivity of HVS. The
images should be viewed at a distance equal to 15 times their width. (Courtesy of C. F. Hall.)

diam eter between 3 and 7 cycles/ deg. The upper cutoff frequency is about 20
cycles/deg.
A visual indication of the low-frequency rolloff or high-pass filter effect is
given by the M ach band phenom enon shown in Fig. 2.16. The system
overshoot is visually present as the light bands in dark regions and dark
bands in light regions. This response is similar to an electronic differentiation,
an optical high-pass filter, or photographic unsharp masking. U nsharp m ask
ing consists of exposing a film through a superimposed negative and slightly
defocused positive transparency of the same scene. The resulting image has
enhanced edges.
Spatial frequencies in optical systems are described in line pairs. A line pair
is defined as one dark line and one white line of equal width. Spatial
frequency may be described by the num ber of line pairs per millimeter. The
simplest method for characterizing the resolution of an optical system is to
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Figure 2.16 Illustration of Mach bands. (Note the appearance of dark and light bands at
boundaries although intensity varies uniformly.) [From Comsweet (1970, p. 276).]

determine a contrast transfer function (CTF). To determine the CTF, one uses
a line-pair test grating such as that shown in Fig. 2.12 as the input image.
Assume that the luminance profile of the output image is still rectangular but
that the amplitudes of certain frequencies has been decreased.
A contrast transfer function C(u) may then be developed from the lumi
nance profile by computing the ratio
C(u) = A B ( u ) / A B ( 0 ) ,
where AB(u) represents the difference in lum inance of the line pattern of
spatial frequency u for each frequency in the test pattern, as illustrated in Fig.
2 12
The contrast transfer function specifies the percent contrast of the line
pattern at various spatial frequencies. A limiting resolution may also be
determ ined from C(w) as the spacing at which C(u) is less than a certain
percentage, such as 10%, or as the spacing at which the lines are just visually
discernible.

. .
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A rectangular lum inance profile of amplitude range B0— B and line pair
spacing x 0 with infinite duration also may be expressed by its Fourier series
L ( x)
B0+ B
B0 — B ^ sin™
lirnx
L ( x ) = ---------+ --------COS------- '
2
2
" , ra
x0
However, several harm onic terms are needed to represent the contrast func
tion.
Although the contrast transfer function is useful, a problem is encountered
if the output luminance profile is not rectangular. Since m ost optical systems
are diffraction limited and cathode-ray tube (CRT) spot brightness is
Gaussian in distribution, it is difficult to achieve a rectangular profile. A
more serious defect is that the contrast transfer function cannot be directly
used as a transfer function of a linear, position invariant system.
One solution to this problem is to use a test pattern in which the transm it
tance varies sinusoidally. Since the transfer function of any linear, position
invariant system m ay be determ ined from its response to sinusoidal inputs,
this approach offers not only a measure of resolution, but also a m ethod to
characterize the system response to any input pattern. The Fourier series of
an infinite duration sinusoidal grating of spacing x 0 and amplitude range
B0— B is
r / 'V

Bo+ B , Bo ~ B • 27TX
—

+

Clearly, the Fourier series of the rectangular and sinusoidal patterns are
related and one may be determ ined from the other; however, the response to
sinusoidal inputs provides a more useful function called the optical transfer
function (OTF).
The O TF may be developed using a sinusoidal test pattern in a m anner
similar to that used for the contrast transfer function; however, other avail
able methods may be easier for certain systems.
The optical analog of an impulse response is a point-spread function. A
linear position invariant optical system is completely characterized by its
point-spread function h(x,y). Furtherm ore, the output g ( x , y ) from the system
to an input f ( x , y ) may be determ ined from the convolution (Goodm an,
1968)

g(x,y) =

f

J f(a ,p )h (x-a ,y-p )d a d p .

The point-spread function m ay be determ ined as the system response to an
impulse point of light. It m ay also be desirable to consider the twodimensional Fourier transform of the point-spread function to determ ine the
frequency response. Also, the Fourier transform G(u,v) from the system to an
input with transform F(u,v) is simply
G ( u, v) = F ( u , v )H ( u, v ),
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where the optical transfer function H ( u , v ) is the two-dimensional Fourier
transform of the point-spread function h(x,y). The magnitude or m odulus of
H is called the modulation transfer function (M TF), M( u, v) = \\H(u,v)\\.
If the system is isotropic (rotationally invariant), then a two-dimensional
analysis is not necessary, since the point-spread function m ay be determined
from the line-spread function l(x) (Papoulis, 1968), where

/

OO

h {x , y ) d y
~ OO

is the response to a line mass S(x) along the x = 0 axis. In fact, it may be
shown that the point-spread function, where
r = ( x 2+ y 2) ' / 2
is

The corresponding system function is the Hankel transform of 2nh(r)\

/

OO

rh(r)J0(ur)dr,
- OO

where w = (w2 + u2) 1/2 and J 0(x) is the Bessel function of order zero.
The resolution limit of a diffraction-limited optical system is normally
specified by the Rayleigh criterion. The Rayleigh limit states that two equally
bright point or line sources can ju st be resolved if the central maximum of the
diffraction pattern of one source coincides with the first minimum of the
other, as shown in Fig. 2.17. This criterion holds equally well whether these
two diffraction patterns are produced by a narrow slit or a small circular
aperture, although the m athem atical descriptions of these patterns is slightly
different.

Figure 2.17

Rayleigh criterion for resolution.
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Table 2.2

Relationships among resolution criteria a

TV 50% (3 dB)
10% MTF
50% MTF
Optical (1 /e)

TV 50%

10% MTF

50% MTF

Optical

1
0.88
1.6
1.7

1.14
1
1.82
1.94

0.63
0.55
1
1.06

0.59
0.52
0.94
1

“To convert from the criterion at left to the criterion above, multiply by the given
constant.

The m odulation transfer function, or M TF, m ay be com puted as the
modulus or magnitude of the O TF and may be used not only to give a
resolution limit at a single point, but also to characterize the response to an
arbitrary input. The M TFs published for the HVS and various types of
equipm ent may have been derived from sinusoidal test patterns, Fourier
transforms of line-spread functions, or from point-spread functions. There
fore, some variance may be expected. However, the M TF is generally the best
m ethod available to describe the resolution of an imaging system.
Resolution for TV systems is usually given in TV lines, which are not equal
to optical line pairs. For TV lines, both black and white lines are counted.
Also, since CRT spot brightness tends to follow a Gaussian spatial distribu
tion, some particular luminance level, such as half the peak value, must be
specified to determ ine line width. F or example, 1000 TV lines equal ap
proximately 416 optical line pairs. The relationships between several resolu
tion criteria and conversion factors are shown in Table 2.2 (Sherr, 1970). As
may be seen from the conversion factors, limiting resolution may be easily
confused if the criterion is not specified. Therefore, one should use the M TF
whenever possible to specify resolution.
i

Figure 2.18

Idealized relationships between contrast, acutance, and resolution.
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Figure 2.19 Texture patterns: (a) tapestry; (b) tweed; (c) drawn cotton; (d) dot screen; (e)
rough linen; (f) gravel; and (g) reticulated grain. (Paterson texture screens, reprinted by
permission of Paterson Products Ltd., London, England.)
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Figure 2.19 (continued)

Fourier transforms of corresponding texture patterns.
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Resolution is related to the ability to discriminate fine detail in the field of
view. Edge sharpness or acutance is related to resolution, but should be
differentiated from it. An idealized relationship is shown in Fig. 2.18, in
which resolution is related to the width of an unsharp edge while acutance is
a function of the shape of the edge, and contrast a function of the height.
One might expect that increasing values of the derivative of the edge would
correspond to better reproduction of higher spatial frequencies, and therefore
greater sharpness. However, neither the maximum gradient nor the average
gradient has been found to correlate with the sensation of sharpness. Since it
is possible to have the same m aximum or average gradient for m any func
tions, the lack of correlation is understandable. One characteristic of the edge
function that does have a reasonable relationship to edge appearance and
that will be used as the definition of edge sharpness or acutance is the mean
square gradient
a -

Texture
Texture, in com m on usage, refers to the character of a woven fabric or
textile. It is also used to describe any arrangem ent of particles or constituent
parts of any m aterial such as wood, concrete, or metal. Texture is often
correlated with tactile sensations and described as smooth, coarse, or grainy.
F or image processing, visual texture may be defined as a repetitive arrange
ment of a basic pattern. It is a regional property and clearly depends on the
size and shape of the region. A n edge between two texture patterns might be
determ ined by moving a region across the patterns and noting a significant
change in a texture measure over the region.
A texture pattern normally has some degree of randomness although it is
often useful to consider nonrandom repetitions, for example, character arrays,
as texture patterns.
One method of texture analysis is based upon Fourier transform s as
illustrated in Fig. 2.19. A set of texture patterns and the corresponding
optically com puted Fourier transform s are shown. The texture patterns are
commercially available from Paterson Products, London, England. The
fourth pattern, a dot screen, is greatly simplified in the Fourier domain. As
will be dem onstrated in later discussions of sampling, the pattern consists of a
single spectral response called the main lobe which is the transform of a
single dot, replicated at spacings inversely proportional to the spacings of the
dots. The other texture patterns, which includes tapestry, drawn cotton, rough
linen, and tweed, exhibits a similar transform pattern except that the spacings
of the replica spectra are somewhat random because the basic pattern
repetitiveness is somewhat random . The last two patterns of gravel and sand
also exhibit this property but in a somewhat circularly symmetric manner.
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Texture patterns are often encountered in natural images, and some studies
of texture have provided insight into hum an perception. In a set of rem ark
able experiments (Julesz, 1960, 1962), some of the primitive mechanisms for
separating textural fields were examined. In these experiments, sets of ran
dom dots were used in order to do away with the norm al visual cues a person
uses to discriminate patterns. Additionally, points could be connected using
different probability functions. It was recognized that differences between
two fields could always be detected by careful analysis. The area under study
was the primitive and spontaneous process that enables a person to detect
texture differences without going through a cognitive process about how they
differ.
It was determ ined that textures that differed in their first- and second-order
probability distributions were easily separable, but those which differed only
in their higher-order statistics were difficult to separate or discern. While this
is true to some extent, and from a picture processing point of view worth
keeping in mind, there was a more primitive mechanism at work that allowed
separation of textures at the higher-order statistical level.
It was found that in visual discrimination, clusters or lines formed by
proximate points of uniform brightness played a decisive role. Julesz called
this process connectivity detection. F or this to function, the distance between
equal brightness elements m ust be minimized for the eye-brain com bination
to organize them into uniform detectable segments. Experim entation indi
cates the visual system acts as a sheer separating brightness into two cate
gories, dark and light, but that it cannot quantize into several levels and form
categories or groups that are not adjacent in value. The basic discrimination
process assigns great im portance to line structure, but, when other properties
are present, such as width, brightness, and orientation, it is difficult to

Figure 2.20 Random dot stereograms of the word “yes.” (Reprinted from “Foundations of
Cylcopean Perception” by Bela Julesz, by permission of The University of Chicago Press,
Chicago, © copyright 1971 by Bell Telephone Laboratories, Inc.)
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separate two similar, closely related textural fields. Clusters formed by prox
imate points of uniform brightness are immediately noticed. Clusters having
unequal brightness are ignored.
One of the most significant outcomes of Julesz’s experiments is the dem on
stration that hum an depth perception does not depend upon object recogni
tion. This process is illustrated in Fig. 2.20 in which two random dot
stereograms are shown. If these images are viewed with a stereoscope a
three-dimensional object may be visualized. This work demonstrates the
significant contribution that can be made by applying engineering and
com puter science skills to the task of understanding perception.

2.4

Structural Models for Perceptual Processing

A review of structural visual system models is now presented to provide the
designer with a m ethod of analyzing visual phenom ena. Note that the
questions asked in the study of perceptual processing are also im portant
questions in machine design. How does the hum an abstract, from continually
changing visual impressions, certain attributes or features to which to re
spond? How does the hum an recognize patterns? W hen are images effectively
equivalent in eliciting a response?
The entire repertoire of visual functions in hum ans is dependent upon all
the elements, but particularly upon the activities of the occipital cortex.
However, explanations of m any of the intellectual functions may be m ade by
study of composites of simpler processes.
Visual perception can only be understood if we are prepared to analyze its
functions in several fairly distinct stages. Even then visual models cannot give
a complete explanation of perception. However, the formulation and analysis
of simple visual models that agree with some corresponding empirical evi
dence are valuable because the models aid in the solution of certain problems
associated with perception. W ith any imaging model, the statem ent that the
output image is f ( x , y ) is not equivalent to the statem ent that the observer
sees/(x,_y).
A complete model of the visual system m ust include models of the eye, the
optic tract, and the visual cortex. Although the state of development of a
complete visual system model is still in its embryonic states, the author agrees
with Cornsweet’s (1970) com m ent that although the hum an visual system is
obviously complex, it is possible that it is really composed of a very large
num ber of repetitions and slight variations of a few simple mechanisms.
A simplified functional description of the perceptual process is shown in
Fig. 2.21. The stimulus image reflected from a scene is transm itted to the
image-forming elements of the eyes. These elements focus the image on the
retinal receptors. The retinal neural connections may then perform certain
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Simplified functional block diagram of the perceptual process.

processing operations on the neural signals. Further neural processing may be
perform ed in the optic neural connections from the eyes. Cortical processing
tasks include providing memory reference images, various types of inform a
tion processing, feature extraction, decisions, and descriptions of various
elements of the scene. The results of this process m ay be indicated in several
ways by the response.
A model of the visual system is shown in block diagram form in Fig. 2.22.
The stimulus image is represented by an image function. The image forming
elements of the eye are represented by an optical filter. The retinal receptor
response is divided into two m ajor pathways, one for rods and one for cones.
Each pathway contains a selective spectral filter, a low-pass temporal filter,
and a low-pass spatial filter. These are followed by a threshold function, a log
conversion, and a high-pass spatiotem poral filter. The neural connections in
each channel are represented by a spatial optical filter and summations. The
neural processing in the optic nerve is again represented by a summation. The
transmission link to the cortex may be represented by a set of transmission
lines. Finally, the cortical com putations may be modeled as summations. The
stage of development of the model of the visual system is far from complete,
although a large am ount of work has been accomplished. A t present, certain
elements such as the image forming mechanisms can be modeled very
accurately; other elements, for example the cortical computations, are only
modeled in a conjectural m anner. Therefore, one may expect to find insight,
but not a complete solution from the following description of the visual
model.
2.4.1

Models of the Ocular Media

Only since the 17th century have we appreciated the eye as an imagecatching device. Vision begins with light entering the eye. These light
patterns, carrying inform ation in spatial, spectral, and tem poral variations,
must travel through the various parts of the eye to the light-sensitive retina.
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This process is analogous to the optical system of a cam era containing an
aperture, lens, and film (Campbell, 1968). The success of the optical model of
the eye is readily apparent to anyone wearing eyeglasses. The delicate task of
controlling and focusing light is accomplished by a sophisticated lens system
in the eye. The cornea and aqueous hum or refract light and also affect image
formation. The neural networks control the am ount of light entering the eye
by regulating the size of the pupil opening through a feedback accom m oda
tion signal. The diffraction limit produced by the pupil size m ust also be
accounted for by the eye’s focusing signals. The partially focused light
emerging from the pupil next encounters the remarkably adaptable lens.
Unlike a camera lens, which m ust be moved forward and backw ard to change
focus, the eye’s lens changes shape by means of a feedback signal. Also, a
closely related action is involved in depth perception, in which the image of
an object must be focused on the fovea in each eye. The eye’s lens consists of
over 2000 fine layers, or lamellae, like the skins of an onion, encased in a
clear membrane. Because new layers are continuously being created, the lens
grows large and less pliable with age. Following the lens, the vitreous hum or
acts as a final refractive medium. The optical system of the eye is also subject
to various aberrations. Spherical aberrations that produce a shorter focus at
the periphery of a lens than in the central region are largely corrected by the
cornea, which has a lower curvature at the periphery than at the center.
C hrom atic aberrations produce different focal lengths for different colors and
are virtually uncorrected. The focus is correct at the red end, slightly short in
the blue-green region, and shortest at the shorter wavelengths in the blue,
violet, and ultraviolet portions of the spectrum. The hum an lens, which has a
sharp cutoff in the near ultraviolet, eliminates part of the error.
A simplified optical model, which neglects the feedback mechanisms, of the
image forming elements of the eye is shown in Fig. 2.23. The cornea, aqueous
humor, lens, and vitreous hum or have all been considered as a single lens
located at a distance Z 3 in front of the retinal plane. The pupil aperture is
located a distance Z 2 in front of the lens. The distance Z , corresponds to the
viewing distance. Using the operational notation of Vander Lugt (1966), an
equivalent m athematical model may be developed as shown in Fig. 2.24. This
model may be used to describe changes in viewing distance, pupil size, lens
focal length, and other factors. It may also be used for predicting their effects.
The use of the model will now be illustrated. In the simplest geometric case,
we may consider the model shown in Fig. 2.23. Even with this simple model,
we may easily compute several im portant factors. For example, a lowercase
pica type letter is about 1.5-mm high. W hen viewed at a normal reading
distance of 40 cm, it produces a retinal image of size 64 /im. Since the fovea is
about 400-jitm wide, the retinal image of the letter could easily be viewed
with highest precision. On the other hand, the retinal image of a page 21.5-cm
wide at the same viewing distance is greater than 9 mm and therefore could
not be viewed just with the foveal area. In fact, the largest image whose
retinal image would fall within the fovea at 40 cm is about 9 cm.

Viewing Distance

I

I

I

I

*1 17 mm H

Figure 2.23 Simplified optical models of the image forming elements of the eye. Visual angle:
tan \a = \ S 0 / d Q = \ S j / d j . Image size: S, = SQd, / dQ = 2d, tan j a.
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Equivalent mathematical model:
R (x„yI) = h3(x,y)*(q(x„yl) [ h 2(x,y)*p{xa,ya)[hl(x,y)* I(x0,y0)}}),

where » represents two-dimensional convolution.
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Another useful example is the use of this model to determ ine spatial
frequency or to convert line pairs/m illim eter to cycles/degree. Suppose a test
pattern consists of equal width dark and light lines with u0 line pairs / millime
ter. One line pair is ( l/w 0)-mm high, at a viewing distance d0, the num ber of
line pairs/m illim eter on the retina uR is simply uR = u0 d 0 / d x. F or example, 2
line pairs/ mm at 40 cm produces about 47 line pairs/ mm on the retina. We
may also wish to convert this to cycles/degree of visual angle. The visual
angle a for one cycle is given by: ta n a = 1/ d0. Therefore, 1/ a is the num ber
of cycles/degree of viewing angle, and is about 6 cycles/deg. N ote that the
num ber of cycles/degree is the same either at the object or the retina.
The next level of complexity introduces the diffraction limit produced by
the finite pupil size. Experimental measurements of the optical line-spread
function have been m ade for various pupil diameters and degrees of focusing
(Davidson, 1968). The experimentally determ ined line-spread functions l(x)
were found to be a monotonically decreasing function closely described by
/(x ) = exp( —a |x |),
where a depends on the pupil size. F or a pupil diam eter of 3 mm, a =0.7. The
Fourier transform L(u) of l(x) was also com puted as
L (u ) = 2 a / ( a 2 + u 2)
to describe the m odulation transfer function of the occular media of the eye
for various pupil diameters. By evaluating this function with a = 0.7, one may
see that the half-power frequency of this low-pass filter is at approximately
6.6 cycles/deg.
2.4.2

Individual Characteristics of Visual Photoreceptors

Now we shall concentrate on the individual characteristics of the visual
photoreceptors, i.e., rods and cones. These two classes of receptors may be
distinguished on a num ber of different criteria. One basic difference is that
rods are the receptors that contain a particular kind of visual pigment called
rhodopsin, or visual purple. Cones contain different pigments, chlorabe, erythrolable, and iodopsin, and account for color sensitivity.
The method of absorption of light quanta by the visual system is through a
photochemical process. Hum an rods contain pigment molecules im bedded in
layers of membranes. In a dark-adapted eye, nearly all the pigment molecules
are in a relaxed state. When a quantum strikes the molecule and is absorbed
by it, the absorbed energy changes the shape of the molecule by altering the
chemical bonds through a process called isomerization. The isomerized mole
cule undergoes a spontaneous series of changes and finally returns to the
initial stable state. However, if the molecule should absorb another quanta
during the change, it may be driven back to the initial state without undergo
ing all transitions. This photoreversal is only im portant when the probability
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of a molecule capturing more than a single quantum is high, which requires
levels of intensity considerably greater than those normally experienced.
Thus, only two transitions are of prim ary importance, the isomerization
transition due to absorption of light and the return of the isomerized molecule
to the resting state.
Visual pigment in the resting state is capable of absorbing light. The
different num ber of quanta absorbed for different wavelength light quanta is
called the absorption spectrum. This curve may be obtained by extracting
visual pigment from a dark-adapted eye and determining the spectrum using
a spectrophotometer.
A simple model for the steady state receptor response of rods is given by
the scotopic or photopic luminosity function depending upon the lum inance
level. The model consists of a spectrally sensitive absorptive filter placed in
front of the photoreceptors. Lum inance response depends only on the am ount
of energy absorbed, not its origin.
A model for the spectral sensitivity of cones may also be based upon the
absorption spectra of pigments. In a normal hum an eye, three distinct
pigments have been extracted, and psychologically determined estimates of
the absorption spectra of the three visual pigments are shown in Fig. 2.25.
The peak responses are in the blue-violet, green, and yellow regions.
Although the red receptor peaks in the yellow, it extends far enough into the
longer wavelength to sense red easily. Also, note the difference in magnitudes
in the responses. The spectral absorption of the visual pigments describes a

W avelength (n m )

Figure 2.25 Estimates of the absorption spectra of the three-color cone pigments in a human
subject with normal color vision. The C curve is three times higher than the average. (From The
Receptors for Human Color Vision, by G. Wald in Science 145, 1007-1017, Figure 4, September,
1964. Copyright 1964 by the American Association for the Advancement of Science.)
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portion of the receptor response; however, receptor response and connections
significantly affect this response.
The next element in the model accounts for the conversion of light quanta
to neural response. The neuron response m ust be represented by a nonlinear
element. The basic nonlinearity is the threshold cutoff below which the
response is zero. The suprathreshold response is also nonlinear with a predomi
nant saturation effect. M any different functions, including logarithm and root
functions, have been proposed to describe the suprathreshold response. Loga
rithms will be used in the model. The response of individual neurons in
animals is now studied by placing a microelectrode at the neuron and
observing the electrical response.
The neural response may also be derived from a psychovisual experiment.
The Weber-Fechner law is based on the observation that the just noticeable
difference in luminance is a fixed fraction of the stimulus luminance. In this
experiment, an observer is asked to adjust a controllable illum inated region
until it is just noticeably brighter than a reference region. This experiment is
repeated for reference image illuminations from very dark to very bright. The
ratio of differential illum ination is then plotted as a function of L, as shown
in Fig. 2.14b. Since the curve is relatively constant over a wide range of L, it
is reasonable to assume the W eber-F echner law:
AL / L = k A B .
Integrating each side of this expression gives
5 = clog L,
where B is the lightness, L is the stimulus luminance, and c is a constant. The
\bove derivation is not rigorous, and there are other reasonable approaches;
lowever, classically, the brightness function has been taken to be logarithmic.
The negative portion of the log function does not come into consideration
because of the threshold or m inim um energy required to obtain a neural
response.
The minimum energy required to obtain a neural response from a subject
was determined by the significant experiment of Hecht, Schlaer, and Pirenne
in 1942 (Comsweet, 1970). In an experiment of this type, the observer is given
a set of varying illuminations and is required to respond “seen” or “not seen.”
Since there is some probability that a person will respond positively when no
source is present, some threshold value m ust be selected. This was chosen to
be 60%. The am ount of energy striking the cornea was determ ined to lie
between 54 and 148 quanta. After allowing for absorption an d scattering, the
useful energy was about 5-14 quanta. The image of the flash of light fell on
about 500 rods. It was therefore considered unlikely that a rod received more
than 1 quantum . This suggests that a group of rods m ust be stimulated in
order for a light to be seen with a total impinging energy of 5 -1 4 quanta.
Further im portance of neural interconnections is emphasized by the next
element of the model.
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2.4.3

Models of Receptive Fields in the Visual Cortex

Incoming light passes through approximately 10 layers of neural cells
before reaching the receptor cells. This reversed inform ation pathway is made
up of bipolar and ganglion cells. A receptor cell may send nerve endings to
several bipolar cells. Conversely, several receptor cells may be connected to a
single ganglion cell. Any one of the synapses connected to a particular cell
may perform either an excitatory function, increasing the cell’s firing rate, or
an inhibitory function, decreasing the rate. The cluster of receptors feeding
into a single cell anywhere along the visual pathway is called the receptor
field of that cell.
Hubei and Weisel determ ined that receptive fields of different types oc
curred in cortical units of the visual system. These receptive fields may be
divided into simple, complex, and hypercomplex types. Simple units respond to
retinal stimulation patterns of definite location, width, and orientation, such
as elliptic or rectangular fields with an “on” or excitatory region and an “off”
or inhibitory region.
In studies of receptive fields of retinal ganglion cells in mam m alian eyes,
two distinct types were found. One cell type, on-center, was associated with a
receptive field consisting of a small circular o n -o ff excitatory area and a
surrounding circular o ff-o n inhibitory area. The other type, off-center, was
associated with a reversed concentric receptive field. Note that for both types,
the response depends upon the size of the illum inated region. These ganglion
cells respond to contrast in illum ination between on and off areas in the
receptive fields. A structural model of the receptive fields at different levels is
shown in Fig. 2.26.
The spatially structured o n -o ff receptive fields m ay be modeled as either a
spatial or spatial frequency dependent element. The effect of the com putation
is to enhance the contrast of edges, i.e., areas of transition from low to high or
high to low illum ination in the image. A simple, linear edge enhancem ent
model is a high-pass spatial filter. Note that the Mach band phenomena is
predicted by this simple model. Excellent presentations of M ach band
cancellation by using the inverse of the high-pass response are given by
Cornsweet (1970), Davidson (1968), and Stockham (1972). One description of
this element of the overall model is a high-pass spatial filter.

Figure 2.26

Models for simple, complex, and hypercomplex units in the visual system.
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Retinal Neural Networks

F urm an (1965) proposed four types of neural networks: a forward inhibi
tion model, a backw ard inhibition model, a forward shunting model, and a
backward shunting model. These four have essentially the same spatial
high-pass effect. Only the backw ard inhibition model will be considered in
detail.
The backward inhibition model for two receptors is shown in Fig. 2.27. In
the figure, the receptors have a logarithmic response to the incoming light
intensity; thus, they correspond to the logarithmic operation in the proposed
model. In Fig. 2.27, e; is the frequency at which receptor i would produce
pulses if the receptor i alone was illum inated (the level of excitation of the
receptor /); g, is the frequency of the pulses of the receptor i after the retinal
neural network (pulses/sec); btJ is the inhibitory coefficient representing the
strength of the inhibition that gj exerts on g(. If one neglects the inhibitory
threshold and the case in which frequencies of pulses are below inhibitory
threshold, the following equations hold:
S\ ~ e \ ~ b u S i’

8 i = e2 ~ t>2\g\-

O u tp u t R esp o n se
(a)

(b )

Figure 2.27 Backward inhibition model for two receptors in the retinal neural network.
[From C. F. Hall and E. L. Hall (1977).]
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The general equation considering other receptors is
& = <?,•- 2 bijSP
7=1

i= 1,2,

A more detailed explanation of this network m ay be found in Comsweet
(1970).
The equations may also be written in concise m atrix form with the
definitions
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With this matrix notation, the above equation will be
g = e -B g.

Then
(l + B)g = e

g = (l + B ) _1e.

or

Now assume that there is no self-inhibitory interaction and that the inhibitory
interaction is an exponentially decreasing function of the distance of the
receptors:
z > = f 0,
0
\ «0e x p ( - a |/ - y |) ,

i= j’
i T^-

U nder this assumption, the m atrix I + B is
1

ane —2a

ane
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a0e
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- l)a

l+ B =

ane

,-(n-2)a

ane - ( n - l ) a

1

This matrix is Toeplitz since all diagonal terms are equal, and, furthermore,
may be interpreted as corresponding to a linear shift-invariant system. This
convolutional m atrix has an impulse response representation
g (x ) = (1 - aQ) S(x) + a0ex p( - a |x |).
The Fourier transform of the impulse response is
G(u) = ( l - a 0) + a 0 [ 2 a / ( a 2 + w2)],
where w indicates radial frequency. Thus, (I + B )“ 1 has the frequency char
acteristic
a 2+ <o2
1
G(w)

2

a0a + ( l —a0 )(a 2 + u 2)
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Figure 2.28 High-pass spatial filter response H2(oi) produced by neutral inhibition strength
values a and a distance factor a 0 = 0.8. [From C. F. Hall and E. L. Hall (1977).]

This function represents a high-pass filter with
H 2 (0) = a / [ 2a 0 + a( 1 - a0) ]

and

lim^ H 2 (ca) = 1/(1 —a0).

The shapes of this function for several values of a0 and a are shown in Figs.
2.28 and 2.29. From com paring this function to the experimental results of
Davidson (1968), it appears that suitable param eter values are a = 0.01 and
a0 —0.20.

Figure 2.29 High-pass spatial filter response H2(w) produced by neural inhibition for two
distance factors a,, and an inhibition strength factor a = 0.01. [From C. F. Hall and E. L. Hall
(1977).]
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Spatial Frequency Response Models

First Approximation Model
A first approxim ation model for the HVS spatial frequency response can be
made by considering the system to be linear, isotropic, time- and spaceinvariant, m onocular, monochrom atic, and photopic.
The use of a M TF to estimate the system response to an input image
assumes that each of the Fourier components transferred through the HVS
are added in a simple algebraic fashion at some point in the system. In
general, if the intensity of the light radiated from an object is increased, the
m agnitude of the response of the HVS should increase in direct proportion.
In other words, the system should be linear and, thus, obey the principle of
superposition.
A n isotropic system has characteristics that are invariant to direction. The
visual system is not isotropic (Campbell et al., 1966). The response of the
system to a rotated contrast grating is a function of the frequency of the
grating as well as the angle of orientation. The sensitivity of the system
decreases to a m inimum at 45° and then rises again reaching the original level
at 90° rotation. At the point of maximum deviation, 45°, a frequency of 50
cycles/deg would exhibit a 3-dB loss. A frequency of 10 cycles/deg is
reduced by only 15% when rotated from the vertical or horizontal to a 45°
position. This anisotropic behavior will not be included in our first models. It
may be added easily when the application warrants the increased complexity.
The HVS is not spatially homogeneous, either in optics or receptors.
However, optical spatial invariance is a good assumption near the optic axis
and, even though the densities of rods and cones vary greatly with retinal
position, the foveal region is relatively homogeneous (Brown, 1965). The
situation in the case of tem poral homogeneity is even more complicated. The
apparent existence of sustained and transient channels in the visual system
(Tolhurst, 1975a, b) produces complex and interrelated responses to psycho
physical stimuli which are difficult to interpret (Tynan and Sekuler, 1974).
M onocular vision is usually assumed when developing models for the HVS.
There are several ways to define m onochrom atic vision: vision by rods
only, inability to distinguish differences in hue, or sensitivity to a single
narrow band of spectral energies are a few examples. We will adopt the most
pragmatic one and define m onochrom atic vision as the inability to dis
criminate differences in hue.
The assumptions detailed previously are valid for the system which pro
duces the M TF derived by means of contrast gratings. The question then
becomes, “How can the system which produced this response be modeled?”
Of course, one can ju st represent the system as a band-pass filter (Fig. 2.30a).
This is difficult to defend from a physiological standpoint since the response
is a com pound one due to several mechanisms within the HVS.
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Figure 2.30 (a) Simple band-pass filter model of the HVS and (b) a low-pass, high-pass filter
model of the HVS. [From C. F. Hall and E. L. Hall (1977).]

A slightly more detailed model would be a com bination of a low-pass and a
high-pass filter (Fig. 2.30b). The low-frequency portion, which produces the
well-known M ach band phenom enon, is a result of lateral inhibition. The
high-frequency portion could be determ ined by several mechanisms (or a
com bination thereof). The optics of the eye including retinal size obviously
limit the high-frequency response of the system. The size and density of the
photoreceptors will also limit visual acuity or high spatial-frequency response.
Neural sum m ation due to m any receptors connecting to a single ganglion cell
in the retina could also account for this end of the response curve. In
addition, light scattering within the aqueous hum or is probably an increasing
function of frequency and would cause a lower sensitivity at these frequencies
due to the increased losses.
Although the model depicted in Figure 2.30b can be used to describe a
system which produces an M TF similar to the HVS, it will not account for
the phenom enon of “brightness constancy.” In general, the brightness of an
object tends to remain constant, despite variations in the illum ination falling
on it. This phenom enon can only be accounted for by introducing a nonlin
earity in the system.
Simple Nonlinear Models
The linear model presented in the previous section was found to be
inadequate. In particular, certain characteristics of the HVS imply the ex
istence of a nonlinearity in the system. This nonlinearity is in addition to the
threshold nonlinearity that obviously exists. Both of these nonlinearities may
be a result of the same mechanism. If we make this assumption, then the
nonlinear system can be modeled in two ways, as shown in Fig. 2.31.
The question immediately arises how an M TF, which requires a linear
system, can be obtained for such a system? The answer to this question
log
(a)

M TF

(b)
Figure 2.31

Two simple nonlinear models of the HVS. (From C. F. Hall and E. L. Hall (1977).]
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follows from the m anner in which an M TF for the HVS is derived. A
sine-wave grating is presented to the hum an observer via an appropriate
display device. The contrast of this fixed frequency grating is reduced until
the grating is barely visible. F or small variations about this visible threshold,
it can be argued that linearity is a valid assumption. Thus, the results of these
measurements from observations with several frequencies of gratings can be
com bined (due to superposition) and an overall M TF obtained. It is only
when we increase the contrast significantly above threshold that the second
nonlinearity becomes a factor.
Campbell, Carpenter, and Levinson have hypothesized that the model
shown in Fig. 2.30a is appropriate since the visibility of aperiodic patterns
appears to require that the threshold mechanism occurs after a “pooling” of
the outputs from the spatial frequency channels (Campbell et al., 1969). Such
a mechanism could be located in the lateral geniculate nucleus (LGN) or the
visual cortex. Evidence indicates that little processing of visual data occurs in
the LG N (Kulikowski and Tolhurst, 1973); therefore the m ost likely location
would be in the visual cortex. Bodis-Wollner has found that contrast sensitiv
ity is significantly decreased (particularly at medium and high frequencies) in
patients with neurological disorders of the visual cortex (Bodis-Wollner,
1972). W hether this indicates a feedback path to a nonlinear mechanism
located earlier in the system or the existence of a nonlinearity in the cortical
area itself can only be conjectured. The model illustrated in Fig. 2.31a has
stronger anatomical support.
The photoreceptors within the retina are threshold devices. In the case of
the receptors in the eye of Limulus, a logarithmic characteristic is exhibited as
well (Cornsweet, 1970). The receptors can also be interconnected in such a
way as to produce lateral inhibition. Lateral inhibition produces a high-pass
filter effect as noted earlier. Consider now the phenom enon of brightness
constancy in the context of this model.
Figure 2.32a contains the intensity profiles of two hypothetical images. The
difference between the two profiles is that the intensity of the second is five
times greater everywhere. A hum an observer would not detect this difference,
and in fact the two images would be perceived as having the same “bright
ness.” A linear model for the HVS would filter out the average intensity level,
passing the higher frequency transition of the step change in intensity. Since
the step itself has been increased by a factor of 5, the change would be
preserved by the linear system. If, however, the model is nonlinear and, in
particular, logarithmic, then the situation depicted in Fig. 2.32b occurs. As
can be seen the step in intensity is now equal in am plitude for both intensity
levels. After high-pass filtering, this constant amplitude step is the only thing
that passes through the system; thus, brightness constancy results. We see
then that the model of Fig. 2.32a not only is physiologically sound, but it
predicts brightness constancy as well. Stockham (1972) has successfully
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(a)

(b)
Figure 2.32
p. 355).]

Intensity profiles illustrating “brightness constancy.” [After Cornsweet (1970,

applied a version of this model to image processing. In addition, M annos and
Sakrison (1974) have found the same basic model to be appropriate for image
coding.
Davidson (1968) perform ed an interesting contrast grating experiment with
exponential sine-wave gratings. He reasoned that this stimulus should lin
earize the HVS. The results are shown in Fig. 2.33. (Note that the data have
not been corrected for the transfer function of the experimental apparatus.)
The variation in the high-frequency portion of the curves at different bright
ness levels is of prim ary interest.
Recently, Henning et al. (1975) have reported experimental results that also
indicate a nonlinear distortion of signals at high, but not low, spatial
frequencies. Their results do not support a model consisting of a logarithmic
nonlinearity followed by linear independent frequency channels. This result
and the high-frequency variations in Davidson’s data can be explained by the
next model.
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3 !a

F req u en cy (cycles/deg)
Figure 2.33 HVS response to exponential sine-wave gratings. A , 1-86 units of contrast; V ,
5.86 units of contrast; ^ , 7.73 units of contrast; and □ , 9.61 units of contrast. [From Davidson
(1968, p. 1305).]

A Nonlinear Model
Another nonlinear model is shown in Fig. 2.34. The model has simply
placed the low-pass filter in front of the nonlinearity. This modification can
be justified by the presence of the optical aberrations in the eye.
This model was analyzed by Hall and Hall (1977). The results show that
the frequency response of this model H(u) varies with input contrast in a
m anner similar to the experimental variation found by Davidson.
A plot of this characteristic function for several values of contrast is shown
in Fig. 2.35a. These curves com pare favorably with the experimental results of
Davidson. Thus, the variation of the describing functions at high spatial
frequencies appears to be due to a predictable response of the HVS.
A pictorial example of the effects of the nonlinear model is also shown in
Fig. 2.35. An original scene is shown in Fig. 2.35b and the HVS-processed
result is shown in Fig. 2.35c. The low-pass filter / / lp(to) was selected to
emphasize the low-pass filtering of the visual system. The specific function
used was
/ / lp(w) = 0.14/(0.49+ w2),

H ,(co)
Figure 2.34

H2 ( cj)
Nonlinear HVS spatial frequency model.
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Cycles/deg
(a)

(b)

(c)

Figure 2.35 (a) Response of the nonlinear model, (b) Original image, (c) Image processed by
the nonlinear visual system model. [From Hall (1978).]

which corresponds to a 3-mm pupil and has a half-power frequency of 6.6
cycles/ deg. The high-pass filter H hp(co) was
/ / hp(«) = (10“ > w2) / 4 x 10-3 + 0.8w2,
which approximates the previous model with param eters a0 = 0.2 and a = 0.01.
A comparison of Figs. 2.35b and 2.35c reveals the prim ary characteristics of
the spatial frequency response of the visual system. Edges are enhanced by
the high-pass filter characteristic; however, the overall scene is also blurred
by the low-pass filter characteristic. The low-pass characteristic limits the
inform ation and can be compensated. Any reader wearing glasses can
illustrate this hypothesis by observing a scene with and without his com 
pensating spatial filters. The digital com pensation techniques will be de
scribed in C hapter 4.

58

2.4.6

2 Image Formation and Perception

Temporal Frequency Response Model

The photochemical process is especially im portant in predicting the tem 
poral response of the visual system. The visual system has a limited response
to temporal changes in luminance. As the tem poral frequency of a light
source is increased for any given size and lum inance of a stimulus, a point is
reached at which the perceived response indicates no further changes. This
point, which is called the critical fusion frequency (CFF), increases with
luminance for a given size stimulus and increases with stimulus size for a
given luminance. For norm al viewing luminance. The C FF is between 20 and
40 Flz. To avoid this problem, m otion pictures are shown at 24 fram es/sec,
but the shutter flashes each fram e three times, providing a viewing rate of 72
fram es/sec. Broadcast television produces 60 fram es/sec by interlacing the
lines on two 30-fram e/sec presentations.
The temporal effect of the photochemical reaction may be modeled by a
temporal low-pass filter. The time required for light absorbed by the visual
receptors to initiate a chemical reaction which generates a nerve pulse in the
associated neuron is about 30 msec. The high-frequency attenuation of a
low-pass filter easily describes such effects as the C FF. Also, the temporal
summation effect, called Bloch's law, which states that the total num ber of
quanta required to detect a flash is constant for all flashes shorter than some
critical duration of about 30 msec, is predicted by an integrating-capacitortype model.
The same question arises about the location of elements responsible for the
tem poral frequency response in the visual system. In the usual model the
elements consist of a nonlinearity followed by the tem poral band-pass filter.
The proposed model consisting of a low-pass temporal filter; the nonlinearity
and the high-pass filter may again be appropriate.
There is again a physiological reason for placing the low-pass filter before
the nonlinearity. The temporal low-pass filter arises from the 30-msec time
required for light absorbed by the visual receptors to initiate the photochem i
cal reaction which generates the neural pulse. Also, there is again an incon
sistency encountered if one assumes the log-band-pass characteristic.
If one postulates the existence of the excitational interaction am ong nerve
cells as Y asuda and Hiwatashi (1968), then the neural network has a band
pass characteristic. However, the difficulty with this assumption is that, in
order to explain the temporal characteristics of the HVS, one has to assume
that the response-time delay of the excitational interaction is ignored whereas
that of the inhibition is considered. Noticing that the excitational interaction
and the inhibitory interaction produce the spatial low-pass effect and the
high-pass effect, respectively, the above statem ent means that the low-pass
effect does not have a time delay whereas the high-pass effect does.

2.4

Structural Models for Perceptual Processing

59

Combined Spatiotemporal Response
Robson (1966) experimentally m easured spatiotem poral frequency re
sponses of the visual system. He used a 2.5° by 2.5° grating target in which
the luminance at right angles to the bars was
L ( v , f ) = L0[ 1 + m(cos27rvy)(cos2ttft)^.
L 0 was kept constant at 20 c d /m 2 and the value of m at subjective disap
pearance of bars was m easured for different frequencies v a n d /. The inverse
of that value of m was defined as the contrast sensitivity. The results are
shown in Figs. 2.36 and 2.37.
Since Robson did not vary the input contrast, the predictable variation of
the resultant curves at high frequencies was of course not observed. However,
another interesting fact of the proposed model may be correlated with
Robson’s results. This is the separability of the spatiotem poral response. As

S p atial F re q u e n c y (c y c le s/d e g )

Figure 2.36 Spatial frequency response curves for different temporal frequencies: O 1 Hz, •
6 Hz, A !6 Hz, and A 22 Hz. The broken line would apply if all curves were to be generated
from a single low-pass curve by shifts on the vertical direction only. [From Budrikis (1972).]
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T e m p o ral F re q u e n c y (cy cles/sec )

Figure 2.37 Temporal frequency response for different spatial frequencies: O 0.5 cycle/deg,
• 4 cycles/deg, A 16 cycles/deg, A 22 cycles/deg. The broken lines would apply if all curves
were to be generated from a single low-pass curve by shifts on the vertical direction only. [From
Budrikis (1972).]

pointed out by Budrikis (1972), if the hum an visual system response were
product separable then the family of response curves of spatial or temporal
frequency with one of the frequencies fixed would differ from each other by
constant factors, or in the logarithmic plots, by constant displacements in the
vertical direction. The experimental curves do exhibit this property except at
frequencies below about 5 cycles/deg and 6 Hz. N ote that this is not
predicted by the log-band-pass-type model.
A possible explanation of this effect is predictable from the nonlinear
model. The basic m echanism is that if the output of the nonlinearity is at
sufficiently high frequencies so as to be within the passband of the high-pass
spatiotemporal filter then the effect of this high-pass filter is negligible. In this
situation, the spatiotem poral response is product separable since the low-pass
spatial and tem poral filters are independent. However, if the output of the
nonlinearity contains low-frequency signals that are affected by the stop band
of the high-pass filters then the overall response is not product separable since
the high-pass spatiotem poral filters are not independent.
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Models of Color Vision

A model of color vision could enable one to predict perceived color
sensations. At the present time not enough is known about the eye-brain
com bination to perm it a complete m athem atical model; however, the study of
simplified models which predict some responses is worthwhile since they lead
to a greater understanding of the color vision process and could lead to the
discovery of the complete model.
C ertain viewing situation effects can be accurately m easured with the
techniques of colorimetry and therefore isolated from the study of the visual
system. The spectral distribution of the illuminant, the viewing situation, and
the geom etiy affect the perceived scene but can be considered separately by
considering the light distribution impinging on the eye. This removes from
consideration perceptual variations due to different illuminations of the same
scene, whether light is transm itted or reflected from a scene, and whether or
not the scene is viewed through an external aperture.
The usefulness of a color vision model is dependent on its success in
predicting the perceived color sensations. An exact model should also dem on
strate color phenom ena; i.e., it should “see” what the visual system sees and
“not see” what the visual system does not see. Although the ideal model is as
yet undetermined, even limited models could be very useful. A model that
could accurately predict the perceived sensations of brightness, hue, and
saturation would be of universal use in all aspects of com m unicating color
inform ation. The systems such as the Munsell and CIE previously described
are giant steps toward this goal. Color m atching is even a more limited goal
and can be predicted, although not with complete subjective agreement. A
complete model might also predict complex visual phenom ena. One such
phenom enon is color constancy, which is the ability of the visual system to
compensate for ordinary changes in illumination and viewing conditions. This
com pensation ability implies a certain invariance property of the perceived
response. An example is the invariance of the color of grass throughout most
of a clear day even though the illumination is changed by atmospheric
scattering. Simultaneous color contrast is another phenom enon that should be
predicted by a good model. This visual phenom enon is the effect of two
identical colors appearing quite differently if viewed on different background
colors. The spreading effect of white and black background into adjacent
regions seems to be a contradiction to simultaneous color contrast. Color
Mach bands are shown in Plate VI and should also be predicted by a good
model. The eight colors shown shift from cyan to yellow in uniform bands
and yet the perceived cyan appears to have a darker hue just before the
transition to yellow. The phenom enon can be appreciated best by masking off
adjacent fields with white cards which will suppress the banding effect.
Although the M ach phenom enon has been extensively studied for brightness,
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color M ach bands have only recently been investigated. They appear stron
gest for yellow -cyan transitions and may be absent for other color com bina
tions.
If combined tem poral-color effects are also considered, the phenom enon
of afterimages m ay be im portant. A negative afterimage is a complem entary
color image produced by fatigue after viewing a positive color. This phenom e
non is one instance of the com plem entary color ability of the visual system.
Although a composite color cannot be divided into its components, the
complement can be formed.
A simplified model of color vision will now be presented, which provides
first-order prediction of some m ajor phenom ena of color perception including
color constancy and simultaneous contrast. The color model presented is a
physiologically based extension of the previously considered spatial frequency
model. F or the previous model, the lens, retinal receptors an d retinal neural
connections were included. F or the color model, the three types of colorsensitive cones m ust be included, as well as the encoding of these signals by
the ganglion cells before transmission to the higher visual centers.
Color Matching, Simple M odel
A simplified model of the color process is shown in Fig. 2.38. The spectral
distribution of light C(A) impinging on the eye is detected by three colorsensitive receptors, corresponding to the three types of cones. The spectral
responses of the cones <#>,(A) are multiplied by the incoming light and in
tegrated over all visible wavelengths to produce the tristimulus values tj. This
model accounts mainly for the spectral filtering of the receptors. Even this
simple model is useful since it may be used to derive the conditions for color
matching.
Color matching is the process of adjusting a color mixture until it is visually
indistinguishable from a sample color. Consider the matching of a unit
intensity monochrom atic light of wavelength A0. The m athem atical repre
sentation of this light is simply 5(A —A0). To m atch this light to a mixture of

03ft)
Figure 2.38

First-order model for color vision. [From Wallis (1975).]
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three prim ary colors Pj(A) the same perceived response m ust be obtained from
both the mixture and m onochrom atic light. Using the simplified model gives
the m atching relationship for each receptor,

f <j>i(X) ( X - \ 0)dX =
8

■'X

■'x

>,(*) 3 tjP j(X)dX,
j= 1

for i — 1, 2, 3. Evaluating this expression gives
<#>,(A0) = 2 tj f 4>i(X)pJ(X)dX,
/= l
for / = 1, 2, 3. These equations may be written in matrix form as
■
$ 2 (^ 0)

11
= AT,

=

<#>3(Ao)

-

31

where
A = { atj }

T = ( t v t 2 ,t3)';

and

dij =

J ^ ( X jp / X ) dX.

Therefore, the tristimulus values or weights required to m atch a spectral line
are always linear com binations of the receptor sensitivity functions at the
wavelength of the m onochrom atic line.
If the same spectral line 8 (X —Aq) is m atched with a different set of
primaries qXA), then the perceived tristimulus values St are linearly related to
the previous tristimulus values tt . Since

$ 2( ^ 0)
$ 3( ^ 0)

=

bu

b X2

bu

b 2\

t>22

Z>23

^32

b 33

b 3l

•*1 '
*2
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= BS,

where
B = {^/}>

S = (5 „ j2, j 3)',

and

b,y = J c p i ( X ) q J( X ) d X ,

equating the two expressions and computing the inverse of the B m atrix
(assuming that it exists) gives
S = B ’AT.

Therefore, the tristimulus values obtained with any two sets of primaries are
linearly related provided that the A and B matrices are nonsingular, which
occurs if the sets of primaries {Pj(X)} and {<7y(A)} are each linearly indepen
dent.
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Structural Color Vision Model
A more detailed model of color vision is shown in block diagram form in
Fig. 2.22. The com ponents of the model correspond to the known functional
elements of the visual system and the placement of components is inferred
from psychovisual experiments.
The stimulus image is shown as a function of spatial, spectral, and
tem poral variables. This image function is filtered by the low-pass spatial
filter corresponding to the pupil, lens, and ocular media before reaching the
retinal receptors. A vector channel with components corresponding to the
four types of retinal receptors is encountered next. The variable spacing of
these receptors is im portant and is considered later in the spatial filtering
portion of the model. The spectral sensitivities of the receptors is modeled by
the spectral band-pass filter as in the simple model. The temporal effect of the
photochemical response is represented by a tem poral low-pass filter. The
sampling, threshold, and nonlinearity of the receptors provide the next
elements of this model. The next elements in the rod channel are the
high-pass spatial filter, which corresponds to the retinal-neural connections
and predicts the M ach band phenom enon, and the high-pass temporal filter
which models m otion masking. However, the corresponding connections for
cones do not occur at the re tin a'-n eu ral level but at the ganglion level.
Furtherm ore, the opponent theory indicates that one prim ary effect of these
ganglion connections is to transform the spectral responses into difference
signals corresponding to red-green, blue-yellow, and brightness signals.
Therefore, in the chromaticity channels the spatial and temporal filters are
placed after this transform ation.
This basic structure is replicated many times in each eye. Estimates for the
num ber of replications can be derived from the num ber of receptors and from
the num ber of neurons in the optic nerve. A quick estimate may be m ade as
follows: Suppose that the one million neurons in the optic nerve are divided
evenly for the right and left eyes, and that the half million channels for each
eye are divided evenly between rods and cones. Then we may consider two
square arrays of size 500 by 500 for each eye; one corresponding to rods and
the other to cones. The cone array is packed in thefoveal area in a square of
about 0.7 mm on each side. The rod array covers the entire retinal surface
which, for simplicity, may be considered a square with sides of length 7.0 mm.
This order of m agnitude difference in resolution provides instantaneous
global and local recognition.
2.4.8

Binocular Vision Models

To explore binocular vision, it is interesting to consider first the geometry
for stereopsis. The general geometry for producing two images, I L and I R, of
the same scene is shown in Fig. 2.39. The first problem is to determ ine the
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O b je ct P o in t

Figure 2.39

General geometry for stereopsis.

transform ation T th at will perm it image I R to be brought into correspondence
with I L. In general, there are translation, rotation, scale, and perspective
differences between the two images. The solution to this problem in threedimensional coordinates is nonlinear because of the perspective transform a
tion. Considered in four-dimensional, homogeneous coordinates, however, the
solution transform ation T is linear (Rogers and Adams, 1976). Recall that the
homogeneous coordinates of a physical point (x , y , z ) are (x ,y,z,w ), where w
is an arbitrary scale factor. The desired transform ation m ay be written

The desired transform ation m atrix may be partitioned into four submatrices:
The elements ^14’ ^24’ T 34 describe the translation differences between the
points while elements ^41> ^42’ ^43 describe the general three-point perspective
transform ation. The 3 x 3 m atrix describes the rotation and scale while
element T 44 is an overall scale factor. The general transform ation involves
two coordinate systems, one for the left and the other for the right image.
The stereoscope is a binocular instrum ent constructed to view stereoscopic
pictures produced by photography. Each eye sees a separate image or slightly
different picture of the same object, which when viewed through the stereo
scope are blended into one and, apart altogether from perspective or light or
shade, stand out in bold relief, and the appearance of distance or other
background is thrown back as in reality. In a stereographic viewer, a separate
perspective view of a scene m ust be created for each eye. T hen the views must
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be laterally displaced in order to place each view directly in front of the
appropriate eye.
For a hum an with normal eyesight, the strongest stereo fusion occurs at a
distance of about 50 cm in front of the eyes. F or an eye separation of 5 cm,
the stereo angle is
a = 2 ta n - '(2 .5 /5 0 ) = 5.72°.
F or a stereo viewer, let d be the scaled separation distance between the
eyes. If the viewer has a focal length / then the value of d is fixed by the
requirem ent that
2 t a n ~ V / 2 / ) = 5.72°.
Thus d / f — ^ to m aintain the correct stereo angle.
To obtain this scaled eye separation distance from a single view of the
object, a d / 2 = f / 2 0 horizontal translation is perform ed before creating the
left eye perspective and a — d / 2 = —f / 2 0 translation is perform ed before
creating the right eye perspective.
To create a stereo pair from the three-dimensional coordinates, two images
are produced using the transform ations
1
0
0
J /2 0

0
1
0
0

0
0
1
0

0
0
,
-1 / /
1

t re—

1
0
0

. -/ / 2 0

0
1
0
0

0
0
1
0

0
0
- 1/7
1

This creates two separate perspective views, one for the left eye and one for
the right. The final step is a translation in the x direction of L for the right
eye view and —L for the left eye view where L = \ d . For more inform ation
on stereo vision, including models, consult Julesz (1971).

2.5

2.5.1

Computations Associated with Perception of Shapes
and Patterns

Invariance Properties

In a discussion of shape recognition, Deutsch (1955) described four invari
ance properties of hum an perception.
1. Shapes may be recognized independent of their location in the visual
field. It is not necessary to fixate on the center of a figure in order to
recognize it nor need the eyes be moved around the contours of a figure. Thus
shape recognition is invariant to translation provided the object remains in
the visual field.
2. Recognition can be effected independently of the angle of inclination
of a figure in the visual field. The angle refers to the angular orientation of
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the figure in two dimensions although some invariance to the depth angle is
also observed. Therefore the recognition of a figure is invariant to rotation in
two dimensions, although the angle of rotation m ay also be recognized.
3. The size of a figure does not interfere with the recognition of its shape
provided the entire figure is within the visual field. Thus visual recognition
exhibits an invariance to scale.
4. M irror images appear alike. Both hum ans and animals tend to confuse
these.
Deutsch also points out that certain primitive organisms find it more
difficult to distinguish between squares and circles than between rectangles
and squares, which casts some doubt on recognition theories based on
angular properties of figures. H e also argues that the invariance properties are
common to all parts of the visual cortex.
The limitations of the proposed model are m any; however, it does illustrate
a logical approach to recognition. First, the desired recognition properties are
determined; then a system that satisfies these properties is designed. The
particular system described was devoted to shape recognition. Other systems
need to be developed that are invariant to intensity changes and more
complex transform ations. The power and simplicity of D eutsch’s approach
was a major contribution from psychology to the understanding of recogni
tion systems.
2.5.2

Neural Computations

It is interesting to speculate on the com putation that can be perform ed by
the hum an visual system. It m ay be assumed that the functional columns in
the visual input cortex are connected with the visual association cortex and
other areas. Furtherm ore, it is presum ed that it is not the activity of a single
cell, but rather the action of the entire array of columns that perform s the
required com putation. Thus the question arises: W hat com putations can
suitably connected arrays of columns of neuromines perform?
Kabrisky (1966) has dem onstrated that a two-dimensional cross-correlation
com putation could be perform ed by such a model in a m anner analogous to
the perform ance of an optical cross correlator. Tallm an (1970) suggested that
a two-dimensional Fourier transform could also serve as a com putational
model. Carl (1969) proposed a similar model, using a two-dimensional
H adam ard transform. The m athem atical consequences of the previous
assumptions will now be illustrated.
Let A denote the state of a neuron. If the linear sum of the inputs exceeds
the threshold value, A m ay be m easured directly as the pulse repetition rate
of the electrical discharges on the axon. If the threshold has not been reached,
A is the negative value of the excitatory input required to reach the threshold.
Thus A can be positive or negative, depending on whether the neuron is firing
or is inhibited. The input to this neuron may be represented by f ( i ,j ) , where i
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(a)

I

(c)
Figure 2.40 (a) Muller-Lyer illusion with lines (200-/im circle and 200-ftm square filter, (b)
Miiller-Lyer illusion without lines (200-/im square filter), (c) Candlestick-faces illusion (300-,
200-, and 100-fim square filters), (d) Horizontal-vertical illusion (300- by 180-|iim rectangular
filter), (e) Principle of closure illustrated by dotted G (200-/im circle and square filters), (f)
Principle of closure illustrated by dotted shape (200-ftm circle and square filters). [From
Ginsburg (1971).]
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Figure 2.40

(continued)
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and j denote spatial position on a cortex column. These assumptions permit
the mathem atical definition of the formal neuron as
A = c ' Z 2 A uf ( i , j ) ,
i

j

where c is a proportionality constant and A tJ is the weight of the ( i j ) input.
If the constants are chosen appropriately, this com putational form could
compute a convolution, correlation, Fourier transform, or H adam ard trans
form. F or example, if
Avt= exP( —j l i r l k / N ),
then the com putation is a discrete Fourier transform.
If computations of this type are m ade by the visual system then simulations
should dem onstrate properties of the visual system. This thesis was pursued
by Ginsburg (1971) and some of his results in classifying ambiguous illusions
are shown in Fig. 2.40. The M iiller-Lyer illusion in which two lines of
identical length appear to be of different length is clarified by the low-pass
spatial filter. The line that appears longest is indeed longest after filtering.
The candlestick-face illusion is also clarified after sufficient spatial filtering.
The principle of closure is also dem onstrated for the dot letter G.
2.5.3

Layered Machines

The concept of a layered m achine capable of performing the complex tasks
of recognition follows directly from the receptive field studies shown in Fig.
2.26. Demonstrations of the power of this approach are given by U hr (1971)
and M arco and Giebel (1970). Two significant questions about the layered
m achine are now under investigation and could significantly affect our
understanding of perceptual processing.
The first question is related to the design of the processing structures
between layers. How are the layers connected to perform a given task? W hat
architecture would perform a significant num ber of perceptual tasks?
The second question is related to the hardware implementation. Significant
developments in optical processing, Boolean optical processing, and parallel
com puter processing have been made. The construction of intelligent systems
may not be too far away.

Bibliographical Guide
The complexities of imaging are clarified to a large extent in the following
references: An inexpensive, beautifully illustrated overview is presented by
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Rainwater (1971). Definitive technical inform ation on radiometry, photom e
try, and colorimetry m ay be found in the books by the Committee on
Colorimetry of the Optical Society of America (1963) and Wyszecki and Stiles
(1967). Im portant factors for display systems are described by Klein (1970)
and Sherr (1970).
The scientific study of perceptual processing often results in the dual
benefits of increased understanding of hum ans and guidelines for com puter
processing. The text Visual Perception by Com sweet (1970) provides an
excellent introduction to the field. A comprehensive reference is Vision and
Visual Perception, edited by G raham (1965). Other excellent references are
Davson (1962, 1963) and Dodwell (1970).
The spatial sensitivity of the hum an visual system is of fundam ental
im portance and there is now a high correlation between physiologically and
psychologically derived experimental results. As an introduction to the psy
chophysical experimentation, the reader m ay consult the works of Lowry and
DePalm a (1961), Schade (1956), Spitzberg and Richards (1975), Tynan and
Sekuler (1974), R obson (1966), Campbell et al. (1966, 1969), Campbell
(1968), Davidson (1968), W esthemier and Campbell (1962), and Y asuda and
Hiwatashi (1968).
An introduction to the neurophysiological experim entation in animals may
be found in Hubei and Wiesel (1959).
The m athem atical techniques for two-dimensional spatial analysis are
described in G oodm an (1968), Papoulis (1968), Vander Lugt (1966), and
Klein (1970). Resolution criteria are introduced in Sherr (1970) and Heyning
(1967).
Texture generation and stereoscopic vision are treated by Julesz (1960,
1962). His book Foundations o f Cyclopean Perception (Julesz, 1971) contains
some remarkable images, which must be viewed to be fully appreciated.
Structural models of the visual system m ay some day be the key to
understanding hum an visual processing. An excellent introduction is given in
Cornsweet (1970). Further studies on spatial response are described by
Furm an (1965), Stockham (1972), M annos and Sakrison (1974), Hall and Hall
(1977), and Hall (1978). Investigations of tem poral response are described by
R obson (1966) and Budrikis (1972). Color perception models are described
by Wallis (1975) and Land (1977). Binocular vision models are described in
Julesz (1971). The m athem atical techniques are described in Rogers and
Adams (1976).
Very little is known about the com putations associated with perception.
The im portance of invariance properties is described by Deutsch (1955).
N eural com putations that could perform some of the perceptual tasks are
described in Kabrisky (1966), Tallm an (1970), G insburg (1971), and Carl
(1969). Layered machine com putations are described by U hr (1971) and
M arco (1973).
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PROBLEM S
2.1 M ost artificial sources of radiant energy consist of incandescent solids
whose emittance depends upon the temperature. Planck’s formula, which
describes the spectral emittance of complete radiators, is
fFA= C 1A -V [e x p (C 2/ A 7 ') - l ] .
For small values of XT, Planck’s formula becomes equivalent to W ein’s
formula
Wx = C,A~5exp( - C2 / X T ) .
Assume that W ein’s law holds and compute the total emittance of a
blackbody source at 7’=2042°K (the freezing point of platinum). Use
C, = 3.735 X 10-5
C2= 1.438

erg cm 2/sec,

cm °K.

2.2 The spectral transm ittance t(A) of an object is defined as the ratio of
transm itted power divided by the incident power, i.e., t(A) = P,(X)/ P,(X). It is
often convenient to describe the transm ittance in terms of density D, where
D = —log10r. Com pute D for transm ittance values of 1, 0.1, 0.01, and 0.001.
2.3 Use the simple optical model of the eye and determine
(a) the visual angle of the 0.4-mm-wide foveal area;
(b) the visual angle and retinal image size of a 6-ft-tall person at a
distance of 20 ft;
(c) the visual angle between two cones spaced 1 pm apart.
2.4 (After Heyning) Assume that the pupil m ay be represented by a slit
aperture of diam eter D. The lum inance pattern at the retina may then be
described by
L —( L 0D / z)2(sin20 ) / 0 2,
where 6 = {TrnD/A) sin a, n = 1.336 is the index of refraction of the medium,
A= 5 7 7 x 10-6 m the wavelength, a the angle subtended between the aperture
center and any other point located radially outward from the center, D =
3 mm the pupil diameter, z the length of the optical path from aperture to
image plane, and L 0 the lum inance at unit distance from aperture. Determine
the Rayleigh criteria for the eye. {Hint: If 6 = tr, s i n a ~ « ~ A / nD.)
2.5 Consider the simplified visual system model that neglects spectral and
temporal effects and combines the effect of the ocular m edia and inhibition
into a combined M TF which follows the log function for suprathreshold
vision as shown in Fig. 2.41.

Figure 2.41

A simple nonlinear model of the human visual system.
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Define two processing operations on the input image that would cancel the
nonlinear effects of the log function and the decreased spatial frequency
response due to the M TF.
2.6 The spatial frequency response may be specified in terms of the pointspread function, line-spread function, or m odulation transfer function. The
terms are defined for a linear, position-invariant system L as follows:
point-spread function,
h (x ,y ) = L [ 8 ( x ,y ) ] ;
line-spread function,

/

OO

h (x,y)dy;
- 00

m odulation transfer function, H(u, v),
g (x ,y ) = L {exp[ j ( u x + vy) ]} = H ( u , v ) exp[ j ( u x + vy) ]
or
H(u,v) = f f
^

*

h ( x , y ) e x p [ —j ( u x + v y ) ] d x d y .
— 00

(a) Assume that the eye’s response is isotropic and that the line-spread
function has been determ ined empirically to be
/(x )= e x p ( —0.7|x|),
where l(x) is the illuminance at a distance x in mimutes of arc from the
center of the visual axis. Determ ine the point-spread function and m odulation
transfer function.
(b) Assume that the m odulation transfer function of the eye is of the form
H (u ,v ) = H (r) — ( 2 / 7rCOS_' r’
10,

0 < r< \,
r > 1,

where r is the norm alized distance from the center of the visual axis.
Determ ine the corresponding point-spread function.
(c) Assume that the m odulation transfer function of the eye is of the form
H ( u ,v ) = H (r) = e~ ar2,

a>0.

Determine the corresponding point-spread function. (Hint: Consider the
Hankel transform.)
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3 Computer Representation
of Images

3.1

Three-Dimensional Imaging

In analyzing pictures of natural scenes, we are often interested in inferring
physical object properties such as locations, structure, color, or texture in
three-dimensional space from inform ation recorded in two-dimensional pic
tures. The study of the geometry of image m aking and viewing, as well as the
transform ations and invariants is therefore of fundam ental concern. The
topic of three-dimensional transform ation discussed in this section is very
familiar in the field of computer graphics and the discussion is based mainly
upon the excellent paper by Roberts (1965) and the books by Newm an and
Sproull (1973), D uda and H art (1973), and Rogers and Adams (1976). The
im portance of understanding the three-dimensional situation even when our
data is a two-dimensional picture is now widely recognized. We will first
consider a simple model for making or viewing an image.
3.1.1

Simple Model of Perspective Transformations

A simple model of a pinhole camera is shown in Fig. 3.1. An actual lens
such as the one in the eye or in a photographic or television camera can
always be approxim ated by a pinhole camera placed at a distance equal to
the focal length, / , of the lens from the image plane. Since light rays from
object points m ust pass through a central lens point onto the image plane, the
transform ation from object points to image points is called a perspective
transform ation. T hat is, object sizes, lengths, and distances appear in a similar
m anner to those seen by a hum an viewing the object. Furtherm ore, since the
three-dimensional object points are projected onto the two-dimensional image
plane, the transform ation is called projective, perspective mapping. An object
point maps onto a single image point; therefore, given object coordinates and
a description of the lens, one should be able to determine image point
coordinates. However, image points can only be back projected along a line.
76
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yD

Therefore, other inform ation such as the range or distance to the object or
another intersecting line, such as in binocular vision, m ust be given to
uniquely determine an object point. The perspective transform ation which
relates object and image points is easily derived.
Consider the image recording model shown in Fig. 3.1. A lens is placed
along the central projection perpendicular to the image plane, with the
coordinate system centered in the image plane. The points on the line
between the image point and the lens center are described by
v = vc + a(vj - vc) = av; + (1 - a)vc,
where a is a param eter which is proportional to the signed distance along the
line from vc to v. From the selection of the origin at the center of the image
plane, we have
0
/
0

and

V; =

* i'
0
2i

Since the object point vQ is on this line, it m ust satisfy the equation
or

'

0

' V

yT o = vTc H' - a^ o V( x’ i — vT c )/

y0 =
Zo

/
0

+ «o

'
- /
z i

This may be reduced to the coordinate equations
x i = f x o / ( f - y 0\

yi=°>

z i = f z o / ( f - y 0\
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which clearly shows that given the object coordinates and focal length, the
image coordinates m ay be determined. Also given the image coordinates and
/ , the line containing the object point is determ ined by the line which is the
intersection of the planes described by each of the following equalities:

( f - y 0) / f =

x o / x i = z o / z i-

The imaging model shown in Fig. 3.1 works in a m anner similar to a
cam era or the hum an eye in that the object appears inverted in the image
plane. To avoid this inversion, it is sometimes convenient to use the image
projection model shown in Fig. 3.2. The points on the line between the lens
center and the image point m ust again satisfy
v = vc + a(vj —vc).
Since the object point vQ is on this line,

' *o 1
V o = V c + a o ( V i — V C)

° r

yo =

o
- /

Zo

0

*
+ « o

/
Zi

The direct perspective transform ation which transforms object points into
image points, although simple, is nonlinear. However, the transform ation may
be converted into a linear one by converting the vectors into homogeneous
coordinates. The homogeneous coordinates v of a point v = (x ,y ,z )' are

L ens C

o
o

-f

X

Figure 3.2

Image projection model.
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v = (wx,wy,wz,w)', where w is an arbitrary constant. Clearly, given the hom o
geneous coordinates v of a point, one may obtain the inhomogeneous coordi
nates by simply dividing by w and selecting the first three components. Also
note that the homogeneous vectors v and kv both correspond to the same
physical point v. The usefulness of homogeneous coordinates will now be
dem onstrated by showing that the direct perspective transform ation in hom o
geneous coordinates is linear. First, consider the object point vQ=
(wx0,wy0,wz0,w)'. Then observe that a linear transform ation defined by the
matrix, P, transforms object points into image points
V: = P i,,

where
0

0

0
0

0

/
0

0

0

0

1

/
0

xi "
yi
Zj

f

wi

0

•Vo

/

Com puting the m atrix product gives

’
V; =

*i
yi

’

zi
wi

/* o

fya

( y 0+ f ) _

Converting back to physical coordinates by dividing by the fourth com ponent
gives

vi=

y.

zi

)
Jy 0/ ( y 0 + f )

f x 0/ ( y 0 + f

'V
=

f i o / ( y 0+ f )

_

N ote that the x and z com ponents agree exactly with the previously derived
relationships. The second com ponent cannot be taken as the physical coordi
nate but must be considered as a param eter and is proportional to the
distance along the projecting ray from the lens center to the object point.
Although com putation of the second com ponent may appear needless, its
inclusion permits P to be a square and invertible matrix, and the value may
also be used for eliminating object overlap.
Now consider the inverse perspective transform ation from image points to
object points. We expect that this transform ation would not define a unique
point b u t should determ ine the equation of the projecting ray. In homoge
neous coordinates we might expect that
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The inverse of the P matrix is easily determined to be

P '=

1
f 2

f
0 0 0
0 / 0 0
0
0 / 0
0 - 1 0 /

The resulting calculation produces
fri/if-yd
fy j (f-yd

v„=

fzjif-yd

The components of vGare correctly specified if one considers the value y { as a
param eter related to the distance along the projecting ray to the object point.
Eliminating this param eter from the com ponent equations gives the desired
line:
* o = ( * i / f ) ( y 0 + / ) = (*i A i K -

The use of homogeneous coordinates permits a linearization of the perspec
tive transform ation but requires a careful interpretation of the components. A
plane in homogeneous coordinates always passes through the origin. A plane
is represented by
ax + by + cz + dw = 0
or
a v = 0,
where the norm al vector to the plane is a = {a ,b ,c ,d )', and a point on the
plane in homogeneous coordinates is \ = {x,y,z,w )'. The scale factor w,
although arbitrary, may be used to ensure that the coordinate values stay
within a given range.
The advantage of homogeneous coordinates is that a single transform ation
matrix H can accomplish a full perspective transform ation involving not only
perspective but also rotation, translation, and scale.
It is easily verified that the translation m atrix T may be used to compute
the new coordinates v' of a point v given in a reference coordinate system in
which the origin has been translated to ( x 0,y0, z 0, 1)':
x — • w - y 0’z ~

.1)',

0

0 -x„

0

1

0

0

0

0

1 ~ Zo
0
1

1
0V

T=

1

0

where

Similarly, if a point v is translated by (h ,i,j, 1), its new position v' is described
by
v' = Tv = (x + h,y + i , z + j , 1)',
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where
0
1
0
0

1
0
0
0

T=

0
0
1
0

h
i
j
1

Also, a scaling of the points m ay be accomplished by the matrix multiplica
tion
S2y,S 32 > :

■= ( i

where

S=

0

0

0

0

*2

0

0

0

0

*3

0

0

0

0

1

If the scale change is the same in all dimensions, the operation is particularly
simple:

S=

1
0
0
0

0
1
0
0

0
0
1
0

0
0
0
5

and

v' =

S v = ( x ,j ,z ,j )'.

The scaling is accomplished when the point is converted to physical coordi
nates.
R otations about the coordinate axes are also easily accomplished in hom o
geneous coordinates. The physical rotation matrices are shown in Fig. 3.3.
The matrices Rb R2, and R3 represent right-handed rotations about the
positive coordinate axes. The inverses of these matrices are obtained simply
by replacing the angle with its negative:
R - '( a ) = R , ( - a ) ,

/ = 1,2,3.

The corresponding matrices ft, in homogeneous coordinates are given by
R,
0

0

0

0
0
0
1

=1,2,3.

Successive rotations about m ore than a single axis may be com puted simply
as the product of the individual rotation matrices m ade in any order. For
example, a rotation through an angle a about x, ft about y , and y about z has
the transform ation matrix
r

= r 3( y ) r 2(/?) r ,(«).
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Figure 3.3 Rotation matrices for positive counterclockwise angles about the positive coordi
nate axes for a right-handed coordinate system. R1; rotation through an angle a about the x axis;
R2, rotation through an angle [i about the y axis; R3> rotation through an angle y about the z
axis.

In homogeneous coordinates, a complex succession of operations are
required, such as those for the perspective transform ation matrix H
H = SPLRT.

This will now be illustrated by determining a complete model for perspective
transformations.
3.1.2

Complete Perspective Transformation Model

Ten basic elements of perspective viewing are shown in Fig. 3.4. The object
(1) is projected onto the image plane (2) for viewing or recording from the
viewing point (3). As before, the viewing point is located at a d is ta n c e /a n d is
perpendicular to the image plane. F or convenience in measuring points in the
picture, the picture coordinate system is located at the center of vision (4),
which is located at the intersection of the central projection ray and the image
plane. As previously shown, an object point \ 0 = ( x 0,y0, z 0)', its image point
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Elements of a perspective transformation.

vi = (xi,0 ,zi)/, and the viewing point vp = (0, —f,0)', all lie on a line. It is also
useful to establish a horizon line (5) along the x axis in image coordinates that
is the intersection of the picture plane and a plane passing through the
viewing point parallel to the ground line. A ground line (6) m ay also be
defined by the intersection of the plane perpendicular to the picture plane
and passing through the lowest object point or support. Due to the perspec
tive distortion, parallel horizontal lines on the object will m ap into intersect
ing lines. The left horizontal vanishing point (VPL) (7) is located at the
intersection of the horizon line a r d the image line produced by a horizontal
object line of negative slope. A conjugate right horizontal vanishing point
(VPR) (8) is located at the intersection of the horizon line and the image line
produced by a horizontal object line of positive slope.
Vertical lines in the object also produce image lines which intersect. The
intersection point or vertical vanishing point (VPV) (9) is located along the
image plane z axis at a distance which depends upon the viewing point
location.
Finally, to perm it easy coordinate m easurem ent with respect to the object,
a global or world coordinate system (10) is provided. The coordinates of points
m easured in this reference fram e will be denoted with primes. F or example,
vQ' represents an object point in the global reference system. The same
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physical object point m easured with respect to the image coordinate system is
indicated by vG.
Let us now develop an overall transform ation H which m aps points
m easured in the global coordinate system into points in the image reference
system. In order to define this mapping, we m ust define the position and
orientation of the picture reference system with respect to the global system.
This may be done in three steps: First, we translate the global reference
system to the viewing point. Then we rotate the system so that the y ' axis is
aligned with the central projection and the z' axis is aligned with the vertical
picture plane z axis. Since the coordinate systems are both right-handed and
orthogonal, a third rotation is unnecessary. Finally, a translation from the
viewing center to the image plane origin completes the transform ation.
If the viewing point vp is located at y'v = {x'&,y'g,z'^ in the global coordinate
system, then the translation T required to translate the global system to this
point is simply

1
0
0
0

0
1
0
0

0 -**
0 -y*
1
0 1

Let 9 be the pan angle m easured counterclockwise from the y axis. Thus a
rotation of 9 about the z axis is required to point the y ' axis of the system.
This rotation is described by R3(#). Let <£ be the tilt angle of the y ' axis also
m easured positive in a counterclockwise direction. Then the rotation of <f>
about the x axis is required to complete the alignment. This rotation is
described by Ri(4>). The overall rotation matrix is
R = R,(<f>)R3(0)
or, in homogeneous coordinates,
R_

cos 9
—sin#
sin# cos <£ cos0 cos<t>
sin#sin<£ cos# sin
0
0

0
~ s in <p
cos <#>
0

0
0
0
1

The final translation from the viewing center to the image plane origin is
simply a translation L, where
1
0
0
0

0
1
0
0

0
0
0 - /
1 0
0
1

Therefore, a complete change of reference systems from object coordinates
to image coordinates is given by
v = LRTv'.
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We may now include the effect of the perspective transform ation, which
was developed in and is naturally expressed in terms of the picture coordinate
system
v = PvQ.

The last two expressions m ay now be com bined to form the complete
perspective transform ation m atrix H:
H = PLRT.

The mapping of object points in global coordinates into image points in
picture coordinates may be expressed simply as
v, = Hv0.

Carrying out the previous operations of the equation gives
= / [ « - *g)cos o ~ {y'o-y'g) sin 0 ] .
yi = / [ ( K ~ *g)sin 0 cos £ + {y'o-y'g) cos e cos <p
- ( z 'o - z g
' )s in < p -f],

2, = / [ (x'a - x'g) sin ffsm<p + (y'(>- y ' g) cos 0 sin <p
+ ( z o - z 'g )c °S<t>]’

w{= (x^ —x 'g) sin 6 cos <t>+ (y'0~y'g) cos 0 cos <f>
- ( zo ~ zg)sin<£To convert to physical Cartesian coordinates, we simply divide each
com ponent by
and recall that y, does not correspond to the image y
coordinate, which is zero.
The inverse perspective transform ation which back projects an image point
onto the line through an object point is easily developed and may be
expressed as
v; = h -> v,,

where H - 1 = T -1R - I L - I P -1. It is easily verified that the inverses exist, except
for trivial cases such as w ith /= 0 . They are as follows:

cos 6
—sin#
0
0

1

0

0

K

0

1

0

K

0

0

1

4

0

0

0

i

sm # cos
cos6cos<(>
-sin<J>
0

sin 9 sin
cos#sin<#>
cos (j>
0

0
0
0
1
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1 0
L> =

H ' =

0

0
0

1
0

0 /
1 0

0

0

0

0

1

/ cos#

—x'g

/s in # s in <p

—/s in #

—y'g

/c o s # sin <p f 2 cos # cos <P+fy'g
.
fc O S (p
- /r2
2sin<#>+/2g

0
0

g

-1

f sin 0 cos (p+fxg

0

/

The object point in global coordinates may also be expressed in the form of
the projecting ray between the viewing center and object point:
x j cos #

<
y'o

=

yg

+/f - y - x

—X; sin #

. 4_

+ Zj sin # sin <p + /s in # cos <p
+ z ; cos # sin (p + /c o s # cos </>
ZjCOS^j— /sin<#>

Perspective Distortion
It is interesting to determine equations for the basic elements of perspective
viewing using the direct and inverse transform ations.
The ground, floor, or support plane is defined by z'Q= 0. The intersection of
this plane with the image plane determines the ground line in the image
plane. To simplify the analysis, note that the intersection line is neither
affected by the viewing point offset param eters x'g and y g nor by the rotation
of the ground plane about the z' axis. Therefore, we may set x'g=y'g= 9 = 0.
The ground line, as shown in Fig. 3.5, is described by
z = (z'g—fsin<f>)/cos(f>.
The horizon line is defined as the intersection of the image plane with a plane
through the viewing center parallel to the ground plane. This line is also
shown in Fig. 3.5 and is described by
z = f tan</>.
To determine the vanishing points, let us consider the mapping of straight
lines in the object into their images in the image plane. The direct transform a
tion with x g= y g= z g = 0 = 0 gives
fx'0
1 y'Qcos<p —z'0sin(p ’

_ f (y'0sin.(f>+ z'0cos<f>)
1
y'0cos<p —z'Qsin<p

A vertical object line is traced out by a point y'0 = { x \ , y \ ,z r), where x, a n d y x
are fixed but z varies over all real numbers. Substituting this point into the
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/
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\
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cos 0
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Z
\

Figure 3.5

G ro u n d Plane

-f
V ertical V anishing
tan 0 P o in t

End view of viewing situation showing location ground plane and horizon plane.

previous expression and eliminating z gives the equation of a straight line in
the image plane,
2, = O i* i A i sin<#>) - (f/sm<p).
N ote that the z intercept does not depend upon the location of the vertical
line but only upon the cam era and geometry. Thus, all vertical lines pass
through this unique vertical vanishing point, which is shown in Fig. 3.5.
Now consider the images of a horizontal line. F or simplicity, consider lines
in the ground plane of the form = (x'0,mx'0 +b,0)', and viewing param eters
z' = x'g=y'g= 0 = 0. The direct transform ation gives
fx'Q
1 . ) / cos<£ + ZgSin<|> ’

X ■= -------------------------------------

(y'0sin<l>-z'cos<t>)
>>oCOs<J>+ ZgSin<#>

Z- — t ------------------------------- ;--------- .

1

Substituting the point coordinates and eliminating x'Q gives the equation of a
straight line,
Zj = [ mzgx i + f ( b sin <J>—z ’g cos <f>) ] / (b cos <j>+ z'gsin 4>).
Now consider the path of z; as xQ approaches infinity. Taking the limit of
both x { and z { in the direct transform ation gives
lim x i =f/mcos<t>=xh,
-to-*00
lim zi =/tan4> = zh.
Xo->co
Thus, Zj intersects the horizon line zh with x intercept x h, as the object
point recedes along a horizontal line,y'a=mx'0 + b. The x intercept m ay be on
either side of the origin depending on whether the slope m is positive or
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Figure 3.6

Location of vanishing points.

negative. All lines of the same slope, i.e., parallel lines, will have exactly the
same intercept point. Also, note that perpendicular lines have conjugate
vanishing points which m ust satisfy
x Tx x= —f 2/COS2(j>

since m lm 2 = — 1 for perpendicular lines.
The location of vanishing points is illustrated in Fig. 3.6. The m easurem ent
of vanishing points provides a simple m ethod for determ ining two of the most
im portant camera viewing param eters, / and <j>.

3.2

Computer Representation of Natural Images

Scenes viewed with a cam era lens and projected on a two-dimensional
plane may be called perspective, projective images to emphasize the processes
involved in their formation.
If the content of the scene is not constrained to a particular type, a general
class of images of natural scenes or, simply, natural imagery m ust be
considered. These include the total variety of images illustrating objects,
concepts, and situations. The m athem atical representation an d the analysis of
this imagery by com puter is the prim ary concern of this section.
Several im portant representations of com puter pictures will now be de
scribed. First, the conversion of a continuous range and tone, natural image
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into a numerical form is considered. In picture processing, just as in signal
processing, this conversion may be considered to be two-step process involv
ing sampling followed by quantization. The sampling theorem provides a
m athem atical basis for the first step. An analysis of the quantization process
provides guidelines for the second.
Conversion of a com puter image back into a viewable form at is another
basic consideration. Interpolation theory, coupled with our previous inform a
tion about hum an viewing, gives theoretical guidelines for the display process.
In extending the analysis of functions from one to several independent
variables, the two-dimensional case is particularly interesting since if a
difficulty is encountered, it is the simplest case to consider; if a difficulty is
not encountered, it is an interesting case to illustrate and visualize. We will
see that many concepts readily extend from one- to two-dimensional analysis,
for example, Fourier analysis. Yet there are other concepts which do not. For
example, although a polynom ial can be easily factored for a function of a
single variable, no factorization theorem exists for functions of two indepen
dent variables. It m ay appear that extensions are either trivial or impossible;
however, as we shall see, some analysis is always possible and often only a
one-dimensional analysis is necessary.
It is often convenient to impose certain restrictions or constraints on the
image functions considered. F or example, certain constraints may be imposed
upon a physical luminance image such as nonnegativity and finite extent,
duration, spectral bandw idth, and energy. These constraints affect the possi
ble solutions.
3.2.1

Sampling of Image Functions

An im portant question which we have not yet considered is: How does one
get a com puter image, which is a discrete valued image function, from a
continuous range, continuous tone image? F or example, can the continuous

z

Figure 3.7 Sampling process. The continuous function z = / (x ,y ) may be represented by its
sampling values if the sampling is sufficiently dense.

90

5 Computer Representation o f Images

function f ( x , y ) be accurately represented by its values f { m X , n Y ) at
equispaced points (m X , n Y ), as illustrated in Fig. 3.7?
The answer to part of this question is given by the sampling theorem, which
easily extends from the one-dimensional case (Papoulis, 1969).
Two-Dimensional Sampling Theorem. Consider a two-dimensional func
tion f ( x , y ) with Fourier transform F(u,v), and assume that F (u ,v) is band
limited, i.e., that F(u,v) = 0 if ( u , v ) $ A ,A c R a rectangle. Thus,
f ( x , y ) = / / / < " ■ v) exp [ j2m (ux + vy) ] dudv.
Also, let B be a region contained in the rectangle R as shown in Fig. 3.8. Let
PB(u,v) be a pulse function which is one inside B and zero otherwise, i.e.,
PB(u ,v) =

1,
0,

(u,v) e B,
(u ,v )& B ,

and let the inverse Fourier transform of PB be denoted by p B(x,y), where
P B( x , y ) = f f exp[ j2ir(ux + vy)]d ud v.

j

jb

The two-dimensional sampling theorem states that the function h(x,y) may
be represented in terms of a sequence of its sampled values at equispaced
values (m X , n Y ), i.e.,
CO

f(x ,y )=

2
m =

CO

2
— co

X Y f ( m X , n Y ) p B( x - m X , y - n Y ) ,

n — — go

provided that the sampling is sufficiently dense.
A particular form of pB is determ ined when the region B is specified. We
will consider two cases: (1) B = R, a rectangle; (2) B = C , a circle.

Figure 3.8 Bandlimited region in two dimensions. The bandlimited region A is a subset of
the filtering region B which is a subset of the rectangular region R.
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Proof of Two-Dimensional Sampling Theorem.
sion of F(u,v), as illustrated in Fig. 3.9, where
F ( u , v ) = F (u,v)

if

Consider the periodic exten

(u ,v)& R

and
F'J u + 2 m U ,v + 2 n V ) = F (u,v)
for m ,n = 0, ± 1 , ± 2 , . . . . Since Fp is periodic, we may represent it by a
two-dimensional Fourier series, i.e.,
OO

Fp(u ,v ) =

OO

2

2

cmn exp [ —j2ir( um X + vn Y ) ],

m = — oo n = — oo

where X = 1 /2 U and 7 = 1 /2 F correspond to fundamental frequencies in the u
and v directions, respectively, and
1
~mn

f v fU

f

f

4 U V J ^_ - vvJ ' -- uI T

F(u,v)&xp\j2'7r(umX + v n Y ) ] d u d v

or
exp[ j2ir(um X + u m F )] dudv.
But recall that
f ( x , y ) = / / / < “ •u)exp[

J 2 tt(u x

+ vy)~\ dudv.

From comparing the two previous equations, we see that
cmn = X Y f ( m X , n Y )

Figure 3.9

Periodic extension of the spatial function F(u,v).
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so
Fp(u ,v )=

2

2

X Y f ( m X , n Y ) e x p [ —j2ir(um X + v n Y )] .

m — — oo n ~ — co

Note that we can recover F from Fp by simply multiplying by the pulse
PB(u,v), i.e.,
F (u ,v) = Fp(u ,v )P B(u,v),
00
00
F { u ,v )= 2
2 X Y f ( m X , n Y ) P B(u ,v )e x p [ —j2ir(um X + v n Y ) ] .
m = — oo n = — oo

We could select m any shapes for PB(u,v). The most com m on are the
rectangle and square.
The inverse transform of F (u ,v) is
f(x ,y ) =

f f

F (u ,v )e x p [j2 ir (u x + v y )] d u d v

J *'-00
or
°°

f(x ,y )~

°°

2

2

X Y f ( m X , n Y ) [ f PB( u , v ) e x p { j 2 - n [ u ( x - m X )

m = — o o n = — oo

J

5

+ u(.y —h IO ] } dudv.
The calculation of the Fourier transform of a rectangular aperture gives,
when B = R,
j I ex p {j27t[u(x — m X ) + v ( y — n Y ) ] } dudv

J

Jg

= 4 UVsm2irU(x —m X )sm 2'jrV (y —n Y ) / 2nU (x — m X ) 2 n V ( y — n Y ),
which leads to the cardinal function interpolation formula
00 00
f ( x , y ) = 2 2 f ( m X , n Y ) sinc[27r£/(x —m X ) ] s m c [ 2 'n V { y — n Y ) ] .
—00 —00
Similarly, the Fourier transform of a circular aperture, if B is a circle of
radius R 0 and U = V — R 0, gives
f f exp{y'277T u (x — m X ) + v ( y — n Y ) l j dudv = R 0— — 7 - ^ r —

J JB

K

L

r(x,y )

where
r ( x ,y ) = [ { x - m X ) 2 + ( y - n Y

) 2 ] l/ 2

and / ] is a Bessel function of the first kind. Thus, the circular region leads to
the interpolation formula
f(x ,y )= 2

'L f(m x ,n y )-

j \ [ ^ R c ,r ( x ,y ) ]
r ( x ,y )

Although the two-dimensional sampling theorem is simply an extension of
the one-dimensional theorem, sampling of a picture appears quite different
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from sampling of signal. The differences encountered are mainly due to the
difference between the hum an auditory and visual systems. If one compares
the tem poral frequency response of the auditory system to the spectral
frequency response of the visual system, then the only conclusion is that the
eye is almost “tone deaf” since only three spectral sensors are available. A
com parison of the tem poral frequency bandw idth of the two systems shows a
20 Hz to 20 kHz bandw idth for the ear, but only a 0.5 to 40 H z bandw idth for
the eye. It is, of course, the ratio of the num ber of receptors which is about 1
to 100 million that produces the increased inform ation capacity of the visual

(c)

(e)

(f)

Figure 3.10 Aliasing patterns produced by undersampling. Each picture was sampled at 256
by 256 points: (a) course line pattern, (b) line pattern without aliasing, (c) line pattern with
aliasing, (d) line pattern with aliasing, (e) rectangular grid with aliasing, and (f) star pattern with
aliasing.
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system. These examples illustrate that although the mathem atical foundations
are identical, one cannot always apply the intuition developed from signal
processing directly to picture processing.
The effect of undersampling, i.e., aliasing error, for two-dimensional sam 
pling is quite different from that for one-dimensional sampling. In fact,
undersampling m ay even be used to advantage as a smoothing process.
Aliasing does occur as the patterns in Fig. 3.10 illustrate. The line test images
were digitized with the same resolution (256x256 points), but as the image
frequency content is increased, a diagonal aliasing pattern appears. The
image in Fig. 3.10e started as a rectangular grid, while the image in Fig. 3. lOf
was a star test pattern. The image produced by the star test pattern may be
analyzed to determine characteristics such as the width of the point spread
function of the imaging system.
The perceptual effect of undersam pling is shown in Fig. 3.11. The original
image was scanned at a very low resolution, as shown in the block image.
However, simply “defocusing” , or low-pass filtering by holding the page at a
distance, produces a recognizable form. This example illustrates that often
high resolution is not always needed for hum an recognition of familiar
objects or for com puter recognition.
The sampling theorem may also be extended to random image functions.
Let f ( x , y ) be a stationary stochastic process with power spectrum Sf (u,v). If
Sf (u ,v ) is band limited in the sense that
Sy(tt,u) = 0,

(u ,v )& A ,

A cR,

then the process may be represented in the m ean square sense by its
equispaced sampled values provided the sampling is sufficiently dense, i.e.,
f(x ,y )~

2

2

X Y f ( n X , m Y ) K B( x - n X , y - m Y )

= o.

n — — oo m — — oo

(a)
Figure 3.11

(b)

(a) 32x32 array and (b) 64 x 64 array of undersampled images of a familiar scene.
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Quantization

The sampling theorem provides guidelines for the selection of discrete
spatial values from the continuous region available. However, we must still
consider the discrete representation of the m agnitude of the image function so
that it may be stored in a computer. Image values are almost always
converted to integer or fixed point representations although some transform
quantizations go directly to a floating point representation. We will only
consider the quantization of spatial picture values into an integer representa
tion at this point. Transform quantization will be considered later.
Since the quantization process is common to all signal processing by
computer, the problem has been studied extensively and a theoretical solution
under certain assumptions has been developed (Panter and Dite, 1951; Max,
1960; Panter, 1965; Pratt, 1970). This solution will now be presented followed
by some special considerations for picture quantization.
The quantization of a continuous function / to a finite integer representa
tion may be considered as a decision process. Given the range of the function
which without loss of generality may be written in the form
0 < f< A
and a selected num ber of quantization levels L, the problem is to determine
the L + 1 decision values
Do = 0 < D l < D 2< - ■■ < D l = A
and the L representation values, as shown in Fig. 3.12,
Rj,

7 = 1,2, . . . , L

which provides the “best” discrete representation of /. The optimality criter
ion will be taken to be the m inim um m ean square error, which may be
expressed as
e2 = 2

f Dj ( f ~ Rj)2p ( f ) d f ,

y = 0 Dj_{

where p ( f ) is the probability function of the am plitude of / and
[ Ap ( f ) d f = l .
Jo
If one assumes that the num ber of levels is large, then the value of p ( f ) may

R,

I—

D0

Figure 3.12

1—

K,

I—

D,

1—

R , ......................................................... K.

I—
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\—

1—

}—

D 2......................................................... D N _,

1—

I

Dl

Decision values for representing regions in the quantization process.
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be assumed constant over the interval and the error expression simplifies to
«2 = 2 P j f Dj (.f - R j f d f ;
7=1

J

- 1

where Pj = p(Dj ) - p{D j_ ,).
A t this point, we may determ ine the Rj by
* - 2 p Jf ° y - K , W - 0 .
which is easily solved, giving
Ri = i(D J_ l + DJ).
Thus, the reconstruction levels should be placed at the midpoints of the
decision intervals. The error expression may now be written
^ n ( DJ ~ DJ - $
e2 = 2 P
Pjr J 12J~
j- 1

The constraint may be written

or

L

j= 1

where A- is a constant. The problem of minimizing the error subject to the
constraint may be solved by the m ethod of Lagrange multipliers to obtain the
result that the error is minimized when the terms
p J / 3( D j - d j _ 1)

are equal for all L quantization levels. Thus, the larger the probability, the
smaller the quantization level. Furthermore, it may be shown that the
optim um Dj may be approxim ated by
Dj = A f i A/Lp ( f ) - l/3dj' / 'foAp ( f ) - ' /3df.
For example, if the distribution o f / is uniform in (0,A), then
P (f)= l/A ,

0 < f< A ,

and

D j= j/L

for j = 0 , \ , . . . , L .

This example shows that uniform quantization levels are optim um if the
input distribution is uniform. Since the uniform quantizer is the simplest to
build, a reasonable approach to the optimum quantizer for a nonuniform
distribution is to first transform the signal to obtain a uniform distribution,
perform uniform quantization, then implement the inverse transform to
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obtain the optimum quantized signal. The required transform is the cum ula
tive distribution transform ation that maps any continuous distribution into a
uniform distribution. A major difficulty with this approach is that the signal
distribution m ust be known or computed. Nevertheless, in certain situations,
the distribution is known or m ay be approxim ated so that the above approach
m ay be implemented. Devices of this type are called compandors and are
often encountered in pulse code m odulation (PCM ) com m unication systems.
A logarithmic transform ation is often perform ed before quantization on
m any image scanners. The use of a log. transform ation m ay be justified in
several ways; however, in view of the previous discussion, one should note
that the cumulative distribution function m ay be approxim ated by a logarith
mic curve. The inverse operation, exponentiation, may be computed, but is
usually not offered as an option on the scanner and m ust be implemented by
software.
In terms of signal and noise, it m ay be shown that for a Gaussian signal
em bedded in white noise, linear quantization produces a signal-to-noise ratio
which varies with the signal amplitude, while logarithmic quantization pro
duces a constant signal-to-noise ratio. Thus, it is preferable to insert a log
amplifier before the quantizer rather than perform com puter com putation of
the logarithm.
In the rendition of detail in a picture, the linear quantizer produces the
same range for large and small values of the picture function. However, the
logarithmic quantizer provides a larger num ber of quantization levels for
small values and coarse spacing of the levels for large values of this picture
function. This tends to enhance detail in the low values, but, of course,
destroys the detail in the large values.
The num ber of quantization levels required for adequate display of a
picture is an im portant param eter and m ay range from 1 to 10 bits/(picture
element). In the digitization of pictures, a large num ber of levels m ay also be
specified to provide immunity to round-off errors in the com putations, since
each com putation usually decreases the num ber of accurate levels. However,
for the display of a picture, it may be argued that it is useless to display a
finer quantization than the hum an can perceive on the display device. The
num ber of gray levels that m ay be perceived by the hum an depends on the
particular display and viewing conditions.
In the previous chapter, we saw that the hum an under ideal conditions
could distinguish over 500 changes in lum inance and several thousand dif
ferent colors. Thus a conservative estimate of the num ber of bits required to
accurately represent lum inance values would be 9 or 10. A much lower
estimate is arrived at if one assumes the W eber fraction is approxim ate
constant over the range of interest. F or example, if A ///~ 0 .5 % , then 200
levels or 8 bits would be required. On the other hand, m ost display devices
cannot reproduce this large num ber of distinguishable levels. A color televi
sion can only display a portion of the chromaticity space an d yet presents a
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(e)
Figure 3.13 False contouring produced by coarse quantization: (a) 1, (b) 2, (c) 3, (d) 4, (e) 5,
and (f) 6 bits/pixel.

reasonable picture. Also, the available luminance displays and photographic
material usually limit the num ber of distinguishable levels in a displayed
picture.
The effect of too few quantization levels is a characteristic pattern called
“false contouring,” which m ay be seen in the pictures in Fig. 3.13. These
pictures have been sampled at 256 by 256 spatial resolution and are presented
for different levels of uniform quantization. Note that when large regions are
quantized to the same level, the false contouring is very objectionable. Also,
the contouring effect may be produced at the initial picture quantization or
by a processing step that reduces the num ber of levels.
An interesting m ethod for reducing the false contouring phenom enon
involves the addition of random noise to the function before quantization.
This eliminates much of the contouring produced at long smooth edges.
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Pseudorandom noise added before quantization and subtracted before recon
struction is a key step in the Roberts coding m ethod (Roberts, 1962). A
variety of other quantization techniques will be discussed in Chapter 5.
3.2.3

Interpolation and Display of Images

The illustrations presented thus far have been produced by a computer
controlled multi-gray-level display and thus have been m ade to look very
much like the original photographic images. To further emphasize the fact
that computers work with num bers and also illustrate that a great deal of
com puter picture processing may be accomplished without access to a multigray-level display, several further illustrations will be presented. These
illustrations were developed from low-resolution scans, i.e., 64 x 64 arrays.
For simple com puter economy, it is a wise procedure to develop computer
programs on small size arrays. Successful com puter programs may always be
extended to large sized arrays.
The numbers representing the Lincoln image for 4 bit quantization are
shown in Fig. 3.14. Note that at 4 bit quantization the image is recognizable
due to the main quantization difference between the 1 and 2 digit decimal
numbers. In effect, the image recognized is a 1 bit image. A successive
reduction of gray levels produced the acceptable one bit quantization levels.
A nother m ethod of representing the numerical image inform ation is by a
gray level computer line printer plot. Various shades of gray are produced by

Figure 3.14

Numerical printout of picture using 16 levels.

Figure 3.15
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Line printer gray scale pictures.
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overprinting various characters as illustrated in Fig. 3.15. Also, the geometric
distortion caused by the line printer writing 8 characters/in. bu t only 6
lin es/in. was corrected by simply reducing the num ber of points across the
page by a factor of f .
A final example of representing the com puter image inform ation is an
isometric plot as shown in Fig. 3.16. N ote that the large lesion in the upper
right portion of the chest became a very visible valley in the plot.
Although there are several methods for displaying or recording a digital
image, a real time cathode ray tube (CRT) m ay be used as an example to
illustrate the interpolation and display processes. The basic problem is to
display a series of images which have been sampled in three dimensions—
horizontal, vertical, and tem poral— so that the sampling structure is not
visible, or at least not annoying, to the viewer.
The previous discussion of the sampling theorem provides the ideal inter
polation m ethod for band-lim ited signals. F or the signal f ( x , y , t ) band limited
to a cubical region of limits ( Wx, Wy , Wt) and sampled at intervals (X, Y ,T )
with
Wx < 1/ 2 X ,

Wy < 1 /2 Y,

Wt < 1 / 2 T,

the cardinal function interpolation formula is
OO

/(W ) =

2

CO

2

OO

2

f(iX J Y ,k T )

i = — oo j = — oo k = — oo

X smc[(27r Wx( x — iX)]smc[27r Wy( y —y T )]
Xsinc[27TWt{t — kT)~\,

(a)
Figure 3.16

(b)
(a) Isometric plot of chest x ray and (b) chest x ray.
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where
sinc(x) = (sin7rx) / irx.
It is not possible to implement this ideal interpolation formula on a C RT
display because of the negative values of luminance required. A realizable
solution m ust therefore provide an interpolation m ethod or the equivalent
low-pass filter with a point-spread function that is nonnegative.
It is interesting to consider the solutions for the three dimensions separately
and note the methods used in practical systems. A simple solution to
horizontal interpolation may be found in most TV displays. The picture
elements across a line are converted to the video signal and low-pass filtered
with an electrical filter. In m ost cases, this smoothing removes the discrete
structure in the horizontal dimension. Vertical interpolation is not so simple,
and most TV systems have visible line structure. The low-pass filtering effect
of viewing at a distance is fairly effective since the spatial frequency response
of the HVS falls off sharply at high frequencies. Other methods that broaden
the lines or introduce spot wobble have been implemented and are described
by Pearson (1975).
Interpolation for temporal sampling is first accomplished by the exponen
tial phosphor decay. However, the tem poral cutoff characteristics of the HVS
approximates that of a six to nine stage RC filter and the phosphor merely
adds an additional stage, which has little effect in reducing flicker (Pearson,
1975; Sperling, 1971).

3.2.4

Matrix Representation

The sampled, quantized image may be naturally described as a matrix, i.e.,
an array of numbers, [/] where
[ f ] = { f ij : i = l , . . . , M ; j = l , . . . , N )
and f j represents the value of the picture function in the /th row and y'th
column. We may sometimes assume that the m atrix is square, M = N , and
later extend the results to rectangular matrices.
The advantage of representing a picture in m atrix form is that the full
power of previously developed m atrix theory m ay be applied to the analysis
of picture processing operations. We shall shortly see a direct application of
matrix analysis in the com putation of the discrete Fourier transform of a
picture. Other applications such as the com putation of the singular values and
rank of a picture m atrix have also been developed.
One m ay argue that a picture is not merely an array of numbers. This
argum ent is usually supported by citing certain properties of real pictures.
Clearly, not every matrix will generate a familiar image, although every
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matrix does indeed represent a com puter picture function. Certain constraints
imposed by the physical image may also be easily imposed on the matrix. One
im portant constraint is nonnegativeness. This constraint m ay be stated as
f u > 0,

j= l,...,N .

A nother im portant constraint is boundedness, which may be expressed as
fij< B ,
where B is a constant. Still another is finite energy, i.e.,
M

N

E = 2 ^ f i j < E 0,
, = i 7=i
where E0 is a constant.
One may also impose a smoothness constraint: For example, the picture
function at any point does not differ from the average of its neighbors by a
given am ount, which may be expressed as
s

> f i j ~ \ U i - i j - \ + f i j - i + f i + 1j - 1

where 5 is again a constant.
In general, any constraint that may be imposed on the physical image may
also be imposed on the com puter m atrix representation. However, note that
the last two constraints, finite energy and smoothness, are difficult to express
in matrix notation. These could be easily expressed for a vector, for example,
the finite energy expression would simply be the vector inner product. Thus,
we are m otivated to develop an equivalent vector representation of the
com puter picture.
3.2.5

Vector Representatiori

The com puter picture may be written as a vector using a colum n or row
ordering. Again, the advantage is that vector analysis may be directly applied.
The column ordering m ethod consists of forming a column vector f of size
IX MN:
f = [ f 1,f2, . . . , f M]',
where
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The m atrix and vector representations of the com puter picture are related
by the expression developed by Pratt (1975),
f= 2

[ N„ ] [ / K >

n=\

where
0
0

[N„] =

0

N
is an M N X M m atrix and for which each subm atrix has M rows, and
1

v„ =

N
is an N X 1 vector with one nonzero element. The v„ m ultiplication extracts
the «th column from [/] and the m atrix [N J places this column in the nth
sector of the vector f.
The inverse operation is
[/]= 2

n;

k

.

n—\

Thus, given either a matrix or vector picture, we may easily convert to the
other.
Let us again consider the finite energy and smoothness constraints. The
energy of the vector f may be expressed as the inner product of the vector
with itself:
MN

E = f' f=
1=

1

The energy is also given by the trace or sum of the diagonal terms of the
outer product of the vector f with itself:
£ = Tr(ff').
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Using the relationship between the m atrix and vector representations, we may
also compute the energy as
N

E = \ 22 [N „ ][/]v „ J j 2

[N n] [ /] v „

n= 1

The smoothness constraint is most easily expressed in the vector repre
sentation. Let us first consider developing a vector whose terms are
Si = Jl
8n

i = 1 ,... ,N ,

8f i - 1>

/n -

Clearly,
8 = Cf,
where [C] is a bidiagonal matrix of the form

8

0 0
1 0

0
0

0

8

i

1

0

0

0

0...

1

_ 1
[C ] =

-I

1

where the endpoint conditions are neglected. We m ay now extend this to the
smoothness constraint given by first using the colum n ordering to express f in
terms of { f f } as
fk

+

1)’

where
k=

i= 1 ,...,M ;

j= l,...,N .

1

(fk -M -

+

The smoothness relation may be expressed as
+ /* -M + 1

fk- 1

+ fk+ 1

fk +M - 1+ fk +M

+ fk + M +l)'

The last eight points for gk will be smoothed as much as possible with a
reduced num ber of neighbors. Thus, the smoothing relationship may be
written as
g=[C]f,
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where [C] is now a banded matrix of the form given below and the edge
effects at the start are ignored.
1
1
0
1

1

1

1

1
1

1

[C] =

1

0

1

1

1

The equivalent m atrix representation of [g] is
N

[*]- 2

n= 1

3.2.6

M c j t v

Statistical Representation

For m any classes of problem, it is necessary or convenient to consider the
computer image as a sample of a stochastic process, i.e., a random event. For
example, film grain noise or the image on a TV screen at 4 am cannot be
specified in terms of point properties as with deterministic images. However,
these processes may be studied in terms of average properties. We may also
find it convenient to model a set of deterministic images such as texture
patterns by a stochastic process, i.e., a family of functions defined on a
probability space. R ather than attem pting a general development for twodimensional random processes, we will only introduce certain definitions and
notations for the sampled random image. Furtherm ore, since the sampled
image may always be considered as a vector, we may consider a vector
random variable.
Let us first consider the sampled image before quantization. The sampled
image vector f has continuous components f tJ, where
f = [ f\ 1 12’ •• • J m n \ ■
Since each com ponent may take on a continuous set of values, the joint
density function
p ( f l l ’f l 2 ’ • • • J M N )
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must be specified to describe the process. The probability that a sample
picture f will have values which lie in the volume
d f u d f n " ' dfiuN
centered at
? = [ / l l > / l 2 ’ • • • ’I m n ]

P ro b (f < f < f' + df ) = p ( f) dfx, df n ■■■dfMN,
where

J Jf 'f

' ’ <V m n = 1-

The mean or expected value of f is

JJ' f

t p ( f )d f n df l2- — dfMN.

We may also define a covariance matrix as
E(f) = £ { ( f - f ) ( f - f ) '} .
It is easily shown that there are only ~ M N ( M N + 1) different terms in this
matrix. The M N diagonal elements represent variance terms E { f xx),
E { f f 2 } , . . . , E { f ^ N). The remaining ~ M N ( M N - 1) distinct terms represent
covariances, such as E { f n f n }. If the m ean value of f is zero, then the
covariance matrix is identical to the correlation matrix which is defined as
R (f)= E {ffT}. W hen the off-diagonal terms in the correlation matrix are zero,
we say that the random variables in the vector f are uncorrelated. If the joint
density function is separable, i.e.,
p ( t ) = p ( f n ) p ( f n ) - ■'P(f m n )>
then the random variables in the vector f are said to be independent.
Let us now consider two random pictures f and g. The second picture g
could be completely different from, or a subpicture of, f. The conditional
probability density function of f given that g has taken on a given value is
p{t/g)=p(l£)/p(£)
if P i g ) ^ ° In this development, the random event m ay be interpreted as random ly
opening a very large book of photographs. The probability that a given point
on this page has a certain brightness or that one area of the page has a given
brightness given that another area has a fixed brightness could be com puted
from the conditional probabilities.
If we wished to extend this m ethod to also consider a time variable, we
would define a random sequence of picture vectors. A random sequence,
f(K), is a collection of random vector variables indexed by some param eter
f ( K ) = { ..., f( - 2), f( - 1 ) , f(0), f(1), f(2 ),... }.
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This random event could be interpreted as reaching into a very large file and
extracting a movie film. To characterize a random sequence completely, we
must determine the jo in t probability function for the random variables in the
sequence. Although this is generally very impractical, we may be able to
estimate the first two moments, the ensemble m ean vector
p(K) = E{f(K)}
and the ensemble covariance matrix
X {K )-E {[t{K )-p (K )][f(K )-rtK )]'}.
It is also desirable to define the covariance matrix

2(J,K)=

£{[f(/)-

PO) ]

[ / ( * ) - ] ' }

and the jo in t probability density function
p [f(/c ),f(/)]
in order to introduce the following definitions.
A random sequence is called strict sense stationary if the jo in t density
function is invariant under a shift of position, i.e.,
p[l{k),t(k+ \),...]= p[l(k+ j),t(k+ j+ \),...].
A random process is called wide sense stationary if the covariance m atrix is
independent of a shift of stage, i.e.,
S ( j , k ) = S ( j + i , k + i)
for all i, j , and k.
For naturally occurring pictures, the strict sense stationary process is a
good model for noise-type images such as the TV image at 3 am. The wide
sense stationary process is less restrictive and applies to a broader class of
images. However, in most common pictures of people or m anm ade objects,
the image function m ay only be reasonably assumed to have stationary
statistics in local regions. Locally stationary random processes have been
defined and several properties of these processes developed; however, much
remains to be done in the application of these methods to image processing.
A nother fundam ental assum ption which greatly simplifies the covariance
m atrix determ ination is the M arkov assumption. A random vector process
f ( t ) is called a simple M arkov process if

As a consequence of the M arkov assumption, the random sequence may be
completely characterized by specifying an initial density function p [ f ( k j ) \
and the conditional density function of the transition p [ f { k + X)/f(k)].
Example: M arkov Process. A large class of image processes m ay be
modeled by a two-dimensional, stationary, first-order M arkov process. If f tJ
represents the picture brightness at the point ( i j ) , then for this process the
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autocorrelation function may be written
R ( m , n ) = E { f iJ,fi+mJ+lt} = p ' m- " I,
where 0 < p < 1 , and it is norm ally assumed that E {f j } = 0 .
This assum ption of zero m ean is nonessential, since the mean can always
be easily com puted and subtracted if necessary to obtain a zero m ean image.
The com putation of the image statistics such as the ensemble m ean and
covariance is greatly simplified if the process is ergodic. A random process is
called ergodic if its time (spatial) statistics are identical to its ensemble
statistics. An ergodic process is stationary but a stationary process is not
always ergodic. The ergodicity assum ption is often m ade in practice. For
example, whenever a histogram of the gray level values in a picture is
com puted and used as an estimate of the first-order probability function of
the picture, this assumption has been made.
Let us now consider some specific, simple models for random picture
processes. Assume that the picture brightness at any point / may be repre
sented by a stationary, ergodic process. If the picture function has been
sampled but not quantized or if the quantization is sufficiently fine, then the
random variable is continuous. If we further assume that the process is
sufficiently characterized by its point properties, then a final assumption of a
probability function will perm it calculation of the picture statistics. For
example, the process may have a norm al of Gaussian distribution with m ean
p. and variance a 2, i.e.,
p (f)= ~ ~
e x p [ ( / —p )2/ 2 a 2],
V27to

-oo< /< oo.

Since this variable takes on both positive and negative values, it is incon
sistent with a positivity assumption. A process which is consistent with a
positivity assumption is the lognorm al process. A random variable / is said to
have a lognormal distribution if log/ is norm ally distributed. The density
function for this process is
p ( f ) = ( f V 2 mt ) 'e x p [ —( I n /—p.)2 / 2 a2]
with

0

< / < oo and the m ean and variance given by
£ ( / ) = exp( p. + \ a2),

Var ( / ) = (expo 2 - 1) exp(2ju + a 2).

The simplest density function which may be considered is the uniform
density function with
P (f)= l/(b-a),
a<f<b.
If we wish to consider the picture function after the quantization process, a
discrete probability function is appropriate. A binom ial distribution is de
scribed by
P(f= 0 =

( / ) a '( 1

0<a < 1
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and
/=

2

x„

i= 1

where X t = 0 or 1 for i = 1 , 2 , If one is considering light photons, then a
Poisson distribution with
pU=

k) =

k = 0 , 1 , .. .,

k\

may be appropriate. Finally, the equally likely distribution with
p(f= i)= \/N ,

i = 1,2,. . . , N

may be useful.
Let us now consider the statistical distributions of two picture points / and
g, which could be adjacent points, separated by a given distance, etc. A
bivariate or second-order distribution is now appropriate. F or the continuous
case, the previous distribution may be extended for the norm al distribution
given by
P ( f , g ) = 277^(1—p2) 1/2

' ex p [ ( / 2 —2p/g + g 2) / 2 ( l —p2)] ,
/,g <

00,

j

00<

0
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Figure 3.17 Covariance matrices of special random processes: (a) white noise, (b) uncorre
lated process, (c) wide sense stationary process, and (d) wide sense stationary first-order Markov
process.
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while, for the discrete case, the Poisson probability function is
i t x
< \
^
^ ^ asb g ^
M / = ^ = y ) = e x p ( - A ,- A 2 +A 3) —

f g rA3r

where
/ ,g = 0, l ,...,5 ' = m in (/,g ),

a = A ,-A 3,

b = A2 - A 3.

It is often useful to assume a certain correlation covariance or power
spectral density function or to com pute transitional probability matrices from
the com puter image.
The covariance matrices of several special processes are shown in Fig. 3.17.
In Fig. 3.17a it m ay be seen that the covariance matrix of a white noise
process is an identity matrix. A n uncorrelated random process has a diagonal
covariance matrix as shown in Fig. 3.17b. The covariance matrix of a wide
sense stationaiy random process has a Toeplitz form in which all diagonal
terms are equal as shown in Fig. 3.17c. Finally, the covariance m atrix of a
wide sense stationary, first-order M arkov process has a single param eter
Toeplitz form. These special cases often permit analytical solutions for image
processing techniques.

3 3 Two-Dimensional Transforms— Image
Representation Using Orthogonal Functions and Matrices
In signal analysis, it is often advantageous to represent a real- or complex
valued continuous signal x(t) defined on the interval (t 0 ,t 0 + T ) by an
expansion of the form
OO

x(t)=

2

am<j>m( t ) ,

m= 0

where x ( t ) is assumed to be square integrable,
f x ( t ) x * ( t ) d t < oo,

JT
and the functions

) are orthogonal,
<«>—

{£

Z 7n.

If C = 1, the functions are called orthonormal.
The coefficients am may be determ ined by multiplying both sides of
the series representation by <j>n*(t) and integrating over the interval (70, t0 + T )
to obtain
an = ~Q f ^ x (t)<t>n*(t)dt,

n = 0 , 1 ,2 , .. ..
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The set of orthogonal functions {<#>„(?)} with
f II^n(t)\\ 2 dt<^>

J T

is said to be complete or closed if there exists no square integrable function
x(t) for which
f x(t)cp„*(t)dt = 0 ,

n = 0 , 1 , 2 ,...,

jt

or, more im portant, if the limit of the mean square error between the signal
and a finite expansion is zero, i.e.,
lim eN 2 = 0 ,
iV—
»00
where
N

f

« /=

ll-* (0 — 2

J T

“n$n(t)\\2dt.

„= 0

W hen the set {<|>„(0} is complete, the orthogonal functions are called an
orthogonal basis and the signal may be represented accurately by the finite
expansion
N

x{t) =

2
n=0

In the previous discussion of sampling, it was shown that a continuous
picture function / (x , y ) could be represented by the set of orthogonal complex
sinusoids, if the picture was band limited and the sampling sufficiently dense.
Let us now consider another use of orthogonality theory by examining
representations of the sampled image / (m , n).
Orthogonal Matrices
A sampled image f (m, ri ) is a finite, two-dimensional array naturally
represented by a m atrix of sampled values
[ / ] - { / ( « , « ) } “ {/«■}•
The matrix [f] m ay always be expressed in the form
M

[/]=

2

N

2 /™ ,[« ™ ]

m= 1 n= 1

where the rank one matrices [emn\ have a unit term at element (m,n) and zero
elements otherwise, e.g.,

1 0
0

K i] =

0

0 0

0
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Identity expansion of picture matrix.

This identity expansion is illustrated in Fig. 3.18. To consider the set of M N
matrices [emn] as an orthogonal basis set, an inner product operation between
matrices could be defined. R ather than introduce a new notation for the inner
product of matrices, we may without loss of generality simply use the
equivalent vector notation for the image matrix. Each m atrix [emn] may be put
into a one-to-one correspondence with a basis vector e k , where
k = n + ( m — 1)N .
By column stacking, as shown in Fig. 3.19, each picture m atrix [/] may be put
into correspondence with an equivalent image vector f. Then, clearly, the
image vector may be represented by
MN

f= 2 /*e*.
i

ffmnl

fll
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f 14

fll

fl
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Figure 3.19

Column stacking of an image matrix and an equivalent vector.
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The usual vector operations may now be used. F or example, the orthonor
mality condition of the basis vectors is
, _»_/ ! ,
eA - ^ - ( 0>

k= j,
k¥=j

The previous expression m ay also be written
f = [ele2- • •eMAr] f = [e] f,

where the matrix [e] is formed by concatenating the columns of the basis
vector of size M N by M N . In this case, [e] m ust be the identity matrix.
However, it may often be advantageous to consider other orthonormal
matrices [L], where
[ £ ] [•^*]/~ \

m n x m n

-

Such matrices would perm it an orthonorm al transform representation of the
form
F —[ L ] t
and the inverse transform ation
f = [L * ]'F .
The series form of these transform ations is
(MN)2

F,=

2

(MN)2

Lyfj

and

f=

j= 1

2

LJfFj.

y= l

Since the size of the matrix [L] is M N by M N , which is prohibitively large
in most imaging applications, it is im portant to consider matrices that possess
special structures that simplify the representation. The class of Kronecker
product matrices fits this requirem ent and leads to the special class of
separable image transforms.
Separable Image Transforms
The Kronecker product of a square M by M matrix A with a square N by
N m atrix B is an M N by M N m atrix C of the form
^ 11®

a\

C=AxB=

The im portant simplification introduced by the Kronecker product m atrix
is that the general vector transform ation
F = Cf
may be expressed in the equivalent matrix form
[F ]-A [/]B .
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This operation is called a separable transform since the m atrix A operates on
the columns and the matrix B operates on the rows of the picture m atrix [/].
If the A and B matrices are orthonorm al,
AA*' = I
and
BB*' = I,
then an inverse transform ation may be expressed as
[ / ] =A *'[F]B *'.
A nother interesting representation may be developed by expressing the
transform ation in the slightly different form

If the A and B matrices are now written in terms of their column basis vectors
A=[at

2^

•••

aM]

and

B=[bj

b2

•••

b^],

then the transform ation may be written in outer product form (Andrews,
1977)
M

N

Note that each outer product a,bj forms an M by N rank one matrix. The
total set of the M N outer product matrices m ay be considered as a set of
basis matrices, which may be used to represent the image matrix.
In the following sections, several im portant image transform s will be
considered.
3.3.1

Hotelling Transform

The Hotelling transform has found wide application in both image repre
sentation and compression. This transform is based upon the statistical
properties of an image and is also known as the principal component, discrete
Karhunen-Loeve, or eigenvector transform ation.
Several formulations of the Hotelling transform ation are used in image
processing. In each formulation, a random vector X is selected. The random
vector could correspond to the equivalent image vector, to a block vector of a
subset of the image, or to the m ultispectral coordinates of an image point.
The random vector X is characterized by its average properties. The m ean
vector ju, is given by

where the integral is calculated over the entire x space, E denotes expected
value of p ( \) is the probability density function at X.
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The covariance matrix is defined by
2

= £ { ( X - M)(X -/* )'}

or

2

’ In

=
n2

in which the m atrix com ponents atj are

aU= E {(x i ~ mi)(Xj-rrij)}

(i,j= 1 ,2 ,

The diagonal terms aft of the covariance matrix are the variances of the
random components of the random vector and are always nonnegative. The
off-diagonal terms atJ are the covariances between components X i and X j.
Since oiJ = <jji, the covariance m atrix is symmetric.
It is sometimes convenient to express the covariance m atrix as
E {X X '} - p n ' .

2 =

The scatter matrix or autocorrelation matrix
S = E {XX'}
gives essentially the same inform ation about the dispersion of the distribution
but is not normalized.
To fully normalize the covariance matrix, one can convert the terms to
correlation coefficients by
Each term pi; is then bounded by

and a correlation matrix R m ay be formed that directly indicates the correla
tion between each pair of components
1

R=

P 21

P l2

P in

1

1

Pnl

The absolute scale of variation is retained in a diagonal standard deviation
matrix
j,, 0
•••
0
0

-’22

0

It is now possible to express the covariance matrix in terms of the
correlation and standard deviation matrices
£= D R D .
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It is easy to decompose the covariance m atrix into the correlation and
standard deviation matrices provided the individual deviations are nonzero. If
one or more deviations are zero, the covariance m atrix will be singular. This
usually indicates a nonrandom com ponent and requires a reduction of the
dimensionality to eliminate the deterministic terms.
Two random vectors X, and Xy are
uncorrelated if
orthogonal if
independent if

E {X,'Xy} = E { X '^ X , } ,
E {X'Xy} = 0,
/>(X;, Xy) = p iXj pf X- ).

If Xf and Xj are independent, they are uncorrelated; however, the converse is
not true. If the m ean vector of either X, or Xy is equal to the zero vector, then
uncorrelated and orthogonal are equivalent. If the components of a random
vector X are mutually uncorrelated, the covariance matrix £ is diagonal and
the correlation matrix R is an identity matrix.
The random vector X can be represented without error by a certain
deterministic transform ation of the form
X = A Y = 2 y ,k »
i= !
where
A = [A ,

A2

•••

A„ j

and

|A|=7^ 0 ,

where Y is also an ^-dimensional random vector and A is a nonsingular
matrix. The matrix A may be considered to be made up of n linearly
independent column vectors called basis vectors which span the ^-dimensional
space containing X. For simplicity, we may assume that A is orthonorm al or
that the columns form an orthonorm al set
A/Ay = % = { J ;

or

A'A = I,

A > = A '.

Under these conditions, Y may be expressed as
n

y = a x = 2 a;*,..
i=1
Each com ponent of Y contributes to the representation of X. Suppose we
determine only m < n components of Y and still want to represent, or
estimate, X. One m ethod of accomplishing this is to replace the omitted
components of Y with preselected constants and form the following estimate:
m

n

x(m) = 2 y A +
i=

1

2

/= m+ 1

h,A r

Since not all of the com ponents are used, an error is introduced by the
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representation

e = X —X (m ) =

£
( y , - b , ) A,,
«'= m+ 1

Since the components j , are random , the error vector e is also random. The
m ean squared value of e may be chosen to m easure the effectiveness of the
representation
^ { m ) = E{e' e} = E ^
e2 (m) — e \

2

*/2j

2

2

V<= m +I j= m+\
J(rn)=

2

i=m+1

J

E {(y-b tf}.

The constant bl m ay be selected to minimize the mean squared error
A

e2

(m ) = - 2 £ {(>>,.-6 ,) } = 0 .

The optimum choice for the constants is
bi = E { y i} = y i,
which indicates that the om itted components should be replaced with their
m ean values. The optimum constants depend on the transform ation as shown
by

_ W ,= a ;.£ { x } .
The m ean squared error e2 (m) may now be expressed
c2 ( w ) =
=

2

i=m+1

E {(yi- y f } =

2

i=m+1

E{{y-y^y-y^}

2 E { a / ( x —X)(X —X)'A,} = 2 a , ^ xa „
i=m+ 1
i—m+1

where S x is the covariance matrix of X.
If the basis vectors A, are selected as the eigenvectors of E x , i.e.,
2 X\ =XjAi,
where A, is an eigenvector and A, the corresponding eigenvalue of E x . Then,
since A'A,- = 1,
\=

a ; s xa ,..

The m ean squared error can be written as
e \m ) =

V

2

i=m +

1
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The mean squared error can be minimized by ordering the eigenvalues so that
A ,>A 2> ••• > \ „ > 0 .
The eigenvector columns of the transform ation m atrix A are also arranged in
a similar order. Now if a com ponent y t is deleted, the m ean squared error
increases by \ . By deleting the components corresponding to the smallest
eigenvalues, the m ean squared error is minimized.
In summary, we may determine an orthonorm al transform ation A to
represent the random vector X. A transform vector Y = A'X may be com puted
which represents X without error. If only m of the n com ponents of Y are
retained to represent X in a approxim ate form, then the minimum m ean
squared error is obtained by
(1 )
(2 )
(3)
tors of

deleting com ponents corresponding to the smallest eigenvalues of 2 JX,
replacing deleted com ponents^, by their expected values,y t,
determining the transform ation matrix A from the ordered eigenvec
£ x.

The resulting components y t are mutually uncorrelated, since the covari
ance matrix of Y is diagonal,

S y —A £ XA —

=A.

Since the eigenvalues \ are equal to the variances of the y t components, the
rule for selecting the eigenvectors is equivalent to selecting maximum vari
ance directions. If X is a Gaussian random vector, then Y is also a Gaussian
random vector and its components y, are m utually independent.
A detailed proof is given by Fukunaga (1972), which shows that the
eigenvectors of S x minimize the m ean squared error over all choices of
orthonorm al basis vectors. Transform ations which are not orthonorm al do
not preserve distance and consequently the structure of the distribution could
be arbitrarily distorted.

Image Rotation Example
An orthonorm al transform ation m ay always be considered as an /2-dimen
sional rotation. Selecting the orthonorm al transform ation which minimizes
the m ean squared error according to the rules developed under the Hotelling
transform ation is equivalent to determ ining a rotated set of coordinates along
the axes of greatest variance of the data. If the dim ensionality is reduced by
omitting one of the transform ed coordinates, a translation to the m ean value
of that coordinate should be m ade to prevent a bias error. The am ount of
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m ean squared error introduced by omitting a com ponent is equal to the
variance of the transform ed component.
Suppose a two-element picture is observed four times to produce the data
points shown in Fig. 3.20a. The first step is to com pute the m ean vector. Since
the distribution is not known, the expected value will be estimated by the
sample mean

1
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- 1

+

+

1

0

1

2

+

3

U

4

1

0
2

Since the mean vector is not zero, the following com putations may be
simplified by subtracting the m ean vector from each data point. This may be
considered as a translation of the coordinates from the original origin to the
centroid of the data. The transform ation is simply
' * i'

-Vi '
y2

'O '
.2 .
*2 .
In the new coordinates the m ean vector is zero and the covariance m atrix is
equal to the scatter matrix. The covariance m atrix will be estim ated by the
sample covariance matrix,
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The correlated nature of the data may be observed by decomposing the
covariance matrix into the product of standard deviation and correlation
matrices
,£y = DRD
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(b )

Figure 3.20 Hotelling transformation: (a) original space, (b) translated to centroid, and (c)
rotated along eigenvectors.

Since the off-diagonal correlation term p 1 2 = l , one should expect that the
representation contains redundancies.
We may now determ ine the eigenvectors and eigenvalues of
by solving
-Al| = 0

or

= 0,

T -*
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which results in the characteristic equation,
A(A —5) = 0.
Therefore, the eigenvalues are A, = 5, A2 = 0. The corresponding eigenvectors
are described by the equations

=5,
A2 =

yi

0,

y2=

y , + y 2=

0.

To preserve structure, the eigenvectors must be normalized to obtain
1

A ,=

V2
1

1
,

A0 =

V2

V2
- 1

V2

_

These basis vectors are indicated in Fig. 3.20c. Note that the direction of
these vectors was selected arbitrarily and that the negative of either could
have been chosen. The transform ation matrix A may now be constructed
from the eigenvectors as

A —[ A ,

A 2] ;

1

1

V2

V2

1

V2

V2

Note that the transform ed values
Z = AY'
have variance com ponents of 5 along the z, axis and 0 along the z 2 axis. Since
A2 = 0, the original data m ay be represented without error by the single
com ponent z,.
Block Transform Example
Due to the large dimensionality of most images, it is often not com puta
tionally feasible to compute the Hotelling transform of the equivalent vector
image. In many cases, a block size is selected and overlapping or nonoverlap
ping blocks of a single image are used to estimate the covariance matrix. This
procedure will be used in the following com puter example in an attem pt to
reduce the dimensionality of the image representation.
Consider the original 8 by 8 image shown in Fig. 3.21a. A quadrant block
size of 4 by 4 was selected and the nonoverlapping quadrants considered as
samples. The equivalent 16-element vectors are shown in Fig. 3.21b. The
m ean vector and covariance m atrix are shown in Fig. 3.21c, d, respectively.
The eigenvalues are shown in Fig. 3.2 le. Note that only three are significant
and that the relative variance contained in the first principle com ponent is
84%, and 95% in the first two components. The relative variance is com puted

3.3

Two-Dimensional Transforms

123

by
m

in

v- i=2i V/ i2- i V
The corresponding eigenvectors are shown in Fig. 3.2If. The optimum m ean
vector is shown in Fig. 3.21g.
Using only the first two principle components to represent the data and
rounding the values to the nearest integer results in the reconstructed array
shown in Fig. 3.2 lh. N ote that only six integer values are in error but that a
dimensionality reduction from 16 to 2 has been obtained.
3 3 .2

Two-Dimensional Fourier Transform

The continuous two-dimensional Fourier transform is defined by the trans
form pair
F(u,v)= f f
*

f ( x , y ) e x p [ —j 2 n ( u x + v y ) ] d xd y ,

— GO

f(x,y)= f f
^

F ( u , v ) e x p [ j 2 n ( u x + v y)] dudv.

— CO

The significance of this transform is enhanced by the physical fact that the
Fourier transform of an image field is equal to the far field or Fraunhoffer
diffraction pattern of the image. For example, the twinkling of a distant light
or star at night is due to the observation of its Fourier transform. This
property also provides the basis for the com putation of the Fourier transform
with an optical system. Several properties of the continuous Fourier trans
form are summarized in Table 3.1. The effects of the operations of linear
com bination, scale change, shift of position, m odulation, convolution, multi
plication, correlation, rotation, differentiation, and integration are described
in the table. For further inform ation one m ay consult the excellent books by
G oodm an (1968), Bracewell (1965), and Papoulis (1969).
In both the continuous and discrete cases, the Fourier transform is a
complex function, that is,
F( u, v ) = R ( u , v ) + j l ( u , v ) ,
where R (u ,v ) and I ( u , v ) are the real and imaginary com ponents and
j = V - 1 . It is often convenient to represent F (u ,v) in terms of its magnitude
| / ’(m,u)| and phase spectrum <p(u,v), where
F(u, v) = | F(u, v) |exp [ j<f>(u, v) ]

| F( u, v) | = [ R 2( u, v) + 1 2( u, v) ] 111,
<f>(u, u) = tan “ 1 [ I(u, v ) / R ( u, v) ].
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Figure 3.21 Block transform example: (a) original data, (b) quadrant data, (c) mean vector, (d) covariance matrix, (e) eigenvalues, (f) eigenvectors,
(g) optimized mean, and (h) reconstructed image.
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Properties of the Fourier Transform

Table 3.1
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Multiplying a spatial function by a discrete complex sinusoid
translates its spectrum to center about the frequencies of the
sinusoid
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Since both photographic film an d the hum an eye respond to the magnitude of
an image field, it is difficult to directly observe the phase spectra. Holo
graphic techniques are, however, based upon recording both the m agnitude
and phase spectra, and either can be easily com puted with digital techniques.
It is now known that the phase spectrum contains most of the inform ation
about the positions of edges in an image (Teschser, 1973).
The two-dimensional discrete Fourier transform (DFT) is defined by the
transform pair
—2 v j (km + In)
N

m=0 n = 0
j

N - 1 N - 1

f(m,n) = — 2
2 F(k,l)exp
iV £ = 0 /=o

277y ( k m + In)
N

A square image of size N by N has been assumed for simplicity and the scale
factor of l / N has been distributed between the forward and inverse trans
forms for symmetry.
The significance of the discrete Fourier transform is enhanced not only by
its use to approximate the continuous transform, but also because it may be
efficiently com puted via the fast Fourier transform (FFT) algorithm. An
im portant m athem atical fact is that the discrete Fourier transform may be
used to determine the eigenvalues of a circulant matrix.
A few of the im portant properties of the discrete Fourier transform are
summarized in Table 3.2. The properties of linearity, shift of position,
modulation, convolution, multiplication, and correlation are completely anal
ogous to the continuous case with the main differences being due to the
discrete, periodic nature of the image and its transform. The other properties,
scale change, rotation, differentiation, and integration, require either inter
polation or a specific numerical algorithm but can be m ade at least approxi
mately analogous to the continuous case.
The kernel function of the discrete transform
exi;p[

— 2777

( k m + In) / V ]

has several interesting interpretations. First, note that it is product separable
into
exp( —iTrjkm / N ) exp( —2-njln / N ).
Each of the factors may be described as solutions to the equation
W N = 1,
which leads to the interpretation of
W km = e x p ( - 2 - n j k m / N )

as a root o f unity. Since there are only N distinct roots of unity, the term Wkm
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Im ag in ary

R eal

Figure 3.22

Phasor diagram illustrating the N roots of unity for jV= 8.

can take on only N distinct values regardless of the integer values of k or m.
These N values m ay be shown on a phasor diagram as illustrated in Fig. 3.22
(Thomas, 1971).
The values of Wkm for the principal values of k and m, i.e.,
k ,m = 0 ,

1,

may be arranged in a matrix as shown in Fig. 3.23. An interesting property of
the matrix is that it is unitary, that is, the inner product of any one column
(row) with the conjugate of any other column (row) is equal to zero unless the
two columns (rows) are identical.
N- 1

k = I,
k¥^l.

It also follows that W - 1 = W * /N. A nother nonobvious property was observed
by G ood (1958): the Fourier m atrix can be factored into the product of 2 n
sparse and diagonal matrices, where n = log 2 N . This observation may be
considered to be the basis of the F F T algorithm.
The matrix formulation m ay also be used to concisely represent the
two-dimensional discrete Fourier transform ation. If the series representation
is rewritten in the form of two consecutive one-dimensional transforms,
N —1

NF(k,l)= 2
m =0

H ( m , l ) e x p ( —2‘! rjkm /N ),
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Figure 3.23 Discrete Fourier transform for N = 8: (a) matrix in reduced form and (b)
phasor representation.

where
N - 1

H(m ,l)= 2

f ( m , r i ) e x p ( —2‘! rjnl/N ).

n = 0

N ote that each of the above equations can be put into the form correspond
ing to matrix multiplication. In general, the matrix product for square
matrices subscripted from 0 to TV—1
A = BC
is com puted by
N—1
®ml

2

n= 0

bmnCnl'

Letting
ami = H ( m , l ) ,

bmn = f ( m , n ) ,

cnl = exp( —Itrjnl / N ) ,

and using the correspondence lead to the matrix relationship
[H] = [ f ] [ W ] ,
where
[H]

= [H{m,l)],

[f] = [f(m,n)],

[ W] = [ e x p ( - 2 j i m l / N ) ] .

Therefore, the com putation of the [H] matrix m ay be considered a postm ulti
plication of the picture matrix by the [ W] matrix or equivalently as com put
ing the D F T of the rows of the picture matrix.
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A similar correspondence m ay be made for the final com putation of the
discrete two-dimensional Fourier transform. Let
ak i~

F(k,l ),

bkm = e x p ( - 2 -n jk m /N ) ,

and

cml = H(rn,l).

The matrix multiplication correspondence now leads to
N [F ]-[W ][H ],
where
J V [ F ] - [ F ( * ,/ ) ] ,

[W] = [exv{-2 * jkm /N )},

[H] = [H{m,l)}.

Therefore, the final transform operation may be considered as premultiplica
tion by the [ W] matrix or equivalently as computing the D F T of the columns
of the interm ediate m atrix [H].
Combining the previous m atrix equations leads to the well-known two-dimensional transform result

Since the matrix [W] is unitary and symmetric, its inverse is equal to its
conjugate and the inverse two-dimensional transform is
[ / ] = A r - 1[ P F * ] [ F ] [ W*].

Two-Dimensional Fourier Transform Example
The following numerical example illustrates some of the interesting num eri
cal problems associated with the Fourier transform computation.
Consider the real valued 8 by 8 image array shown in Fig. 3.24a. The image
represents a bright spot. W hen considered as a periodic array the N o rth South edge has a smooth transition but the E ast-W est edge has a sharp
change.
The first step in the two-dimensional Fourier transform com putation using
many of the available algorithms is to form a complex image array as shown
in Fig. 3.24b. This step doubles the storage requirement and is eliminated in
some algorithms. The next step is the com putation of the complex Fourier
transform as shown in Fig. 3.24c. N ote that the D C value term of 259/8
occurs at the origin of the array, and that the largest m agnitude terms occur
at the comers. To produce an origin centered Fourier transform , which
corresponds to optically com puted transforms and simplifies filtering opera
tions, it is necessary to include another com putation.
Using the shift property of the discrete transform, it is easily shown that if
the image array is m ultiplied by the factor ( —\),+j,

As shown in Fig. 3.24d, then the new transform will be centered at ( j N , \ N),
F(k, I) = F ( k + 5 N, I + \ N ) .
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array; and (b) input data, real-valued
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Figure 3.24 Two-dimensional Fourier transform
image considered as a complex array.
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The result of this com putation is shown in Fig. 3.24e. N ote that the average
value term is now at point (4,4). Also note that this term is real valued.
Herm itian or conjugate symmetry about the origin may also be observed.
Finally, it is interesting to observe the m agnitude of the terms on the
horizontal and vertical axes through the origin. Since the image array had a
smooth edge transition in the N orth-S outh boundaries, the N orth-S outh
frequency axis values are relatively small. However, the sharp East-W est
boundary in the image has produced large magnitude values along the
E ast-W est frequency axis as a result of the periodicity inherent in the
sampled transform.
The inverse Fourier transform of the nonorigin centered array is shown in
Fig. 3.24f. This array m ust be converted back into a real-valued integer array
to m atch the original image. Although the accuracy of the algorithm is on the
order of 1 0 ” 6, round off error occurs as indicated by the negative signs in
Fig. 3.24f, which are the result of negative num bers less than 10“1.
If the original sequence is cyclically shifted one unit in the horizontal
direction, as shown in Fig. 3.24g, the transform, shown in Fig. 3.24h, has the
same magnitude spectrum but a different phase spectrum.
3.3.3

Walsh-Hadamard Transform

The matrix factorization which led to the fast Fourier transform algorithm
can be extended to several other classes of matrices which may be expressed
as products of G ood matrices or as Kronecker products. For example the
W alsh-H adam ard and the H aar transforms may be implemented via fast
algorithms (Andrews and Casparie, 1970). The W alsh-H adam ard transform
is characteristic of this class and will now be described. This transform has
been found useful in image coding, pattern recognition, and in sequency
filtering.
Fourier analysis may be described as the representation of a function by a
set of orthogonal sinusoidal waveforms. The coefficients of this representa
tion are called frequency com ponents and the waveforms are ordered by
frequency. If one chooses to represent the functions by the orthogonal Walsh
functions, which are square waves, a completely analogous spectral analysis
may be performed with a simple computation. The Walsh functions may be
ordered by the num ber of zero crossings or sequency, and the coefficients of
the representation m ay be called sequency components. The com putational
simplification arises from the fact that the W alsh functions are real rather
than complex and furtherm ore only take on the values ± 1 .
Let us first briefly consider the historical foundation. Radem acher (1922)
described a set of orthonorm al square wave functions, which are illustrated in
Fig. 3.25. Although orthonorm al, this set of functions is not complete, that is,
cannot be used to represent an arbitrary function. Walsh (1923) introduced a
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R 0 (X )
R ,( X )

R2(X)

rj «>

~ L n _ n _ r L

R<™IfUUIilfUlTL
Figure 3.25

First five Rademacher functions. [From Ahmed and Rao (1975).]

complete set of orthonorm al square wave functions which are illustrated in
Fig. 3.26. Walsh functions are defined on the interval 0 < x < 1 by an iterative
relationship
<*>0 ( x ) = l ,

<>n(X) =

x > 4<t>[n/2 ](2 x),

X<\

<#>[ n / 2]( 2 x — 1 ),

X >

" <#>[n/2](2x — 1),

x>

n odd
5

,

n even

where [n / 2 ] is the integer part of n / 2 . The first two functions, <j>0 (x) and
<P,(x), m ay be considered to be the fundam ental even and odd functions
about x = j . Successive functions are generated in even an d odd function
pairs. F or n = 2 , (f>2 (x) is formed by compressing <pt(x) into the first half of the
interval and —<^>,(x) into the second half, resulting in an even function about

0 „(X) --0 1 (X)----

0 2(X )-----03<X ) -----0 4<xi -"-I

1

05 fx>

F U

^ ix) —\: n
07<X)
Figure 3.26

1—

F
L

F H ~

^ T U IT L

First eight Walsh functions. [From Ahmed and Rao (1975).]
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x - \ . For n = 3, <#>3 (x) is form ed by compressing 4 >i(x) into the first half and
into the second half, resulting in an odd function. H arm uth (1972) has
developed terminology for the Walsh functions analogous to that for the
sinusoidal functions. The pairing of even and odd functions termed cal and
sal, respectively, is analogous to the cosine and sine functions. The property
analogous to frequency is half the num ber of zero crossings in the interval.
The sequency of a Walsh function is sometimes defined to be one-half the
num ber of zero crossings, which is analogous to the frequency of a sinusoidal
function if the zero crossing at the left side of the interval is counted but not
the one at the right side. However, an im portant property of the Walsh
functions is that they can be ordered by the num ber of zero crossings in the
open interval (0 , 1 ), and sequency will be used to describe this property.
A set of discrete W alsh functions may be developed by sampling the
continuous functions at equispaced points in the interval [0,1], The num ber of
samples should be a power of 2 to preserve the even and odd function pairing
and to permit a sample in each function interval. If the Walsh functions with
num ber of zero crossings less than or equal to 2” —1 are sampled at N = 2"
uniformly spaced points, a square matrix is produced as illustrated in Fig.
3.27 for jV = 8 . These matrices are orthogonal and the rows are ordered with
increasing num ber of zero crossings. Except for the ordering of the rows, the
discrete Walsh matrices are equivalent to the H adam ard matrices of rank 2",
(Harm uth, 1972). A H adam ard matrix H is an orthogonal matrix with
elements of value + 1 and —1 only. For n greater than 2, it is known that if a
H adam ard matrix of rank n exists, then n = 4m, where m is an integer. Since
the W alsh-H adam ard matrix is orthogonal, the column vectors form a basis
vector set. The two-dimensional W alsh-H adam ard basis matrices for N = 8
are shown in Fig. 3.28. H adam ard matrices are easily constructed for N = 2"
by the following procedure. The order N = 2 H adam ard m atrix is
1

H,

1

1
- 1

The H adam ard matrix of order 2 N may be generated by the Kronecker
product operation:
H/v
H„
^ 2N ~
Hjv —Hjv
Wal
Wal
Wal
Wal
Wal
Wal
Wal
Wal

Figure 3.27

(O.n)
(1 .n)
( 2 . n)
O.n)
(4 .n)
( 5 . n)
(6 . n )
( 7 . n)

1 1 1 1
1 1 1 1

1 1 1 1
1 -1

-1

-1

1-1-1
1 -1 -1 1

1
1 1 1
1 1 -1 -I
1-1-1
1

1-1-1
1
1-1

1 1 - 1 1

1

1-1

1 1 1 -1
1-1

1-1

Discrete Walsh matrix for N = 8. [From Ahmed and Rao (1975).]
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Wal (7,y)

Wal ( 6 ,y)
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Wal (4,y)

Wal (3,y)

Wal (2,y)

1

1

■ i ■ ii 1 1
mi
■ i ii i ■ 1 1 1 1 1 1
■ i ■ i i 1 1 i i i i ■i
pi i i i ■ 1 1 1 1 m
■i i

in

ii

Wal (l,y )

Wal ( 0 ,y )ty

0^1

£
Figure 3.28 Two-dimensional W alsh-Hadamard basis matrices for N = 8. Black represents
+ 1/ N and white represents —\ / N . [From Harmuth (1972).]

The sequency interpretation introduced by H arm uth for W alsh functions may
be related to the elements of the H adam ard m atrix by considering the rows to
correspond to rectangular waves ranging between ± 1 with a subperiod of
1/ N units. In the construction given, each zero crossing num ber between 0
and N — \ will appear in a “natural” rather than ordered m anner in the rows
of the matrix.
Since the H adam ard m atrix of order N = 2n m ay be generated from the
order 2 core matrix it is not necessary or desirable to store the entire matrix.
R ather one may store an algorithm for generating the general element of the
matrix.
The element located in row i and column j of H N may be expressed as the
product of n appropriate elements of the core matrix. Furtherm ore, note that
if the elements of the core m atrix H2 are addressed by a binary row index i
and column index j , then the element value is given by

where i ,j = 0

h 20 ' J ) = ( - ! ) " >
or 1 , and the product operation may be taken to be logical
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“and” or arithmetic multiplication. Similarly, if the elements of the H4 matrix
are addressed by the binary representations
i = i \h>
the matrix elements are given by

j= j\jn

H4(/\y) = ( — l)'V l0 '^ ,

where © indicates m odulo 2 addition. By induction it is easily shown that if
the matrix elements are addressed by their binary representations
'=
j= j\jl---jn»
then the element in row i and column j is given by
n

M i j M - i n

where p = £

ikj k

k=1

and modulo 2 addition is used. Therefore any element, row, or column may
be easily generated without storing the entire matrix.
The W alsh-H adam ard m atrix is also easily generated in sequency ordered
form. The element in row i and column j is given by
M u )= (-ir,
where
n

?=

2
gkiOJi
k= 1

and
2 i( 0

= »„>

g 2 ( ' ) = L ©*„-!>
f t( 0

= * « - l© * ,- 2 .

= »2 © I'lThe two-dimensional W alsh-H adam ard transform of order N = 2n may
therefore be based on the normalized W alsh-H adam ard matrix
& ,( 0

H = N ~ 1/ 2 Hn ,
and may be defined in matrix form as
F = H [/ ]H .

Since the H matrix is symmetric and orthogonal, the inverse transform ation is
simply given by
[/] = hfh.

The sequency ordered W alsh-H adam ard transform of the test image is
shown in Fig. 3.29. Each W alsh-H adam ard transform may be considered to
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Figure 3.30 (a) Shifted test images, (b) corresponding W alsh-H adam ard transform, and (c)
inverse Hadamard transform.

be the summed product or nonnorm alized correlation of the corresponding
basis matrix and the original image. Thus, the (1,1) element may be interpre
ted as the average value, the (2 , 1 ) element as the correlation with a single step
horizontal edge, element ( 1 , 2 ) as the correlation with a single step vertical
edge, element (3,1) as the correlation with a horizontal line, etc. The trans
form of the shifted image is shown in Fig. 3.30. N ote that this transform is
not invariant to circular shifts. It is invariant to dyadic shifts (Ahm ed and
Rao, 1975).
3.3.4

Haar Transform

The H aar transform is based on a class of orthogonal matrices whose
elements are either 1, —1, or 0 multiplied by powers of V2 . The orthonorm al
H aar transform is another com putationally efficient image transform. The
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transform of an /V-point vector requires only 2 ( N — 1) additions and N
multiplications. The H aar matrix for TV= 8 is shown in Fig. 3.31. N ote that
the product of the H aar m atrix with a vector results in a rough coarse-to-fine
sampling. The first element gives the mean value of the components. The
second results in an average difference of the first ^ N components and the
second \ N components. The remaining elements of the product measure
adjacent differences of data elements taken four at a time or two at a time.
Since these terms depend only on local properties of the data, the H aar
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Figure 3.32

Two-dimensional Haar basis matrices for N = S . [From Harmuth (1972).]
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Figure 3.33

Haar transform of test image.

transform may be called both locally and globally sensitive in contrast to the
Fourier and W alsh-H adam ard, which are globally sensitive.
The H aar transform of an image may be com puted by
[ F ( W,t; )] = 7 V -1H [/ (x ,j)] H ,

and the inverse transform by

[f(x,y)]

= 7 V ” 1H [ jF(m,u)]H,

where the H aar m atrix is obtained by sampling the set of H aar functions.
The two-dimensional basis matrices for TV= 8 are shown in Fig. 3.32. The
H aar transform of the test image is shown in Fig. 3.33. Each of the transform
coefficients may be considered proportional to the correlation of the image
and the corresponding basis matrix.
3.3.5

Slant Transform

The slant transform was introduced by Enom oto and Shibata (1971) as an
orthogonal transform containing sawtooth waveforms or “slant” basic vec
tors. The slant m atrix is constructed so that it is orthogonal, has a constant
basis vector, a slant basis vector that is monotonically decreasing in constant
steps from maximum to minimum, has the sequency property, and has a fast
com putational algorithm. Let S N denote the N b y N slant matrix with N = 2".
Then

The S 4 matrix is obtained by the following operation:
1

0

1

0

a

b

—a

b

0

1

0

a

b

-b

- 1

a

"
S2

0

0

s2
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*(N/2)-2

—

:

I(

0

:

S N /2

b N

Slant matrix recursive relationship. [From Ahmed and Rao (1975, p. 166).]

The requirement of uniform step size leads to the condition
a = 2 b.
The orthogonality condition requires that
b= 1/V 5 .
Therefore the S 4 m atrix becomes
1

1

- 1

-3

V5

V5

1

V5
- 1
-3

V5

V5

V5

S 4=

1

- 1

1

3

- 1

V5

V5

N ote that S 4 does have the sequency property; the rows are ordered by the
num ber of sign changes. The general form of the recursive relation between
the slant matrix of order N and N — 1 is shown in Fig. 3.34, where l„
represents a n X n identity m atrix and 0 is a zero matrix. The constants aN and
by may be com puted from the relations
3N
a 2N ~

1/2

N 2- 1

2

4 N 2- l

bjN ~

A N 2— 1

1/2

# = 2 ,3 ,4 ,.

A fast com putational algorithm is a consequence of the matrix factoriza
tion in the definition of the slant matrix.
The slant transform of an image may be com puted by
F = S [ / ] S '.

The inverse transform is given by
[ / ] = S 'F S .

The slant matrix for # = 8 is shown in Fig. 3.35a. The slant transform of the
sampled image is shown in Fig. 3.35b.
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Figure 3.35
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(a) Slant transform matrix for N = & and (b) slant transform of sample image.

Discrete Cosine Transform

The discrete cosine transform (DCT) consists of a set of basis vectors that
are sampled cosine functions. The transform m atrix C may be written
c - N - l' 2 [Cu ],
where
1=0

1,

Q / —■ V 2

r

( 2 k + l) fa
cos
2N
’

k = 0 , l , . . . , N — l,
/ = 1 ,2 ,..., TV— 1.

and

The basis vectors of the D C T are related to a class of discrete Chebyshev
polynomials (Ahmed and Rao, 1975), which are orthogonal polynomials.
Thus, the DCT is an orthogonal transform. A fundam entally im portant
property of the D C T is that its basis vectors are directly related to the
eigenvectors of a corresponding Toeplitz matrix. The D C T may also be
com puted with a fast algorithm. In fact, all N coefficients of the D C T m ay be
com puted using a 2N point FFT.
The two-dimensional DCT m ay be defined as
[ F( u, v )]

= C [/(x ,.y )]C '

[ f { x >y)]

= C '[F (m ,u )]C .

and the inverse transform

The D C T matrix for N = 8 is shown in Fig. 3.36a. The discrete cosine
transform of the sample image is shown in Fig. 3.36b.
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Figure 3.36 Discrete cosine transform.
[From Ahmed and Rao (1975, p. 178).]

3.3.7

Matrix for N

= 8 and

(b) DOT of test image.

Number Theoretic Transform

The discrete Fourier transform com puted via the F F T has greatly ex
panded the applications of digital signal processing. For image processing the
am ount of data is so large that improvements in accuracy and speed are still
welcomed. Such improvements are indeed possible as will be shown in this
section concerning num ber theoretic transforms (NTT) or finite field trans
forms. This new concept that has evolved uses only integer arithmetic,
promises zero round off error, has an efficient algorithm, and can compute
convolutions.
Pollard (1971) defined fast Fourier transforms on a finite field and on a
finite ring of integers. R ader (1972) defined transforms over residue classes of
integers modulo either a M ersenne prime or Ferm at prime. Agarwal and
Burrus (1975) extended R ader’s transform for Ferm at primes for implement
ing fast digital convolution. Reed and Truong (1976) generalized the m ethod
to transform over the Galois field G F ( p 2), where p is a M ersenne prime, and
to complex integers. The num ber theoretic transform has also been applied to
two-dimensional filtering by R ader (1975) and to image processing and
reconstruction from projection by Kwoh (1977). Before introducing this
transform, it is useful to review some basic concepts of m odular arithmetic. A
more detailed discussion may be found in books on num ber theory such as
those by Szabo and Tanaka (1969) and Young and Gregory (1973).
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Two integers n and m are said to be congruent modulo M if
n = m + kM ,
where k is some integer and M is called the modulus. This relation is usually
written
n=m

(m odM ).

All integers are congruent m od M to some integer in the set Z M,
Z M = (0,1,2,

—1 }.

This set
of integers under addition and multiplication m odM constitutes
a finite commutative ring. If, in a ring of integers, multiplicative inverses exist
for all nonzero integers, the ring becomes a field. It can be shown that Z M
under addition and m ultiplication m odM is a field if and only if M is a
prime. A field with a prime num ber of elements p is called a Galois field
G F (p). A n excellent brief history of Galois’ work may be found in Kram er
(1970).
Some examples of basic arithm etic operations which are permissible with
m odular arithmetic will now be given (Agarwal and Burrus, 1975):
(1) Addition: 5 + 4 = 9 = 2 (m od7).
(2) Negation: —5 = —5 + 7 = 2 (m od7).
(3) Subtraction: 9 —5 = 9 + ( —5) = 9 + 2 = 4 (mod7).
(4) M ultiplication: 9 x 5 = 45 = 3 (m od7).
(5) Multiplicative Inverse: 3 “ ' = 5 (m od7). The multiplicative inverse of
an integer n in
exists if and only if n and M are relatively prime (have no
common divisor), in that case the inverse n ~ 1 is an integer such that
n X n ~ l = 1 (m odM ).
(6 ) Division: 5 /3 = 5 X 3 _ 1 = 5 X 5 = 4 (m od7). The quotient n / m exists
if and only if m has an inverse. In that case n / m = n X m ~ \
To extend residue arithm etic to transforms and convolutions, let us briefly
look at the regular D F T structure
N —l

H«) =

2

f ( * ) r ux,

x =0

where r is a root of unity of order N,
r N= 1 .
The corresponding root of unity concept for m odular arithm etic is based
upon Euler’s <j>function and Euler’s theorem.
Euler’s <f>function <j>(M) is defined as the num ber of integers in Z M that are
relative prime to M. If M is a prime, then e/>(M) = M —1. If M is a composite
and represented in prime factored form as
M = p ? 'p ? - ■-pp,
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then the general expression for «/>(M) is
<*>(M) = M(1 - l / p i ) ( l - l / p 2) - - - ( l - 1M ) .
Euler’s theorem states that for every num ber r which is relatively prime to M
) rr= |

(m odA /).

If M is prime, this reduces to F erm at’s theorem
r M~ i = l

(m odM ).

If N is the least positive integer such that
rN=

(m odM ),

1

then r is called a root o f unity o f order N.
The existence of a discrete Fourier-like transform will now be given in the
form of a theorem (Agarwal and Burrus, 1975).
Theorem. A length-yV transform having the D F T structure given below
will implement cyclic convolution if and only if there exists an inverse of N
and an element r which is a root of unity of order N. The transform pair is
given by
N —1

F(" ) = 2

N - 1

f ( * ) r ux,

f(x) = N ~' 2

x =0

F ( u ) r ~ ux,

u=0

and
rN=

1

(m odM ).

The circular convolution property ensures that the convolution of two
finite seq u en ces/(x ) and h(x) can be obtained as the inverse transform of the
product of the transforms. If
N -l

F(u)=

2

x=0

N - 1

f ( x ) r ux,

H(u)=

2

h ( x ) r ux,

and

G(u) = F( u) H( u) ,

x=0

then the inverse transform of G(u),
N -l

g(x) = N ~ ' 2

G ( u ) r ~ ux,

M =0

is exactly equal to the convolution

#(•*)= 2 f { y ) K x ~y)>
y =0

where ( x —y ) denotes ( x —y ) mo&N.
Let us now consider an example to illustrate the steps in the fast num ber
theoretic (FN T) convolution. Consider the N = 4 point sequences whose
circular convolution is desired:

f=(2, —2,1,0),

h = (l,2,0,0).
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Let the prime be given as a F erm at num ber of the form 2* + 1, b = 2 ‘, with
t = 2, i.e., M = 2 4+ 1 = 17. The root of unity r = 4 will also be considered given.
As a check note that
44= 1 (m od 17).
The transform m ay be written in m atrix form as
F = Tf,

where the matrix T is given by

T=

1

1

1

1

1

4
42
43

42
44
46

44(
4'

1
1

Using m odular arithm etic T can be reduced to
1

1

4
16
13

16

13
16
4

1

16

(m od 17).

The transform of f can now be com puted as

F=

1

1

1

4
16
13

16

13
16
4

1

16

18
78 _
243
213

2
- 2

1
0

1
10

5
9

(m od 17).

Similarly, the transform of h can be com puted to be
H = (3 ,9 ,16,10)'

(m od 17).

The product of the transform s is therefore
G = (3,90,80,90) = (3,5,12,5)

(m od 17).

To compute the inverse transform m atrix T -1 first note that
4 - 1 = —4

(m od 17).

The inverse transform ation m atrix is given by

T -'= 4 “

1

1

1

1

1

4“ 1
4~ 2
4~ 3

4~ 2

4~ 3

4 -4

4 -6

4 -6

4“

1
1

9

which reduces to

T - * = 13

1

1

1

13
16
4

16

4
16
13

1

16

(m od 17).
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Therefore, the inverse transform of G can be com puted to be
g = (2,2,14,2)

(m od 17).

This result may be compared with the direct com putation. For example, the
first convolution element is

[2 - 2

1 0]

The total direct convolution vector is (2,2, —3,2), which compares with the
transform -com puted g when we note that 14—1 7 = —3. This example has
illustrated the structure and com putation of the transform matrices and
integer computation. The m ethod of scaling to and selection of primes will
now be considered.
In the use of the num ber theoretic transform, three param eters must be
chosen: M, N, and a. N ote that the prime num ber M must, of course, be
greater than the integers encountered in the data sequences f and h. For
convolution, M m ust also be greater than the convolution values f*h. If the
sequences f and h are in the range
A <f,h<5,
then it is shown by Reed et al. (1977) from considering the probability of
overflow that to keep the circular convolution in the interval

then
AB = 6 ( M - \ ) / a V N .
F or example, suppose that the sequence f is represented by a A'1-bit signed
binary number, and sequence h is represented by a AT2-bit signed binary
number. Then
A = 2 - 2 k ' = 2k ' + \

B = 2-2 * 2 = 2* 2 + 1

and
A - B = 2k ' +ki +2 = 6 ( M - 1 ) / cxV N .
If N = 2s, a = 3, and M = 4 5 x 2 2 9 + 1 , then
2Kt+K2c^ 2 7’0
and therefore K x + K 2 = 30 bits with a small probability of overflow. The
selection of the param eters therefore depends upon the binary representations
of the data sequences. Further constraints are given by the existence of
primes and com putation word length. A table of primes and a com puter
program for num ber theoretic convolution on a PDP-10 com puter may be
found in Kwoh (1977).
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The two-dimensional num ber theoretic transform is similar to the twodimensional FFT, since the transform kernel is product separable. The
transform may be written in the series form
n

F(u,v)=

, - 1

JV2 — 1

2

2

x=0

y=0

f(x,y)r'rr?.

The inverse transform is given by
jVj —1 JV2—1
f ( x , y ) = N l ~ lN 2- ' 2
2 F ( u , v ) r r xr r y u=0

v=0

Let us consider the following param eters. For image processing, the picture
sizes N t and N 2 are generally powers of 2 such as 256, 512, or 1024. Also, the
num ber of bits to represent gray levels in a picture f is 8 or less. Also, assume
use of the PDP-10 computer, which has a word length of 36 bits. F urther
more, let us assume that N x= N 2 = N = 2" and rx= r2 = r. Now let us consider
the constraints on the param eters N , r, and the prim e M .

(a)

(b)

(c)
Figure 3.37 Example of the N T T : (a) original picture, (b) NTT transform, and (c) picture
resulting from inverse NTT transform of (b). [From Kwoh (1977).]
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The largest prim e num ber of the form M = K 2 n + \ which fits the 36-bit
word length excluding the sign bit is
M = 45-2 2 9 + l .
By Ferm at’s theorem
2 45’229= 1

(m odM ),

since
( 2 45) 229 = 2 45’229.
Therefore, the root of unity of order N = 2k is given by
r = 245'229

4

(m odM ),

where 0 < k < 2 9 . Therefore, a variety of roots and transform sizes are avail
able. The com putation is described more completely by Kwoh (1977).
A pictorial example from Kwoh (1977) is shown in Fig. 3.37. A test image
was constructed using a 512 by 512 array with 8 bits of intensity at each
element as shown in Fig. 3.37a. The two-dimensional N T T of the test picture
is shown in Fig. 3.37b. The original picture was then recovered exactly by
taking the inverse two-dimensional N T T of Fig. 3.37b and is shown in
Fig. 3.37c.

Bibliographical Guide
Representing images and scenes mathem atically is the im portant first step
in com puter analysis. Three-dimensional transform ations an d homogeneous
coordinates are described in the paper by Roberts (1962) and the books by
Newm an and Sproull (1973), D uda and H art (1973), Rogers and Adams
(1976), and Giloi (1978).
The sampling theorem is described by Papoulis (1969) and Pearson (1975).
Q uantization m ethods are given by Panter and Dite (1951), M ax (1960),
Panter (1965), and P ratt (1970). Interpolation techniques are described by
Pearson (1975) and Sperling (1971).
A computer image may be considered as a m atrix or equivalent vector. The
relationship between the m atrix and vector representation is described by
Pratt (1975). An excellent discussion of m atrix representations is given by
Andrews and H unt (1977).
Orthogonal transform ations are described in the books by H arm uth (1972)
and Ahm ed and R ao (1975). The Hotelling or K arhunen-L oeve transform a
tion may be found in the original works of Hotelling (1933) and K arhunen
(1947) and Loeve (1948). M odern treatm ents are given by Fukunaga (1972)
and Ahm ed and Rao (1975).
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The continuous Fourier transform and its properties are described by
Bracewell (1965), G oodm an (1968), and Papoulis (1969). The discrete Fourier
transform and the fast Fourier transform are described by Cooley and Tukey
(1965) and Ahm ed and Rao (1975).
The W alsh-H adam ard and H aar transform s were developed from consid
erations by Radem acher (1922) and W alsh (1923) on orthogonal square wave
functions. M odem descriptions are given by Andrews and Casparie (1970),
H arm uth (1972, 1977), and Ahm ed and Rao (1975).
The slant transform was introduced by Enom oto and Shibata (1971) and is
described by Ahm ed and Rao (1975), as is the discrete cosine transform.
The num ber theoretic or finite field transform s are described by Pollard
(1971), R ader (1972), Agarwal and Burrus (1975), Reed and Truong (1976),
Kwoh (1977), and Reed et al. (1977). The required background may be found
in the books by Szabo and T anaka (1969) and Young and Gregory (1973).

PROBLEM S
3.1

Given the unit cube described by its vertex coordinates (000,001,010,
,111}
(a) determine the orthographic projection on the plane described by x = 4.
(b) determine the perspective, projective transform ation on the plane
described by z = 4 with the camera lens center located at ( \ , |,2 ).
3.2 For the 8 by 8 image shown below determine:
(a) the discrete Fourier transform,
(b) the W alsh-H adam ard transform,
(c) the H aar transform,
(d) the slant transform,
(e) the discrete cosine transform,
(f) the num ber theoretic transform.
N ote that the example image given in Fig. 3.21a may be used as a test case.
b a s ic language com puter programs may be used.
0 1 1 , 10 0 , 1 0 1 , 1 1 0
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Test image
3.3 An im portant property of the discrete cosine transform (DCT) is that its
basis vectors closely approxim ate the eigenvectors of a class of matrices called
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Toeplitz (Ahmed and Rao, 1975, p. 171). Determ ine the eigenvectors of the
Toeplitz matrix T given below and compare those with the basis vectors of the
N = 8 DCT.
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References
Agarwal, R. C., and Burrus, C. S. (1975). Number Theoretic Transforms to Implement Fast
Digital Convolution. IE E E Proc. 63 (April), 550-560.
Ahmed, N., and Rao, K. R. (1975). “Orthogonal Transforms for Digital Signal Processing.”
Springer-Verlag, Berlin and New York.
Andrews, H. C., and Casparie, K. (1970). Orthogonal Transformations. In “Computer Tech
niques in Image Processing,” pp. 73-103. Academic Press, New York.
Andrews, H. C., and Hunt, B. R. (1977). “Digital Image Restoration.” Prentice-Hall, Englewood
Cliffs, New Jersey.
Bracewell, R. N. (1965). “The Fourier Transform and Its Application.” McGraw-Hill, New York.
Cooley, J. W., and Tukey, J. W. (1965). An Algorithm for the Machine Computation of Complex
Fourier Series. Math. Computat. 19 (April), 297-301.
Duda, R. O., and Hart, P. E. (1973). “Pattern Classification and Scene Analysis.” Wiley, New
York.
Enomoto, H., and Shibata, K. (1971). Orthogonal System for Television Signals. Proc. 1971
Symp. Appl. Walsh Functions, Hatfield Polytechnic, Hatfield, Hertfordshire, England, pp.
11-17.
Fukunaga, K. (1972). “Introduction to Statistical Pattern Recognition.” Academic Press, New
York.
Giloi, W. (1978). “Interactive Computer Graphics.” Prentice-Hall, Englewood Cliffs, New Jersey.
Good, I. J. (1958). The Interactions Algorithm and Practical Fourier Analyses. J. R. Stat. Soc.,
Ser. B 20, 361.
Goodman, J. W. (1968). “Introduction to Fourier Optics.” McGraw-Hill, New York.
Harmuth, H. F. (1972). “Transmission of Information by Orthogonal Functions.” SpringerVerlag, Berlin and New York.
Harmuth, H. F. (1977). “Sequency Theory— Foundations and Applications.” Academic Press,
New York.
Hotelling, H. (1933). Analysis of a Complex of Statistical Variables into Principal Components.
J. Educ. Psychol. 24, 417-441, 498-520.

References

157

Karhunen, K. (1947). Uber Lineare Methoden in der Wahrscheinlich Keitsrechnung. Ann. Acad.
Sci. Fenn., Ser. A 137. (Engl, transl. by I. Selin. On Linear Methods in Probability Theory.
T-131, RAND Corp., Santa Monica, California, 1960.)
Kramer, E. E. (1970). “The Nature and Growth of Modem Mathematics.” Hawthorn, New York.
Kwoh, Y. S. (1977). “Application of Finite Field Transforms to Image Processing and X-Ray
Reconstruction.” Ph.D. thesis, Univ. of Southern California, Los Angeles January (unpub
lished).
Loeve, M. (1948). “Functions Aleatories de Seconde Ordre,” Ch. 8, pp. 299-352. Hermann, Paris.
Max, J. (1960). Quantizing for Minimum Distortion. IR E Trans. Inf. Theory 6, 7-12.
Newman, W. M., and Sproull, R. F. (1973). “Principles of Interactive Computer Graphics.”
McGraw-Hill, New York.
Panter, P. F. (1965). “Modulation Noise and Spectral Analysis Applied to Information Transmis
sion.” McGraw-Hill, New York.
Panter, P. F., and Dite, W. (1951). Quantizing Distortion in Pulse-Count Modulation with
Nonuniform Spacing of Levels. Proc. IR E 39 (January), 44-48.
Papoulis, A. (1969). “Systems and Transforms with Applications to Optics.” McGraw-Hill, New
York.
Pearson, D. E. (1975). “Transmission and Display of Pictorial Information.” Wiley, New York.
Pollard, J. M. (1971). The Fast Fourier Transform in a Finite Field. Math. Computat. 25, No. 114,
365-374.
Pratt, W. K. (1970). Image Coding. In “Computer Techniques in Image Processing,” pp.
135-179. Academic Press, New York.
Pratt, W. K. (1975). Vector Formulation of Two Dimensional Signal Processing Operations,
Comput. Graphics Image Processing 4, No. 1, 1-24.
Rademacher, H. (1922). Einige Satze von Allegemeinen Orthogonal-Fiinkeionen. Math. Ann. 87,
122-138.
Rader, C. M. (1972). Discrete Convolution via Mersenne Transforms. IE E E Trans. Comput.
C-21, No. 12, 1269-1273.
Rader, C. M. (1975). On the Application of Number Theoretic Transforms for High Speed
Convolution to Two Dimensional Filtering, IE E E Trans. Circuit Theory, CAS-22, 575.
Reed, I. S., and Truong, T. K. (1976). Convolutions over Residue Classes of Quadratic Integers.
IE E E Trans. Inf. Theory IT-22, No. 4, 468-475.
Reed, I. S., Kwoh, Y. S., Truong, T. K., and Hall, E. L. (1977). X-Ray Reconstruction by Finite
Field Transforms. IE E E Trans. Nucl. Sci. NS-24, No. 1, 843—849.
Roberts, L. G. (1965). Machine Perception of Three Dimensional Solids, in “Optical and
Electro-Optical Information Processing” (J. T. Tippet, ed.). M IT Press, Cambridge,
Massachusetts.
Rogers, D. F., and Adams, J. A. (1976). “Mathematical Elements for Computer Graphics.”
McGraw-Hill, New York.
Sperling, G. (1971). Flicker in Computer-Generated Visual Displays: Selecting a CRO Phosphor
and Other Problems. Behav. Methods Instrum. 3, No. 3, 151-153.
Szabo, N. S., and Tanaka, R. I. (1969). “Residue Arithmetic and Its Applications to Computer
Technology.” McGraw-Hill, New York.
Tescher, A. G. (1973). The Role of Phase in Adaptive Image Coding. Ph.D. thesis (Electr. Eng.),
Univ. of Southern California, Los Angeles, December (unpublished).
Thomas, J. C. (1971). Phasor Diagrams Simplify Fourier Transforms. Electron. Eng. October, pp.
54-57.
Walsh, J. L. (1923). A Closed Set of Orthogonal Functions. Am. J. Math. 55, 5-24.
Young, D. M., and Gregory, R. T. (1973). “A Survey of Numerical Mathematics,” Vol. 2.
Addison-Wesley, Reading, Massachusetts.

4

Image Enhancement
and Restoration

4.1

Introduction

Image enhancem ent and restoration techniques are designed to improve the
quality of an image as perceived by a human. In recent years enhancement has
come to describe those techniques that work well as judged by hum an
observers even though the mathem atical criteria are not completely under
stood. F or example, rectification of a geometrically distorted image produces
an obvious improvement in quality to a hum an observer. N o objective
measure of this quality improvement has yet been discovered. Image restora
tion is applied to the restoration of a known distortion for which an objective
criterion can be applied.
This chapter may be divided into two parts, the first concerned with
enhancem ent techniques, while the second adds a certain m athematical rigor
in the consideration of restoration methods. C ontrast enhancem ent tech
niques are described in Section 4.2. Very effective techniques require only
simple piecewise linear or nonlinear transformations. A novel technique,
which is based upon a m apping of the gray levels to achieve a uniform
distribution, is next considered. The generalization of this m ethod to permit
the specification of the enhanced image histogram is also considered. G eo
metric rectification methods are considered in Section 4.3. Two basic ap
proaches to this problem are considered as well as certain problems in the
subtraction of images. Edge enhancem ent techniques are considered next in
Section 4.4. Both spatial and frequency dom ain methods are considered.
Noise smoothing methods are described in Section 4.5. These techniques are
effective for reducing the effects of random noise but also degrade the edge
content of an image. The final enhancem ent topic, which is considered in
Section 4.6, is the problem of m atching the visual system response. Certain
simplified models for image enhancem ent can be suggested by considering
the known structure of the visual system.
Image restoration is the topic for the remaining sections. The basic restora
tion problem is considered in Section 4.7 and the space invariant and variant
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systems are differentiated. The restoration problem is considered in terms of
estimation in Section 4.8 and several well-known matrix solutions are re
viewed. The solutions given involve very large matrices that cannot be easily
solved using standard methods. Several frequency dom ain solutions are
described in Section 4.9, which are based upon circulant matrices and which
may be implemented via the fast Fourier transform . Im portant filter solutions
are described. The final restoration methods considered are directed toward
m otion restoration. The general problem is considered and a special tech
nique described for restoring space variant degradation through a com bina
tion of geometric transform ations and space invariant restoration.

4.2

Contrast Enhancement

In Chapter 2, the psychovisual properties of vision and the concepts of
lum inance and contrast sensitivity of the hum an were reviewed. W e will now
draw upon these relations to define contrast for an image function and to
describe com puter methods for contrast enhancement.
C ontrast generally refers to a difference in lum inance or gray level values
in some particular region of an image function. If we assume that the values
of / ( x ,y ) correspond to lum inance values at the point (x,y), then we imply
that it is a real-valued, nonnegative function, since light intensity cannot be
negative. The range of / ( x , y ) will be assumed to be finite, i.e., [ m , M], and
large values of / ( x , y ) will correspond to bright points.
A reversed situation arises when considering photographic transparencies,
if the image function values are directly related to optical density. Recall that
the film intensity transm ittance function t(x,y) was defined as the local
average of the ratio of light intensity transm itted to the intensity incident, and
clearly, 0 < t(x,y) < 1. In the development of a photographic transparency, the
areas exposed to light turn into silver metal and thus are opaque. Since the
optical density was defined as the negative logarithm of the transm ittance,
i.e.,
D ( x , y ) = - lo g /( > , 7 ),
then
0 < D ( x , y ) < oo.
Thus, density values near zero correspond to clear areas and large density
values correspond to dark regions on the transparency. Since neither photo
graphic films, the hum an visual system, nor image displays have perfectly
symmetrical responses, the reversal of dark and light areas or negative process
may be used for enhancing information.
For any given imaging system, only a finite luminance or optical density
range will be available. An image function, f ( x , y ) , describing either situation
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1 = A + B cos 2ir fx
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Figure 4.1

Spatial frequency grating bar pattern and x direction profile.

Figure 4.2

Intensity modulation transfer function.

would thus have a finite maximum and minimum. The difference between the
maximum and minimum values of / (x , y ) is called the contrast range and is
an im portant param eter for any imaging system. The ratio of the maximum to
the minimum values is called the contrast ratio and is also a commonly used
parameter. For example, film with an optical density contrast range between
0 . 1 and 1 . 0 is transparent in norm al light, but one with a density range
between 10 and 100 is almost totally opaque. Each has a contrast ratio of 10.
In optical systems, contrast is defined for spatial frequency gratings as
C = (M — n i) /{ M + m).
A spatial frequency grating might look like a bar pattern, as shown in
Fig. 4.1 and may be represented in functional form as 1 = A + B cosl-nfx. The
x direction profile is also shown in Fig. 4.1. The contrast of this pattern may
be defined as the ratio of the deviation in intensity to the average intensity or
C = B /A .
Note that since contrast defined in this m atter is a function of spatial
frequency, a set of gratings could be used to develop an intensity m odulation
transfer function for some system, as shown in Fig. 4.2.
4.2.1

Contrast Transformations

We may alter the gray level values and thus change the contrast of the
inform ation in an image by effecting a linear or nonlinear transformation,
1.e., by forming a new image function, g ( x , y ) = T [ f( x , y ) ] for each (x,y),
where T is some mapping. We will first consider position invariant transfor
mations that may be characterized by a transfer function, as shown in
Fig. 4.3. Furtherm ore, we will assume an ideal, unity transfer function
scanning and display system, except when otherwise noted, for com pensation
transformations.
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Figure 4.3

Position invariant transformation characterized by a transfer function.

Scaling Transformation— Linear
A simple but useful model is the scaling transform. Suppose we have a
digital image for which the contrast values do not fill the available contrast
range. T hat is, suppose our data cover a range ( m , M) , but that the available
range is ( n , N ). Then the linear transform ation
g (x,y)= {[f(x,y)-m ]/(M -m )}[N -n ] + n
expands the values over the available range.
This transform ation is often necessary when an image has been scanned,
since the image scanner may not have been adjusted to use its full dynamic
range.
Let us now assume that the input image function / and the output image
function g are continuous random variables with probability distribution p ^ x )
and pg(y), respectively. Then, if the input probability distribution is known
and zero outside the range [m , M ] and the system is linear, it is easy to
determ ine the output probability distribution. Since
Fg( y ) = P ro b (g < y ) = P ro b { / < [ ( y — n ) / ( N — n ) J ( M —m) + m }
0,
= ■ Fj(x),

1,

x<m,
m<x<M,
x>M ,

the output distribution is of exactly the same form as in the input distribution.
Now suppose that the transfer function is linear over the range (m , M ), but
that the input distribution is not restricted to this range, and a clipping
procedure as shown in Fig. 4.4 is used.
F or this situation, the output distribution is

Fg(y) = \ FA x )

if

n<y<N,

M
Thus the output distribution is not identical to the input distribution but has
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Clipping procedure.

“spikes” at the extreme values. Since the clipping procedure is used on most
image scanners, it is im portant to recognize the results of this procedure.
As a final example, let us consider the underuse of the dynamic range. For
this situation, the same scaling transform ation is used, but we assume that the
maximum output used N is less than that available A . Again, the probability
distribution of the output is of exactly the same form as the input. However,
if the output function is now quantized with the num ber of quantization
levels set for the range (n , A ), an extremely coarse quantization and subse
quent false contouring may result.
Let us now consider the m apping of output image values g into digital
image values g for three cases of exact over- and underuse of the input
dynamic range. The quantization process for case 1 produces an ideal digital
approxim ation to the continuous probability function. For case 2, the spikes
on the continuous probability function are also m apped into spikes in the
discrete probability function, while for case 3, a coarse quantization occurs.
Since we have noted that the quantization noise for a linear quantization is
approximately uniformly distributed, the underuse of the available dynamic
range also produces a much larger level of quantization noise than is
necessary.
At this point, we may say that case 1 is the ideal or preferred situation.
Case 2 is undesirable because a distortion of the image inform ation is
produced. Although case 3 produces a coarser quantization and larger quanti
zation noise than necessary, it is preferable to case 2. This analysis is based
on the assumption that the input is useful information.
Piece wise- Linear Transformations fo r Contrast Enhancement
A piecewise-linear transform ation is often useful for contrast enhancement.
F or example, a three-step piecewise-linear transfer function between the input
and output image function is shown in Fig. 4.5a.
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Figure 4.5 (a) Three-step piecewise linear transfer function between the input and output
image function, (b) histogram of a Gaussian nature with low-level noise, (c) histogram showing a
mixture of three components each of which has a Gaussian distribution, and (d) the effects on
low- and high-contrast edge information.

As a practical example of the usefulness of this transform ation, let us
assume that the input image contains scratches and black emulsion blobs in
addition to the useful image information. For this situation, the piecewise
linear clipping transform ation m ay be preferable to the linear transform ation,
since it localizes the noise inform ation to the extreme values and provides a
linear m apping of the useful inform ation. A nonlinear digital smoothing
operation that m aps the extreme values into the local average of the neighbor
ing points would now eliminate the effects of the scratches and emulsion
blobs.
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T his function is d efined by

y j + b x\

o < /< /,;

Y i=gi//i,

*i=o,

y i f + b 2;

/ , < / < / 2;

y2=

’ Z,2 = ^ l - / l Y 2 >

y3 / +

f l —f —/m>

Y3

g=i
6

3;

i 2 */1

r
> b3 —g2 / 2 Y3 ./jW J 2

Note that this m apping may also be used to compress the values b elo w /, and
linearly m ap the values betw een/ , a n d / M. Thus the range of values between
/[ and / 2 is expanded.
If a segment slope is less than unity, the image contrast inform ation in that
range is compressed; if the slope is greater than unity, the image contrast
inform ation is enhanced. The input density break points b x and b2 and the
segment slopes y,, y2, and y3 m ay often be selected in a reasonable m anner
from observation of the gray level histogram. If the histogram is of a
Gaussian nature, as shown in Fig. 4.5b, with low-level noise and perhaps a
dark peak due to an undesirable image edge, then the break points may be
determ ined by selecting a probability threshold T. This threshold may be
based on an estimate of the am ount of low-level noise. If the inform ation
contained in the very low- and high-density regions is completely noise, the
slopes y, and y 3 should be set equal to zero. This procedure will expand the
contrast range of the information. If it is likely that some useful inform ation
may be visible in these extreme regions, then small nonzero values of y, and
y 3 may be used; however, the image contrast range will not be changed.
A nother desirable histogram situation is shown in Fig. 4.5c. If the image
inform ation is m ade of a mixture of three components each of which has a
Gaussian distribution, then the break points may be selected at the maximum
likelihood thresholds between the distributions. If the density functions are
not known, then the minimum values between the modes are reasonable
breakpoints. The slopes yj and y3 m ay be chosen proportional to the proba
bility of useful inform ation being contained in the region.
A nother m ethod for selecting the breakpoints is from consideration of the
effects on low- and high-contrast edge information, as shown in Fig. 4.5d.
W ith y2 greater than unity, the most likely low contrast edges are greatly
enhanced while the most likely high contrast edges are only partially com
pressed. Finally, a practical situation for which this transform ation is useful
arises when a scratched transparency is scanned. The useful information may
have a Gaussian distribution, but the scratch, because of its 100% transm it
tance, will produce a peak in the histogram on the dark side. A suitable
choice of the breakpoint b2 and a slope y3 equal to zero will move the peak to
the position of b2. Alternative solutions are to set these values equal to the
average input value or to use a smoothing procedure.
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Logarithmic Transformation
A very useful nonlinear m apping is represented by g(x,y) = lo g /(x,y),
f ( x , y ) > 0. A graph of this relationship is shown in Fig. 4.6.
This transform ation expands the contrast of the small values of / and
compresses the large values. Also note that the shape of this curve can be
changed considerably by changing the values of / min and / max.
The log transform ation has several desirable effects.
(a)
It makes the gray levels relate linearly to optical density rather than
film transm ittance or intensity. Suppose the film transm ittance function is
t(x,y). Then the density function is
D ( x , y ) = - l o g t(x,y).
If the transparency is illum inated by a unit amplitude, uniform plane wave,
the transm itted lum inance l(x ,y ) is
l (x , y) = t (x,y).
If this luminance signal is linearly converted into an electronic signal e(x,y),
then
e { x ,y ) = kt(x,y).
If this electronic signal is linearly converted to a displayed luminance d(x,y),
then
d ( x , y ) = C t ( x , y ) = Ce~D(x,y\
Thus, displayed lum inance is related exponentially to film density. Due to
this relationship, a film density wedge consisting of equal width strips of
constant density m ay be displayed as strips of equal luminance of unequal
width. If one inserts a log amplifier circuit, an electronic signal E(x,y), where
E ( x , y ) = lo g e (x ,y )
will be produced. However, the displayed luminance
d ( x , y ) = C l o g e( x, y ) = C D (x , y)

Figure 4.6

Graph of relationship g(x, y) = logJ (x,y), f (x,y) > 0.
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Figure 4.7

Exponential transformation.

is linearly related to film density and the displayed strips will have equal
widths.
(b) It makes the low-contrast detail more visible by enhancing lowcontrast edges.
(c) It provides a constant signal-to-noise ratio for quantization noise.
(d) It somewhat matches the response of the hum an visual system (HVS).
(e) It usually provides a more equal distribution of gray levels.
(f) It transforms multiplicative noise into additive noise.
Because of these considerations, the log operations have become a standard
option on most scanning equipment. They are also easily implemented in
hardware with an operational amplifier with a transistor in the feedback loop.
Exponential Transformation
A nother nonlinear transform ation that has been used mainly in conjunc
tion with the logarithmic transform ation in multiplicative filtering operations
is the exponential transform ation shown in Fig. 4.7. To obtain a unity
transfer function system in which a log transform ation is used in the input, an
exponential operation m ust be used in the output (Stockham, 1972).
The effect of the exponential transfer function on edges in an image is to
compress low-contrast edges while expanding high-contrast edges. This gener
ally produces an image with less visible detail than the original and thus is not
a desirable image enhancem ent transform ation. However, an im portant fea
ture of the exponential transform ation is that the result is always nonnegative.
4.2.2

Histogram Equalization

We have seen that the logarithmic transform ation generally expands a
peaky input probability distribution into a broader output distribution. For
example, the log norm al distribution is transform ed into a norm al distribu-
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tion. The broader output distribution results m ainly from the expansion of
low-contrast information, and thus the log image has enhanced low-contrast
detail.
We may expand the concept of transform ing the image probability func
tion in a systematic m anner by reviewing a basic theorem from probability
theory.
Theorem. Let A be an absolutely continuous random variable with range
( a < X < b ), and distribution function F(x) = \>rob(X <x). Then the random
variable defined by
y= F x(x)
has a uniform (0 , 1 ) distribution, i.e.,
l,
Fy(y) = y,
0,

i<y,
0 < ^< i,
y<0.

The proof is direct: since Fx is continuous,
F r ( y ) = P ro b [ Fx ( X ) < y ] ,
F Y( y ) = P r o b [ X < F x- \ y ) ] ,
Fy{y)~y^

f°r

o < y <i.

If Fx ( y ) is not absolutely continuous, it may contain jum ps. Then
P ro b fF ^ Z ) <y] may have m any values and the theorem does not hold.
The theorem states that any absolutely continuous random variable may be
transform ed into a uniformly distributed random variable. Since the theorem
does not hold if X is not absolutely continuous, the use of this transform ation
for digital image functions is based on the approxim ation of an absolutely
continuous function by a finely quantized function. We may clarify this
approxim ation by the following extension.
Lemma.

Let X be a discrete random variable with values
Xj = {b — a ) i / N + a,

i = 0,...,N,

i.e., a < x, <b and distribution function Fx (x) = Prob(X <x), which is a jum p
function with maximum jum p equal to e. That is,
m ax [ F ( xi + ,) - F(x,.) ] = e,
/ = 1, 2,. .. ,N.
i
Then the discrete random variable Y, defined by 7 = Fx (X), has an ap
proximately uniform distribution in the sense that
F r ( y ) = 1’
FY{ y ) = 0,

l ^y>
< 0,

7
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yN = 1

y , = F x (a)

xi

,

= lb - a)i
N

■t—

x0 = a

_ (b - a)
+ a
“
N

Figure 4.8 Mapping of discrete variable xt into discrete variable^,. (Note that the range of y t
is Fx(a) <y, < 1.)

and
y - Fy(y)<e,

0< y< l.

The proof is again direct. Since X is discrete, Y is also a discrete random
variable with values y i = Fx (x i), i = 0 , l , . . . , N , e.g., y 0= Fx (x 0) = F(a) and
y N = Fx ( x n ) = F(b) = 1. Fx (a) < y t < 1, as shown in Fig. 4.8. Since the mapping
is one to one, the probability function of Y is equal to the probability
function of X , which is equal to the jum p at x t, i.e.,
g r i y d = s x O /) = y i ~ y l~\,

i= o,i,...,N -i,

where for convenience we define y _ j = 0 .
Now the distribution function of Y at any jum p point of y t is simply

FY(yd= S s Y( yj )= S ( y j - y j - 1)>
j =o

7=0

which is a telescoping sum and reduces to

Fviy.)=y, —y t~ i +y t - 1 - y t- 2+

+y0=y,-

F or any v alu er, < y < yi+ v we have
yt <y

FY( y ) = 2 { y j - y j - i ) < y i < y < y i+x,
j =0

so
y, ~ F Y( y ) < y - FY( y ) < y i +l- FY(y).
The smallest value of y t — FY( y ) occurs when y = y t, and the largest value of
y l + 1 —F v(y) occurs when y = y t. Thus,
0

< y ~ F ( y ) < y i+l - y i <e

since the jum ps are bounded by e.
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Since this inequality holds for any subinterval
we have y —f ( y ) < e.
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,] in the interval [0,1],

This theorem simply states that if we approxim ate a continuous distribution
so that the largest jum p is e, then the distribution transformation produces a
distribution which differs from a uniform distribution by at most e. Clearly,
as e is made smaller, the distribution more closely approximates the uniform
distribution.
For many classes of images, the “ideal” distribution of gray levels is a
uniform distribution, and the above theorem shows us how to obtain a
uniform distribution with a gray level transform ation. In general, a uniform
distribution of gray levels makes equal use of each quantization level and
tends to enhance low-contrast information. To use this transform ation, we
may
(a)
(b)
(c)

compute the histogram of the image gray level values,
add up the histogram values to obtain a distribution curve, and
use this distribution curve for the gray level transform ation g = £ > (/).

This process is illustrated in Fig. 4.9. Several other points about the
com puter implementation of the distribution transform should be noted.
First, note that although the input random variable X took on equispaced
values on the interval [a ,b ], the random variable X does not in general take
on equispaced values on the interval [0,1]. T hat is, a scaling transform ation
must be perform ed to obtain the same contrast range [a, b\. Also, if the X
values are coarsely quantized before scaling, then a large reduction in the
num ber of distinct gray levels may occur because the transform ed values are
closely spaced. We have found the approxim ation to work very well if the
input image has from 512 to 1024 distinct gray level values. Also, since the
hum an visual system can distinguish less than 64 distinct gray level values,
some reduction in the num ber of distinct gray level values is permissible. The
effect of the transform ation m ay be increased by reducing the num ber of
distinct levels in the distribution curve.
Finally, although this transform ation is very effective for enhancing lowcontrast detail, it does not discriminate between low-contrast inform ation and
noise.
A numerical example will now be given to illustrate the com putational
procedure for histogram equalization. Consider the simple 8 x 8 , eight gray
level image shown in Fig. 3.21a. The first step is to com pute the histogram of
the image. The num ber of occurrences m ay then be divided by the total
num ber of pixels to produce relative frequency values. The gray level value,
num ber of occurrences and relative frequencies are shown in the first three
columns of Table 4.1. The next step is to com pute the empirical distribution
function by accum ulating the relative frequency values. The distribution
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function is com puted by
/

yi = FA x i)= 2 P(Xi).
«=o

The values of this function are also shown in Table 4.1. This is the desired
m apping function except for scaling. Since the original gray level values are
integers and the distribution function varies between 0 and 1 , some m ethod of
scaling m ust be used. Also, for display the output gray levels should be
integers. One solution to the scaling is to first convert the input gray levels to
normalized values that range between 0 and 1. This may be accomplished by
simply dividing by the maxim um gray level value since the minimum is 0 .
*/ = } /.
These values, which are also shown in Table 4.1, m ay then be m apped
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Table 4.1

II

0
1
2
3
4
5
6
7

0.000
0.143
0.286
0.429
0.571
0.714
0.857
1.000

<

p (x ,)= P (I)d

8
0
0
0
31
16
8
1

0.125
0.0
0.0
0.0
0.484
0.250
0.125
0.016

<U
k'

1“

II

"J

Histogram Equalization Procedure

0.125
0.125
0.125
0.125
0.609
0.859
0.984
1.000

J>

p (jy

0
0
0
0
4
6
7
7

0.125
0.0
0.0
0.0
0.484
0.250
0.141
—

“Original gray level values.
*Scaled values.
cNumber of occurrences.
‘'Relative frequencies.
^Distribution function.
-^Scaled output gray levels.
*Relative frequencies of equalized gray levels.

directly using the distribution mapping. F or example, x7 = 0.143 maps into
y , = 0.125, etc. The resulting y , values must now be scaled to the integer range
of the input. This is accomplished by the scaling operation
J = \ n i [ l ( y j - 0.125)/0.875 + 0.5 ],
where In t is the integer truncation function and 0.5 has been added to
provide symmetrical rounding. The scaled output values are shown in Table
4.1.
The results of the histogram equalization m apping before scaling are shown
in Fig. 4.10a. N ote that the m apping from the original image to the equalized
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Figure 4.10

Histogram equalized image: (a) before scaling and (b) after scaling.
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Figure 4.11 Pictorial example of histogram equalization (a chest x ray): (a) histogram of
original chest x ray, (b) original chest x ray, (c) histogram of enhanced chest x ray, and (d)
enhanced chest x ray.
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image can be accomplished by a table look-up, using Table 4.1. The final
scaled histogram equalized image is shown in Fig. 4.10b. Note that if one
were attem pting to observe the circular pattern in the image, then it could be
considered enhanced by the histogram equalization procedure. The equalizing
effect can be observed on the output histogram and would be more pro
nounced for a larger sized image for which the discrete histogram more
closely approximates a continuous probability function.
A pictorial example of histogram equilization is shown in Fig. 4.11. Note
that the histogram of the original chest x ray is heavily biased to the dark
side. The transform ed image is enhanced due to the more uniform use of the
gray level range.
4.2.3

Histogram Specification

It is often desirable to be able to effect a transform ation to a specified
distribution or perhaps try a variety of specified distributions for interactive
image enhancem ent (Gonzalez and Fittes, 1975). To illustrate the histogram
specification technique, consider the gray level A' to be a continuous random
variable, normalized to the interval (0,1). Let p x (x) and p Y(y ) be the original
and desired probability density functions. The original image gray level
variable may be transform ed into a uniform distribution, using the transfor
mation
s = T ( x ) = f p x (t)dt.
Jo
If the desired image gray levels were available, its distribution could also be
transform ed into a uniform distribution, using
v = U (y ) = f yp Y{t)dt.
Jo
N ote that since the transform ation U (y) is single valued and m onotonic, the
inverse transform ation, U ~ ' ( y ) would reproduce the variable with p Y(y).
This result would also hold for T ~ \ x ) . Therefore the procedure for transfor
ming a variable x to a specified distribution p Y(y ) may be described as
follows: First, apply the transform ation
s = T (x)
to obtain a variable s with a uniform distribution. Then apply the inverse of
the specified distribution transform ation
y = U ~ '(s )
to obtain the variable y that has the desired probability density p Y(y).
The classical m athem atical problem in using this m ethod for continuous
variables is in obtaining an analytic expression for the inverse function. For
example, no analytic inverse is known for the G aussian distribution. In the
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discrete case this problem can be circumvented by using a discrete table of
values for the inverse.
F or the discrete case, the algorithm may be described as follows:
(1) Histogram-equalize the original image, s = T(x).
(2) Specify the desired density function and obtain the equalizing trans
form ation U(y).
(3) Apply the inverse transform ation y = t / —'(?) to the previously
equalized image s.
This procedure may be compressed into a single transform ation of the
original image by combining the transform ations
y = U ~ l[T (x)]
and thereby effecting a simple but powerful enhancem ent procedure. The
approxim ation considerations for histogram equalization again apply as
illustrated in the following example.
Consider the 6 4 x 6 4 , eight level image with the histogram shown in
Fig. 4.12a. It is desired to transform this histogram so that it will have the
shape shown in Fig. 4.12b. The values of the specified histogram are listed in
Table 4.2.
The first step in the procedure is to obtain the histogram-equalization
mappings. The results are shown in Table 4.3. Next, we compute the transfor-
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Figure 4.12 Illustration of the histogram specification method: (a) original histogram, (b)
specified histogram, (c) transformation function, and (d) resulting histogram. [Reproduced from
“Digital Image Processing and Recognition,” by Rafael C. Gonzalez and Paul Wintz, with
permission of Addison-Wesley, Reading, Massachusetts (1977).]
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Table 4.2
Values o f the Specified Histogram a
P r(y k)

yk

p / y k)

^0 = °

0.00

y4=

?

0.20

y i-\

0.00

J 's-f

0.30

y 2= 2j

0.00

0.20

>*3 = 7

0.15

y* = i
y 7= l

0.15

“Reproduced from “Digital Image Processing and Recognition,” by Raphael C. Gonzalez and Paul Wintz, with permis
sion of Addison-Wesley, Reading, Massachusetts (1977).
Table 4.3
Results of Histogram-Equalization Mappings“
x j *sk

nk

Ps(sk)

790

0.19

1023

0.25

*2 ^ 2 = 7

850

0.21

x 3, x 4- ^ s 3 = l

985
448

0.24

*0 ^ 0 = 7

x 5, x 6,x -,-* s4 = 1

0.11

"Reproduced from “ Digital Image Processing
and Recognition,” by Raphael C. Gonzalez
and Paul Wintz, with permission of AddisonWesley, Reading, Massachusetts (1977).

m ation function using

:= u (yk) = 2 p Y(yj)7= 0

This yields the values
v0= C/(>>o) = 0 .0 0 ,

u ,= t / ( 7 1) = 0 .0 0 ,

v2= U (y 2) = 0.00,

v3= U ( y 3) = 0.15,

v4 = U (y4) = 0.35,

v5 = U ( y 5) = 0.65,

o 6 = C /(y 6) = 0.85,

v7= U ( y 1) = 1.00.

The transform ation function is shown in Fig. 4.12c.
To obtain the z levels we apply the inverse of the U transform ation
obtained above to the histogram-equalized levels sk . Since we are dealing with
discrete values, an approxim ation must usually be m ade in the inverse
mapping. For example, the closest m atch to j 0 = ^ ~ 0 . 14 is (/(>'3) = 0 .15 or,
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using the inverse, U 1(0 .1 5 )= j3. Thus, s0 is m apped to the level y 3. Using
this procedure yields the following mappings:
sn =

^1

7

4

6

1

5=

7’
6

■
?3 = 7 ^ 6 ==7-

7

■?4=1 -^>’7= 1 As indicated earlier, these results can be com bined with those of histogram
equalization to yield the following direct mappings:
ro = 0 —^ =

7;

r\

7

4

7 >

^5=7-

^ = 1 ^ 6 = 1’

= f>

r5= 7~*yi= i>

r 6 —7 —»y7 —1 ,

r 7 —1 —»y7 —1 .

^ 6

Redistributing the pixels according to these mappings and dividing by n =
4096 results in the histogram shown in Fig. 4.12d. The values are listed in
Table 4.4.
N ote that, although each of the specified levels was filled, the resulting
histogram is not particularly close to the desired shape. As in the case of
histogram equalization, this error is due to the fact that the transform ation is
guaranteed to yield exact results only in the continuous case. As the num ber
of levels decreases, the error between the specified and resulting histograms
tends to increase. As will be seen below, however, very useful enhancem ent
results can be obtained even with an approxim ation to a desired histogram.
In practice, the inverse transform ation from s to y is often not single-valued. This situation arises when there are unfilled levels in the specified
histogram [which makes the cumulative distribution function (CD F) remain
constant over the unfilled intervals], or in the process of rounding off U ~ l(s)
to the nearest allowable level, as was done in the above example. Generally,
Table 4.4
Values for the Histogram shown in Fig. 4.12d“
"k

yk

P r(yk)

yk

O
II
O
N

0

0.00

z i= f ~ '—

0

0.00

0

0.00

=
Z6=

790

0.19

Z7 =

*2

=

1

z 3

=

f

Z74

— 47

*5

nk

P riyk)

1023

0.25

850

0.21

f

985

0.24

1

448

0.11

7

“Reproduced from “Digital Image Processing and Recognition,” by Raphael C.
Gonzalez and Paul Wintz, with permisson of Addison-Wesley, Reading,
Massachusetts (1977).
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Figure 4.13 A nonunique transformation function: (a) specified histogram, (b) original
transformation function, and (c) rounded-off function. [Reproduced from “Digital Image
Processing and Recognition,” by Rafael C. Gonzalez and Paul Wintz, with permission of
Addison-Wesley, Reading, Massachusetts (1977).]

the easiest solution to this problem is to assign the levels in such a way as to
m atch the given histogram as closely as possible. Consider, for example, the
histogram specified in Fig. 4.13a. The original transform ation function is
shown in Fig. 4.13b and the rounded-off function is shown in Fig. 4.13c. It is
noted that a value of j = f can be m apped either to >’ = | or y = *. Using the
given histogram to guide the process, however, we see that the latter level was
specified as being empty, so y = f is used in the inverse mapping. This
procedure can still be used when the ambiguous levels are filled in the
specified histogram. The ambiguity arises in this case due to round-off, as
illustrated in Fig. 4.13b, c. In this example, the level s = 1 can be assigned to
either y = f or y = 1. However, y = f is chosen for the inverse mapping
because the height of the specified histogram is larger at this level. It should
be noted that assigning some levels to >>= f and some levels to_y = 1 simply to
m atch the histogram would m ake little sense since this would require dividing
the pixels which have the same level into two groups. This is an artifical
m anipulation that could distort the appearance of the image.
The principal difficulty in applying the histogram specification m ethod to
image enhancem ent lies in being able to construct a meaningful histogram.
Two solutions to this problem are as follows. The first is to specify a
particular probability density function (i.e., Gaussian, Rayleigh, log-normal,
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/ h

Figure 4.14 Interactive specification of histograms. [Reproduced from “Digital Image
Processing and Recognition,” by Rafael C. Gonzalez and Paul Wintz, with permission of
Addison-Wesley, Reading, Massachusetts (1977).]

etc.) and then form a histogram by digitizing the given function. The second
approach consists of specifying a histogram of arbitrary (but controllable)
shape by, for example, forming a string of connected straight line segments.
After the desired shape has been obtained, the function is digitized and
normalized to unit area.
Figure 4.14a illustrates this approach where the histogram is formed from
line segments that are controlled by the param eters m, h, 8h, and 0R. Point m
can be chosen anywhere in the interval [0 , 1 ] and point h can assume any
nonnegative value. The param eters 0L and HR specify the angle from vertical
and can assume values from 0 to 90°. The inflection point j moves along the
line segment that connects the points (0,1) and (m, 0) as 0L varies. Similarly,
point k moves along the line segment that connects the points ( 1 , 1 ) and (m, 0 )
as 0R varies. The inflection points j and k are determined uniquely by the
values of m, h, 0L, and 0R and are therefore not specifiable. This histogramspecification m ethod can generate a variety of useful histograms. F or exam
ple, setting m = 0.5, h = 1.0, and 0L = 0R —0° yields a uniform histogram.
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A second, somewhat simpler, approach is shown in Fig. 4.14b. This
technique, which is also based on four parameters, is useful for contrast
enhancem ent by emphasizing the ends of the pixel spectrum. Both of these
methods depend on a small num ber of param eters and, therefore, lend
themselves well to fast interactive image enhancement. Fig. 4.14c shows how
the histogram param eters could be specified interactively by means of a
joystick. This approach is particularly attractive for on-line applications in
which an operator has a continuous visual output and can control the
enhancem ent process to fit a given situation.
Example. As a practical illustration of the direct histogram specification
approach, consider Fig. 4.15a, which shows a semidark room viewed from a
doorway. Figure 4.15b shows the histogram-equalized image, and Fig. 4.15c is
the result of interactive histogram specification. The histograms are shown in
Fig. 4.15d which includes, from top to bottom, the original, equalized,
specified, and resulting histograms.
It is noted that histogram equalization produced an image whose contrast
was somewhat high, while the result shown in Fig. 4.15c has a much more

P

■ ■'

P
c

Figure 4.15 Illustration of the histogram specification method: (a) original image, (b)
histogram equalized image, (c) image enhanced by specification, and (d) histograms, from
bottom to top: original image histogram, equalized histogram, desired distribution, and result of
histogram specification. [Reproduced from “Digital Image Processing and Recognition,” by
Rafael C. Gonzalez and Paul Wintz, with permission of Addison-Wesley, Reading, Massachu
setts (1977).]
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Figure 4.16 Another illustration of the histogram specification method: (a) original image,
(b) histogram equalized image, (c) image enhanced by histogram specification, and (d) histo
grams, from bottom to top: original image histogram, equalized histogram, desired distribution,
and specified histogram. [Reproduced from “Digital Image Processing and Recognition,” by
Rafael C. Gonzalez and Paul Wintz, with permission of Addison-Wesley, Reading, Massachu
setts (1977).]

balanced appearance. Because of its flexibility, the direct specification
m ethod can often yield results which are superior to histogram equalization.
This is particularly true in cases where the image has been degraded and
control of the pixel distribution becomes necessary to obtain good enhance
m ent results. An extreme case that illustrates this point is shown in Fig. 4.16.
Part (a) of this figure shows a picture of a coin taken under very poor lighting
conditions. Figure 4.16b is the histogram equalized image, and Fig. 4.16c is
the result of direct histogram specification. Figure 4.16d contains the histo
grams, which are shown in the same order as in Fig. 4.15d.
Although histogram equalization improved the image considerably, it is
evident that a more balanced, clearer result was achieved by the histogram
specification m ethod. The reason for the improvement can be easily ex
plained by examining Fig. 4.16d. The original histogram is very narrow,
indicating that the pixels in the original image have little dynamic range. This
is to be expected since the object of interest has such low contrast that it is
barely visible. Histogram equalization improved the image by increasing the
dynamic range of the pixels, thus enhancing the contrast between the coin
and the background.
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Since the num ber of different levels in this case is rather small, it is logical
to deduce that having control over the shape of the final histogram should
lead to some improvement over histogram equalization. In this example the
improvement was realized by the specified histogram shown in Fig. 4.16d,
which achieved an increase in dynamic range while biasing the histogram
toward the dark side of the spectrum.
4.2.4

Matching Transformations

A nother distribution-based technique that can provide contrast enhance
m ent is called the sensor m atching transform ation. Suppose two images of the
same scene were m ade with two different sensors such as two color image
components, optical and radar, or optical and x ray sensors. In some cases, it
is desirable to m atch the histograms of the two images. This may be
accomplished by histogram equalizing each image separately or by using the
histogram of one image to specify the distribution of the second. A third
m ethod may be based on the covariance matrix of the two images.
Suppose two images that are geometrically registered are given and that
gross contrast reversals have been removed by inverting one image if neces
sary. A two-dimensional histogram of the co-occurrent gray levels is easily
computed. Let h ( f ],f2) = (num ber of picture elements which have gray v alu e/,
in the first image and value / 2 in the second). This two-dimensional function
indicates the global picture m atching statistics. If the two images were
identical, the nonzero histogram values would lie on a straight line. If the
pictures are not identical, it m ay be desirable to determine the best straight
line fit to the distribution and use this m apping to produce a new and
hopefully enhanced image. The transform ation which provides this curve fit
is, of course, the Hotelling transform , which is particularly simple in this case.
To implement the Hotelling transform ation, the covariance matrix of the
two image variables is computed. We may first construct a vector f = ( / 1,/2)',
then compute the 2 by 2 covariance matrix
T7I 2 (f —m)(f —m)',
N ,= i
where

and images of size TV by N are assumed.
This 2 by 2 covariance m atrix is diagonalized, using the Hotelling trans
form, to obtain
= A,
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In te n s it y T r a n s fo r m a t io n
(K a rh one n-L oeve T r a n s fo r m )
(c)

Figure 4.17

Intensity transformation.

where A is a diagonal matrix with the eigenvalues of 2 as the diagonal
elements and 0 is the 2 by 2 matrix whose columns correspond to the
eigenvectors. The eigenvector
corresponding to the largest eigenvalue will
be chosen for the transform ation to provide the least m ean squared repre
sentation error. The final transform ation to produce the enhanced image g is
simply
s =<i>\\f\

+ ^ 12 / 2 ’

where <f>n and ^>12 are the com ponents of <£,.
As an example of this procedure, consider the two images shown in
Fig. 4.17a, b, which were produced by optical and radar sensors from the
same scene. The joint histogram function h ( f x,f2) is shown in Fig. 4.18. The
idealized transform ation is shown in Fig. 4.19, in which <f>, and <f>2 correspond
to the eigenvectors of the original distribution while <£■ is the principal
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h (f, , f2)

Figure 4.18

Image intensity function, h ( f f ,/2).

eigenvector after the transform ation. The resulting transform ed image is
shown in Fig. 4.17c. N ote that this image has retained the prim ary character
istics of the radar image but is greatly enhanced.
A final example will be considered to provide a comparison between the
histogram matching and Hotelling transform ation methods. The histogram
shown in Fig. 4.20 was taken as the specified histogram for a radar scene.
This histogram was com puted from an optical image of the corresponding
scene. The histogram of an intensity reversed radar image is shown in
Fig. 4.21. The original and intensity reversed radar images are shown in

Figure 4.19

Intensity coordinate transformation.
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Frequency distribution of intensity of optical image.
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Frequency distribution of intensity of radar image.
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Figure 4.22 Comparison of intensity transformations: (a) original radar, (b) intensity re
versed, (c) intensity transformed with sensor-dependent parameters, and (d) intensity trans
formed with Karhunen-Loeve transform.

Figs. 4.22a and 4.22b, respectively. Using the histogram specification tech
nique with the specified histogram shown in Fig. 4.20, the intensity trans
formed image shown in Fig. 4.22c was obtained. This enhanced image may be
com pared to the result of the intensity transform ed image shown in Fig.
4.22d, which was com puted with the Hotelling or K arhunen-L oeve tech
nique.
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Geometric Transformations

The techniques for geometric-based transformation of pictures are presented
in this section. The problem of rectifying the spatial coordinates of an
image or of m apping one picture into another may be considered either
enhancem ent or restoration. In either case, the problem is im portant and
often encountered. Two basic approaches will be presented. The first may be
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called polynomial warping. This m ethod can be implemented without knowl
edge of the image form ation geometries and is based upon locating corre
sponding control points in a standard image and the image to be transformed.
The second m ethod will be called the perspective transform ation and is based
upon a knowledge of the form of the image formation processes. If the
imaging param eters as well as the form are known, a good solution can be
obtained. If the param eters are not known, an estimation approach is out
lined.
4.3.1

Polynomial Warping

The spatial warping approach is illustrated in Fig. 4.23, and consists of
assuming a functional form for the coordinate transform ation between two
images f ( x l, x 2) a n d / (u l,u2), and then using a series of known corresponding
control points develop a transform ation which will m ap one space into the
other. This approach may be perform ed with m anually or interactively
selected control points, or automatically, using the scene m atching techniques
described in C hapter 8 .

N x .y )
(c)

Figure 4.23 Image geometric transformation, (a) optical image, (b) radar image, and (c)
image geometric transformations.
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Suppose that there is a spatial relationship between the two reference
frames given by
X i = g i ( u l ,u2),

x 2= g 2( u l ,u 2).

We will approximate g x and g2 by polynomials in u x and u2 of the form
N

* i=

N

N

^X2
2-=

2
k u Uxu2j ,
!= 0 j = 0
2

2

N
2

K ? j U \ U 2J ,

=0 y' = 0

where K ] and K 2 are the constant polynomial coefficients. For example, for
N = 1 the polynomial relationship m ay be written
X1= K,00 + ^ 0 1 M2

■*”K l xUxU2.

Now suppose a set of control points are known, i.e.,
{ ( x u, x 2i, u u,u 2i)}

for

i= \,2 ,...,M .

Using the relationship between x, and (u l,u2), the following m atrix equation
may be developed:
x \\

X12
=

X \M

U 22

wn U2I

Mn U

21

u"V'21

22

W|2U 22

U12^22

<2^22

U

U2M

U1m U'2M

Ko
K,

U1M^2M

where

and
K /= (Km, Ki V

KiN).

Since there are (TV-I-1)2 unknown coefficients Ku the num ber of control
points M must be greater than or equal to (7V+1 )2 to permit a unique
solution. For example, the equation for N = 1 is
X\ 1
X \2

1

W2j

^11

W1 j U2X

1

W22

Wi2

U X2U 22

X \M

1

u2M

u XM

U X M U2 M

k 00

^01

k\\

Since ( N + l )2 = 4, M = 4 control points would permit a unique solution. Using
the previous definitions, the equation may be written simply as
x i = UK,.
A similar equation may be developed for the x 2 coordinates:
x 2 = UK2.
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(C)

(d)

Figure 4.24 Results of geometric correction using N = 2 polynomial warp: (a) band 1 image,
(b) band 2 image, (c) band 1 image transformed to band 2 image control points, and (d) band 2
image transformed to band 1 image control points.

N ote that the U matrix is the same for both coordinates. Using linear least
squares estimation for M > ( N + l ) 2 permits the pseudoinverse solutions to be
written as
^ - ( U 'U r V x ,

and

K2 = (U U )_1U x2.

Figure 4.24 shows the results of geometric correction using a N = 2 poly
nomial warp.
The polynomial spatial warp m ethod requires no detailed knowledge of the
sensor geometries. However, if inform ation about the geometries is known, it
may be used to develop a transform ation that is more appropriate to the
problem, as shown in the next section.
The central problem of this type is called the two image perspective,
projection problem and is illustrated in Fig. 4.25 which depicts a simple scene
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Two-image perspective, projection problem.

and two image planes. The hardest problem is: given image 1 and image 2
determ ine the transform ation T3 that will m ap one into the other. Before
considering this problem, let us consider some simpler ones. First note that if
the center lines are orthogonal and orthographic rather than perspective
projections are recorded in the images, then for any feature that is visible in
both images the three-dimensional coordinates (x , y , z ) are easily determined,
since (x , z ) can be m easured in one image and ( y ,z ) in the other. If a feature
is not visible but perhaps obscured by some other feature, other inform ation
must be used to determ ine its three-dimensional coordinates. F or example,
hidden lines must be indicated in the plan and elevation views of a building
to perm it the determ ination of its structure.
43 .2

Perspective, Projective Transformation

A problem of wide application is: given two perspective, projective images
of a scene, determine the transform ation that can transform com m on objects
from one into the other. A n illustration of the problem is shown in Fig. 4.26.
The image planes shown are related to a controlled platform which can be
moved from one position to another. The platform could correspond to an
aircraft, a robot arm, or some other m ounting device, and emphasizes the fact
that m otion would not be about a coordinate system in the image plane. For
example, rotations would be about the platform origin.
The m otion from platform position (1) to position (2) could take place in
an infinite variety of ways. However, only the starting and ending positions
are of immediate interest. Since platform position (1) may be selected as the
reference coordinate system only the six spatial param eters for the transla
tions and rotations between the platform positions xp, y , zp, 0, <f>, and y and
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Image plane || to y-z plane

Figure 4.26

Relationship between platform coordinates and image coordinates.

the camera focal length / need to considered, as shown in Fig. 4.25. Since the
path is not im portant, any one of the possible com binations of translations
and rotations that move the platform from position ( 1 ) to position (2 ) m ay be
used. F or simplicity, we will use a single translation matrix and three separate
rotation matrices, followed by the perspective and projective transformations.
The transform ation equations are greatly simplified by considering posi
tions measured with respect to the image (1) coordinate system. Therefore, it
is convenient to define the transform ation from platform coordinates for each
position as

“

"
'x '
y-i
=T y
z
zi
w

Wi

This transform ation accounts for the translation and rotation differences
between the platform and camera and shall be considered constant. To move
the camera, we m ust move the platform. In practice, the camera may be
aligned so that the image plane is parallel to a coordinate plane, which
simplifies T to a translation transform ation. Given the object coordinates
measured with respect to the image ( 1 ) coordinate system, the image coordi
nates are determ ined by a perspective, projective transform ation
0

'0

yt
zi
w,

0
0
0

0
1
0
0

0
0
1
0

o"
0
0
1

1
0
0
-!/ /

0
1
0
0

0 0
0 0
1 0
0 1

The problem m ay now be restated as follows: Suppose the controls of the
platform and camera are changed, which changes the location of the image
plane. How are image points before the change related to image points after
the change? Since only starting and ending positions are of interest, any
sequence of control changes which move the camera from one orientation to
another is sufficient. For simplicity of analysis, we will consider the effects of
the changes one at a time. If a linear transform ation between the images can
be developed for each of the control changes, then the effects of a com bina
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tion of control changes may be obtained by multiplying the single effect
transform ation matrices. First, focal length change will be considered, then a
translation of the image plane and finally each of the three possible rotations
of the image plane about the platform pivot. If the focal length changes from
/ to / + A, the transform ation to new image points is

0

0

z[
w'i

' x0

0
o'
1 0
0
0 1 0
0 0 1

0

0
0
—1/(/+A)

y'i

y0
z0

1

To determine if the old and new image points can be related, consider the
homogeneous and physical coordinates

Yi = Yo >

z- =

wi = - ( x o / f )

z o>

y i P = f y o / ( f - x o) ’

+

ZiP = f z o / ( f ~ x o)

and
y'i=yo’

z \ = z o>

y[p = ( / +

aW

( / +

Wi = ( x 0/ ~ ( f + A ) ) + l ,
A -

zjp = ( / +

X 0) ,

A) z 0 /

( / +

A - x 0).

Is there a transform ation between ( y i , z i , w i) and ( y ' , z ’, w ' ) l N ote that a linear
com bination o f j ,, z t , and w t can be determined,
wi =

-

(*o / / ) +

1

an d

W 'i =

[ x o/ ( / +

A) ] +

1.

since the two are related by
fwi - \ = - x 0 = (/+ A )w ;

or

- 1

w'i = wi [ / / ( / + A)].

Therefore, the required transform ation is

0

1

0

' yt '
z,

0

0

/ / ( / + A)

Wj

1 0

zi
wi

-

0

Therefore, given the original image points and using the scale of these points,
wi = \ , the new image points in physical coordinates are
y'i = [ ( / + A) / / ] y t>

zi = [ ( / + A) / / ] zi-

Thus only the scale is changed. The windowing due to a finite image size will
not be considered.
If the image plane is translated to a new position by a movement of the
platform, what is the transform ation?
In the three-dimensional geometry, there is a symmetry between translating
the origin and translating an object in the opposite direction.
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Thus if the cam era center is translated by an am ount ( h j , k), an equivalent
image should be formed by translating the scene to ( — h, —j , — k ) and
observing with the original camera. Thus

0

0
0
0
-1 / /

*;
wi

0
1
0
0

0
0
1
0

x 0- h

0
0
0
1

y 0~J
z 0- k

1

or
yi= y0 -j,

w

zi = z o ~ k ’

- ( x 0- h ) / f + l ,

so
y'i=y0- j ’

*>;=w,.+ h / f .

z ;= z 0- k ,

Note that the transform ation between w' and wt is nonlinear and cannot be
written in a 3 x 3 matrix form. However, we m ay introduce a new set of
superhomogeneous coordinates and write
y l
z 'i

<
i

"i
0
0
.0

0
1
0
0

0
0
1
0

-J
-k
h /f
1

This transform ation indicates that a translation of the cam era can not only
translate the image but also scale it in various perspectives. N ote that the
transform ation from the superhomogeneous coordinates (>>,,z,, w,, 1 ) to the
original homogeneous coordinates is accomplished by simply omitting the last
com ponent to obtain (y i,zi,wl) . The transform ation from homogeneous coor
dinates (>’,-,z,-,h',) to physical coordinates still involves a division by the last
component, i.e., ( y j w i,zi/ w,-).
If the image plane is rotated by a platform tilt control, what is the
transform ation? The m ain problem here is that the tilt rotation is about the
platform origin rather than one of the image coordinate axes. To determine
this transform ation, we must use the platform coordinate-im age coordinate
transform ation. F or simplicity, assume that the image plane is parallel to the
y - z platform so that only translations are required to orient the two coordi
nate systems. The particular transform ation is assumed to be
*0

i

0

0

y0

0

1

0

dx
dy

y0

zo
l

0

0

1

dz

zo

0

0

0

1

1

where [x 0,y0,z0] are the object coordinates m easured with respect to the
platform coordinate system.
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To determine the transform ation resulting from a platform tilt or rotation
about the y axis, we may again use the symmetry argument. The image
recorded by the cam era with the platform tilted by an angle # is the same as
the image recorded in the original scene if the objects are rotated about the
same point by an angle —6. To determ ine the object’s coordinates rotated
about the pivot requires a transform ation from camera coordinates, the
rotation, and an inverse transform ation to camera coordinates. This transfor
m ation may be written as
Xq

"1 0

0

dx

cos#

0

y'o

0

1

0

dy

0

zo
1

0

0

1

dz

—sin#

0

cos 9

0

0

0

0

0

0

1

1 0

sin#

1

0

0 ~dx

0

0

1

0 ~dy

0

0

0

1 ~dz

0

0

0

0

1

1

' -V
y0
zo
i

The result of this series of transform ations is
x o ~ ( x o~ dx) cos^ + (zo ~ dz) sin 9 —dx,
y'o=yo»
Zq= —(x 0—cQ sin# + (z0 —dz) cos# + dz.
These rotated object points may now be observed on the image plane by
the perspective projective transform ation that results in the relations
= y o>

= —( x 0 — dx) sin9 + ( z 0— dz) cos9 + dz,
= - [ ( x 0- d x)cos9 + (z 0- d z) s m 9 + dx ] / f + l .
For reference, the original transform ed image values are related to the object
coordinates by
y t =yo>

z i = z o>

wi = - x o / f + 1 •

The transform ation between the two images again requires the use of superhomogeneous coordinates and is given by
>>;
z;
w[
1

'

1

0

0

0

0

cos#
-s in # //

/s in #
cos#

A
B

0

0

1

0
.0

' >, '
z,Wi

.

1

where
A = dz cos9 + dz + (dx —/) s in # ,
B = [ (dx - / ) cos 9 + dz sin# + / - dx ] / / .
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In a similar manner, the transform ation corresponding to panning the
camera, i.e., rotation by an angle <j>about the z axis, is easily shown to be
COS<f>
0

(sin

w 'i

-/sin<J>

1

0

0
0

1

0

A " ' y ,'
0
zi
Wf
B

COS(f>

0

0

1

1

where
A =dy cos<i>+ dy + (dx —/)sin<£
B = [ ~ ( d x -f)cos< t> ^dx sin < p-f+ dx ] / f .
Likewise, the transform ation corresponding to platform roll, i.e., rotation by
an angle y about the x axis, is given by
cosy
—siny

siny
cosy

0
0

0

A '
B

0

1

0

0

0

1

0

_

"
zi
w,
1

where
A —dy cosy —dz siny + dy ,
B = dz cos y + dy siny + d,.
N ote that the roll does not change the perspective of the two images.
In summary, for each platform control motion, there is a corresponding
image-to-image transform ation that is linear in superhomogeneous coordi
nates. The scale param eter of the original image h’ = ( x0/ / ) + 1 describes the
perspective of the original image and obviously depends upon the object
distance and focal length.
Since the transform ations are linear in superhomogeneous coordinates, the
effect of several platform control changes may be determ ined by m ultiplica
tion of the corresponding matrices. For example, the com bination of a
rotation and a change of focal length may be determ ined by multiplying the
two matrices in either order. The m athem atical form of the product may, of
course, be different, but the same image transform ation should result.
To further illuminate this problem, let us consider the specific example
shown in Fig. 4.27.
The vertex points of the cube in platform coordinates are
Vertex

X

y

z

Vertex

X

y

z

1
2
3
4

5
6
5
6

0
0
0
0

0
0
1
1

5
6
7
8

5
6
5
6

l
l
I
l

0
0
1
1

4.3

Geometric Transformations

Figure 4.27

195

Platform transformation example for a cube.

The transform ation from platform to camera coordinates is
’V

- 1

-Vo

- 1

zo

- 1
1

1 J

Therefore, the object coordinates are now given by
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These points may be transform ed into image coordinates by the perspec
tive, projective transform
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The computed image coordinates are
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The physical image coordinates are therefore
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y j w,
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Now suppose the control platform is translated 2 units in the y direction,
which translates the camera 2 units in the y 0 direction. The symmetrical
object effect is to translate the object 2 units in the negative y 0 direction.
Thus, the new vertex points of the cube are
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The com puted image coordinates are given by
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The corresponding physical image coordinates are
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The transform ation previously derived for the platform translation is
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By comparing the two sets of coordinates, one m ay see that the transform a
tion does indeed relate the two sets of image points.
An interesting variation of this example is to consider the problem with the
w, values unknown. Suppose what is known is the corresponding physical
coordinates for one point at each object distance. F or this example, this
would correspond to one point on two planes of the cube, say, vertices ( 1 )
and (2). These values are given below.
Vertex

y i / wi

2,/w,

1

i

3

1

3

i

2

4

4

1

3
4

1

z'i K
1

y 'i K

3

1

4

F or vertex point (1), the transform ation m ay be used to derive the relation
ships

O ,- 2 ) / wi = y 'i / wU

zi / wi

= z ’i / w 'i-

Using the relationships and the known physical y j w, coordinate, one m ay
determ ine that w, = —3 and w- = —3 for vertex (1) and therefore for all points
in the sam e.y0—z 0 plane as vertex (1). A similar com parison for vertex (2)
permits one to determ ine that w, = w- = —4. Therefore, for this example,
knowing only the transform ation and a point pair correspondence for each
object distance would perm it the determ ination of the transform ed points for
all object points. Generalizations of this example can be very difficult. One
simple case is that in which a range image is given. The x 0 values in this
image m ay be used to com pute w, = x 0/ f + 1 for each image point and the
derived transform ation used directly.
Since the physical image coordinates in the two images 0 '//w,-,zi/ w I.) and
(y 'i/w ',z 'i/ w/) are the only quantities that m ay be directly measured, it is
interesting to reduce the linear equations to nonlinear equations that depend
only upon the physical image coordinates.
Suppose the image transform ation in superhomogeneous coordinates is
given by
y[
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Factoring out the scale terms gives
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F or simplicity let us denote the physical image coordinates by
y'pt=y't/wi>

y Pi = y i / wi.

z p i= z 'i/wU

z P, = z i / w i-

The first two equations m ay now be written
y pi

. l/w‘.
We may now use the rem aining two equations to attem pt to eliminate the
scale terms.
The third equation gives
w ' i / w i = T 3 i y p i + T 32z p i + T 3 3 + T 3 a / Wp

which may be rewritten
wl =

T3l y pi + T32z pi + T33 ] + T34.

The fourth equation gives no additional information.
Since 7’44—1, the fourth equation cannot be used. However, a solution with
only a single unknown can still be determined, which will be illustrated in the
following example.
Consider the translation of the camera and two perspective images of the
cube given previously. The transform ation is given for physical image coordi
nates as
K.

1 0

Z'P‘
i
_i/<

w'

0 - 2

0

1 0

0

0

0

1

0 0 1 0
0

l/Wi

The third equation gives the relationship w' = wt, while the fourth equation
provides no information. The first two equations m ay be written
y p’ ^ y p , - 2/ ^

z pi = z Pi-

Since we know that w, depends only upon the object distance and focal
length, one m ethod of solution is to determ ine a pair of corresponding
coordinates ( y pi,z ) and (y'pi,z'pj) for each unique object distance. F or the
cube example, there are only two planes at different object distances. Suppose
we determine these corresponding point pairs of physical image coordinates
for vertices ( 1 ) and (2 ), i.e.,
Vertex

^y

^p/)

(ypi'

1

( M )

( i.

2

( U )

o> 0

0
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This inform ation and the previous equations may be used to determine w, for
each object plane. For vertex (1)
w,= - 2/ ( y ' p i - y Pi)= - 3
while for vertex (2 )
w,- = —4.
Therefore, given the location of all vertex points in the plane of vertex (1), in
particular, vertices (1), (3), (5), and (7), the transform ation

y'pi = y Pi+ 1
may be used. For the vertices in the same plane as vertex (2), namely, vertices
(2), (4), (6 ), and ( 8 ), the transform ation

y pi —y pi

2

must be used.
The transform ations previously developed m ay be used in two im portant
ways to determine a vibration compensation. The simplest solution depends
upon a far field assumption in which all object distances x p are replaced by
an average distance x Q. The solution in this case assumes
w ,./w ;~ i
and m ay be written

'
.

Z P ‘- .

Tu

Tu

Tn

T l4

T 2\

T 22

T 23

T 24

5

where
f ^ ~ ^3 1 y pi — T32Zpi ~ ^ 33 ) / ^34 >

/ 34 7^0 ,

I /o /0

^34 =

*o)>

and x 0 is an average object distance.
The near field solution applies whenever the far field solution is not valid;
however, it is more complicated. The solution essentially requires a stereo
scopic determ ination of the object distance x 0 for each physical image point.
This involves first locating corresponding point pairs in the two physical
images using a m atching technique, then solving for the object distance x0.
This solution is also com plicated by the vibration, which will produce an
error in m atching corresponding points.
An example of the two-image transform ation procedure is shown in
Fig. 4.28. An original image taken from a remotely controlled TV camera
system is shown in Fig. 4.28a. A nother image taken at a different control
platform position is shown in Fig. 4.28b. The transform ation m atrix T given
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(C)
Figure 4.28 Example of two-image perspective transformation: (a) original image in position
1, (b) image at position 2, and (c) image at position 1 transformed to correspond to image at
position 2.

below was used to transform the image at position ( 1 ) to approximately
correspond to the image taken at position (2). N ote that the correspondence is
not exact and that clipping of a portion of the image was required:
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1.15

Enhancement by Spatial Filtering

Image enhancem ent by spatial filtering is perhaps the most powerful
m ethod for improving image quality for hum an viewing. The foundations of
digital filtering of images will be presented in this section by considering
linear, position invariant operations that are characterized by a convolution
relationship. The input image is convolved with a point-spread function to
produce an output image that is “enhanced” by the operation. Since the
spatial convolution of two functions corresponds to the frequency dom ain
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g(x .y)

h(x,y)

l \

HVS

+,
n (x ,y )
(a)
F( u,v) -

----- ^ G ( u . v )

Hfu,v)—

HVS

N(u.v)
(b )

Figure 4.29

Image enhancement model: (a) spatial domain and (b) frequency domain.

multiplication of the transform s of the functions, design from the frequency
dom ain is usually simpler. The basic image enhancem ent model is shown in
Fig. 4.29 for the spatial and frequency dom ain methods. An input image
/ (x , y ) is operated on by a filter h(x ,y) then com bined with a noise function
n (x ,y ) to produce the observed image. The spatial dom ain model corresponds
to the relationship
g ( x , y ) = f ( x , y ) * h ( x , y ) + n{x,y),
where the two-dimensional convolution is defined by
f { x , y ) * h { x , y ) = f f f ( £ ,r ] ) h ( x - & y - r ] ) d $ d r )
J —OO
)
f{ x -t,y -i] )h { £ ,i))d £ d t).
The frequency dom ain relationships are given by
G(u,v) = F(u, v ) H (u ,v ) + N (u,v),
where the frequency dom ain functions are equal to the two-dimensional
Fourier transforms of the spatial dom ain functions. F or example,
F ( u ,v ) = f f f ( x , y ) e x p [ - j 2 v ( u x + v y )]d xd y .
J — OO
The addition of the noise term n (x ,y ) in the image enhancem ent model is
simply a statem ent of the fact that some type of “noise” is almost always
present. The inclusion of the noise after the filtering operation is a m athe
matical convenience but m ay obscure the fact that both the desired signal
and the noise are processed by the enhancem ent filter.
Certain image enhancem ent problems arise quite often and will be treated
in detail in this section. These include edge enhancement, noise smoothing,
and structured noise removal. The results of image enhancem ent m ust gener
ally be evaluated subjectively; thus the concept of image quality is im portant.
The theory of image enhancem ent is still evolving and the techniques avail
able may be considered as tools of an artist. M uch of the art of enhancem ent
is knowing when to stop.
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Figure 4.30 Examples of unsharp masking: (a) toy tank and (b) electron microscope image
(512x512 images).

4.4.1

Edge Enhancement

Edge enhancement, sharpening, or crispening techniques are designed to
increase the visibility of general low-contrast edges, and often lead to in
creased perception of detail.
One of the simplest edge enhancem ent techniques is the digital implemen
tation of photographic “unsharp masking.” The essence of this m ethod is to
subtract a blurred representation of an image from the image. In particular,
one may calculate
g (x ,y )= f(x ,y )-f(x ,y ),
where the function / (x,y) is a local average, for example,
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(b)
Figure 4.30 Continued.

Two examples of digital unsharp masking using the above relationship are
shown in Fig. 4.30. Note that the wheels of the toy tank are noticeably
enhanced. Also, note on the electron microscope image in Fig. 4.30b that the
particle edges show both dark and light bands. This effect is called filter
ringing and may be examined more closely by considering the unsharp
masking operation as a convolution.
The unsharp masking operation m ay be easily shown to be equivalent to a
convolution of the original image with a filter whose point spread function is
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x/y

1

Figure 4.31

Point-spread function h(x,y) for unsharp masking operation.

shown in Fig. 4.31. The finite convolution may be written
i

g ( x ,y ) =

2

i

S

f ( x + i,y + j)h (ij).

Suppose a portion of the image containing a horizontal edge of the form
( . . . , 0 , 0 , 1 , 1 , 0 , 0 , . . . ) with all 0 s otherwise, passes horizontally across the
center of the filter. The response to this edge function is of the form
| , 0 , ...), which when scaled and displayed results in a gray to
black to white to gray transition which is clearly visible in the electron
microscope image. A careful filter design is required to eliminate the ringing
response.
Edge enhancem ent may also be approached by considering the derivatives
of the image function. Directional derivatives m ay be used to enhance edges
with a preferential direction, such as horizontal, vertical, or diagonal. A nother
derivative technique requires the form ation of the digital gradient at each
point, i.e., approximating

using difference equations. Since the gradient is a vector in the direction of
the maximum directional derivative, both m agnitude and direction m ay be
used. For example, if first differences are used to approximate the partial
derivatives
3L . -/(•* + 1,y) ~ f ( x , y ) = AJ ( x , y ) ,
3x
3/
-ty —f ( x ,y + l ) ~ f ( x , y ) = h y f (x,y),
then the magnitude of the gradient is approximately
| V / W ) l - { [ & J ( x , y ) ] 2+ [ A / ( x ,j O ] 2) I/2,
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and the direction is indicated by
9 = tan ' [ \ f { x , y ) / b J ( x , y ) ] .
This direction is generally perpendicular to the ridge of an edge; therefore an
addition of 90° to 9 is helpful in indicating the direction of a ridge.
N ote that both the m agnitude and direction angle of the gradient are
nonlinear operators. A variety of other nonlinear methods may be used for
edge enhancement.
4.4.2

Noise Smoothing

Noise smoothing for “snow” removal in TV images was one of the first
applications considered for digital image processing (G raham , 1962). “Noise”
is of course a relative term; however, there are some characteristic types of
noise for pictures.
Noise arising from an electronic sensor generally appears as random,
uncorrelated, additive errors or “snow.” This type noise may give rise to
extreme pixel-to-pixel changes rather than the small changes norm ally ob
served from natural scenes. In these cases, a technique which detects the
extreme variations m ay be used, and the affected points can be replaced by a
local average (N athan, 1968). This nonlinear operation is described by
f(x ,y )
f(x ,y )

if \ f ( x , y ) - f ( x , y ) \ > T
otherwise,

where T is a threshold dependent on the noise variance and the average may
be com puted for a local region. For the 3 x 3 region, the average is

The center point could also be om itted from the average com putation.
Although nonlinear methods for noise sm oothing are often more powerful
than linear techniques, it is interesting to consider the linear averaging
operation / ( x , y ) for various region sizes. If there are N points in the region
and a simple independent, identically distributed noise process is involved,
then we may expect a V N im provem ent in the signal-to-noise variance ratio
by averaging. This average could be accomplished using N neighbor points or
a single point and N repetitive frames. Therefore, the noise variance can be
reduced. Let us also consider the effects of this operation on a picture without
noise.
The effect of averaging is best represented in the frequency domain. Let us
specifically consider an N = n X n average of the form
2

2

A;= 0 / = o

f ( x + k , y + l).
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Using the properties of the discrete Fourier transform established in Chapter
3, the D F T of / (x ,y ) may be written
F { u ,v ) = F (u ,v )H (u ,v ),
where
n —1 n —\

H (u ,v )= —

2 2

7V k = 0 / = 0

exp [ —j2tr{uk + vl)].

Since the exponential term may be separated into a product, we may use the
series
n —1

1
1

-r

=

2
( =

r ‘,
0

where r = exp(—j l i r u ) to obtain
sin nQy
N

\ sin 8X

sin#,,

where
9x = ttu ,

9y = 7rt>,

<f>(u,v,n) = exp[jTr(n— 1)(m +

u )].

The m agnitude of H (u,v) has a low-pass filter characteristic. The halfpower width of this characteristic decreases as N increases. Therefore, in
creasing the size of the averaging region decreases the half-power width of the
filter and therefore blurs the image information.
Frame-to-frame averaging produces a similar function form for a low-pass
filter in time. If the image stays stationary, its temporal bandw idth is very
small so that temporal averaging reduces the noise variance without signifi
cantly affecting the image.
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(b)

Figure 4.32 Integer distance neighbors of a point provide a simple region for the median
filter: (a) unit distance and (b) distance 2 or less.
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Filtering techniques that reduce the effects of random noise without
significantly affecting the useful image inform ation are therefore desirable.
The Tukey median filter (Tukey, 1971) is a nonlinear technique that is useful
for reducing noise without much image degradation. The median filter is
implemented by selecting a local region surrounding a center point f ( x , y ) .
The filtering operation then consists of replacing the center value / (x , y ) by
the m edian of the values in the region. For N points with N odd, ^(iV —1)
points are less than or equal and ^(7V —1 ) points are greater than or equal to
the m edian point.
Since a region with an odd num ber of points N is desirable for a median
filter, a natural choice is the integer distance neighbors of a point as shown in
Fig. 4.32.
4.4.3

Structured Noise Removal

In some situations, structured noise rather than random noise is the
predom inant factor degrading image quality. One particular case is the
presence of a line pattern superimposed on an image, for example, TV scan
lines (Kruger et al., 1970).
Consider a single line with slope a represented by
f(x ,y ) = 8 (y -a x ).
The Fourier transform of f ( x , y ) is
F(u, v) = 8(u + au),
which is a single line of slope —1 /a . For an array of lines separated by a
distance d, the spatial signal is given by
OO

f(x ,y )=

—a x —k d 'V 1 + a 2 ).

2

k= —00

The Fourier transform of this array is
f

( u, v ) = — - 1 —

dV 1+a

2

2 fi(«

m "

'

/ w a—

d v

1

+a

.0---------- = = - ) •
d vi +a

'

Since the Fourier transform possesses this regular pattern, which is illustrated
in Fig. 4.33, it is possible to design frequency filters that can eliminate the
pattern. If both the slope and line spacing param eters are known, notch filters
could be placed at each significant frequency point. Knowing only the slope
permits one to design a band reject filter along the principal frequency line of
the pattern. To illustrate this method, consider the isometric graph paper
shown in Fig. 4.34a, which contains lines at 0, 30, 90, and 150°. The Fourier
transform was com puted for this pattern and 1 ° wedge-shaped frequency
samples were com puted to automatically detect the predom inant line pattern
angles. An + -shaped frequency filter was then m ultiplied by the image
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(slope = a )
(slope = a)

>
u

x
(slope = - 1 )

O'

8 (/u + av)

6(y - a x )
(a)

v
\

(s lope = a )
u

(b)

Figure 4.33 (a) Line mass at angle a and Fourier transform and (b) periodic lines at angle a
and spacing d and Fourier transform.

transform to eliminate the 0 an d 90° lines. The inverse Fourier transform of
this filtered image is shown in Fig. 4.34b. N ote that the lines at 30 and 150°
are retained in the image.
4.4.4

High-Frequency Emphasis Filtering

One im portant filter for image enhancem ent is often called a high-frequency
emphasis filter. This filter partially suppresses the lower-frequency com po
nents, enhances a region of high-frequency com ponents and suppresses
very-high-frequency com ponents that may be m ore representative of noise
than image signal. A n idealized response of the high-frequency emphasis filter
is shown as the square wave in Fig. 4.35. The smooth version labeled
“realistic” would of course be used in practice to avoid ringing produced by
Gibbs phenomena. The ideal high-emphasis filter can be simplified in several
ways. One decomposition into an all-pass filter with gain a, a n ideal high-pass
filter with cutoff f h and gain ( 1 —a ) 1 / 2 and an ideal low-pass filter with cutoff
f, is shown in Fig. 4.35b. The parallel-serial com bination of these three
com ponent filters that results in the desired overall response is shown in Fig.
4.35c. This form of the ideal filter emphasizes that only three control
param eters are required. The param eter a may be called a contrast retention
factor, since it governs the am ount of low-frequency contrast inform ation
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(b)
Figure 4.34 (a) Digitized isometric graph paper and (b) filtered image with horizontal and
vertical lines removed. (From Kruger [1970].)

retained in the filtered image. The two cutoff frequency param eters f, and f h
control the range of frequencies that are emphasized. N ote that if / , —>oo a
high-frequency-emphasis filter w ithout a noise frequency cutoff results. Also,
if f h = 0, a low-pass filter results. The param eters are assum ed constrained by
0 < a < l and f i > f h- As «^>0, the filter shape approaches a band-pass filter
and as a - » l, the filter approaches an all-pass filter.
Several examples of spatial filtering for image enhancem ent of a chest x ray
are shown in Fig. 4.36.
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— Ideal
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All Pass
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VT^*
High Pass

0

s/T^a
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0
(b)

Figure 4.35 General form of a high-frequency-emphasis filter: (a) ideal and realistic overall
frequency responses, (b) components of ideal response, and (c) realization of the filter H ( f ) = a
+ ( ! - « ) / / , ( / ) # * ( / ) for 0 < c « < l.

4.4.5

Novel Filtering Methods

A few novel filtering methods will be described in this section to illustrate
the variety of techniques which are available.
Low sequency filtering is shown in Fig. 4.37. The block-type error is
characteristic of this type of filtering. An interesting fact is that a filter
designed in one orthogonal transform domain such as the Fourier dom ain
can be realized by filtering in another dom ain such as the Walsh domain
(Robinson, 1972).
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Figure 4.36 Image enhancement of a chest x ray: (a) low-pass filtering, (b) high-pass filtering, (c) high-emphasis filtering via FFT, (d) high-emphasis
filtering via a recursive filter, and (e) high-emphasis filtering via FFT and contrast enhancement. [From Hall et at. (1971).]
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(a)

(c)

(b)

(d)

Figure 4.37 Low-pass filtering in the sequency domain: (a) original image, (b) low sequency
filtered image with 60 by 60 square filtering of 256 by 256 domain, (c) result of 40 by 40 square
filter, and (d) result of 20 by 20 square filter.

Filtering via the num ber theoretic transform offers zero round-off error
and can be com puted via a fast algorithm. An example is shown in Fig. 4.38.
Image subtraction is often proposed as a filtering technique. An example is
shown in Fig. 4.39, which emphasizes the im portance of accurate registration.
If the transform ation between the images is more than simple translation, the
filtering problem becomes planar variant. Thus, an apparently simple prob
lem may require a complex solution.
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Figure 4.38 (a) Original trojan picture (256 by 256, 8 bits/pixel), (b) spatial filter point-spread function (clipped to enhance visibility), (c) filtered
image using Fourier transform, (d) roundoff error pattern of the conventional Fourier transform technique (note correlation with filtered image
enhanced for visibility), and (e) filtered image using finite field or number theoretic transform (zero roundoff error). [From Kwoh (1977).]
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Figure 4.39 Two printed circuit board mask images that are to be compared, (a) may be
considered as the master print, (b) is an item to be tested, (c) is the result of subtraction without
geometric correction, and (d) is the result of subtraction with geometric correlation. (Note that
dark regions appear in the test but not in the master image.)

4.5

Introduction to Image Restoration

In the previous section we considered a variety of image enhancem ent
techniques. These techniques are often used for improving the quality of
images for hum an viewing or as preprocessing techniques such as norm aliza
tion of a set of images for autom atic pattern recognition. For both of these
applications, the effectiveness of the technique is usually determ ined subjec
tively or by evaluation experiments. In the rem ainder of this chapter, we will
consider a related but different problem called image restoration. Image
restoration may be defined as the improvement of image quality under an
objective evaluation criterion. For example, we may use least squares or
m inimum mean squared error as a criterion to provide a best estimate of an
original image from a blurred image. R estoration often requires measure
ments of the degradation phenom ena and careful a priori consideration of the
system that produced the degraded image. Since scientific images are pro
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duced to provide useful inform ation about a phenom enon of interest, the
restoration approach applies to the m easurem ent sciences of imaging. In fact,
the known techniques have been developed in such diverse fields as space
exploration, medical and industrial radiography, atmospheric physics, geo
physics, microscopy, and electron microscopy. Also, since physical imaging
systems are not perfect, a recorded image will alm ost certainly be a degraded
version of some ideal image. Fortunately, a few types of degradation phenom 
ena appear repeatedly; thus, good system and degradation models and
mathem atical restoration techniques have been developed. N o general theory
of image restoration has yet evolved; however, some excellent specific solu
tions have been developed especially for linear, planar invariant systems.
The im portance of m athem atical models of the imaging systems and
degradation phenom ena cannot be overemphasized in image restoration,
since objective criteria that are appropriate to the models m ust be specified.
Two classes of imaging system models are illustrated in Fig. 4.40. The planar
imaging model shown in Fig. 4.40a performs a mapping from a two-dimensional input image f ( x , y ) to a two-dimensional output image g (x ,y ) via a
system transform ation denoted by h . This model is the simplest form that
accurately represents many physical systems, including many electronic,
optical, and digital systems. If h is a linear operator, then a superposition
relation will relate / and g. If h is both linear and planar invariant, then g will
equal the convolution of / and h . These statem ents shall be proven later. The
second model shown, Fig. 4.40b, m ay be called a scene imaging model. A
three-dimensional scene f ( x , y , z ) is m apped into a two-dimensional image
g ( x ,y ) by an operator h . Since the scene has a finite extent in the z direction,
the operator h may appear to be scene dependent. The most common
operator of this type performs a perspective, projective transform ation, and is

f( x,y )

h

g(x,y )

(a)

f( x,y,z)

h

g(x,y )

(b)

Figure 4.40 Image system models: (a) planar imaging model representing a two-dimensional
to two-dimensional mapping and (b) scene imaging model representing a three-dimensional to
two-dimensional mapping.
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(a)

(b)

(c)

(d)

Figure 4.41 Degradation models: (a) nonlinearities (planar invariant), (b) blurring (linear,
planar invariant), (c) motion smearing (linear, planar invariant), and (d) noise (linear, planar
variant).

a model for any lens imaging system. A continuous-discrete distinction for /,
h, and g may be made. F or com puter restoration, all three functions m ust be
discrete. The natural representation for optical systems would be by continu
ous functions. H ybrid mixtures are of course possible. A distinction could
also be made between determ inistic and random systems; however, most
systems are designed to be deterministic. R andom phenom ena are usually
placed in the degradation model.
Four common degradation models are shown in Fig. 4.41. The first three
are deterministic while the last is a random phenom enon. A point nonlinear
ity that is planar invariant is the simplest type of degradation to consider.
This degradation accurately represents photographic film development and is
characterized by a H urter-D riffield (HD ) curve (D ainty and Shaw, 1974). It
is interesting to note that restoration by inversion of the nonlinearity of film
does not have a unique solution if the H D curve saturates at the toe and
shoulder of the curve. If inform ation is lost due to saturation in the recording
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n(x ,y )
• g (x ,y)

ftx .y )

Figure 4.42

Planar invariant image restoration model.

or development of film, an infinite variety of possible inverse solutions can be
obtained. This singular or ill-conditioned nature of the image restoration
occurs with most physical systems and m ust be accounted for in the models.
A blurring degradation is illustrated in Fig. 4.41b. A model of this phenom e
non can account for the finite aperture or diffraction limit of m any physical
imaging systems. This model m ust account for spatial degradations. In the
simplest case of a linear, planar imaging model, a planar invariant blurring
m ay be considered. We will see that the restoration solution to this problem is
ill-conditioned, especially when the Fourier transform of the blurring func
tion contains zero values. A nother type of blurring degradation called motion
smearing is illustrated in Fig. 4.41c. F or general types of motion, for example,
rotations, the planar variant model m ust be used to represent the physical
phenom enon accurately. Finally, a random noise degration is illustrated in
Fig. 4.41d. The consideration of a random degradation adds considerable
realism to most models but often also requires estim ation of the noise
characteristics as well as estim ation of the restored image. Several innovative
techniques will now be considered for some of the com binations of imaging
system and degradation models. Even though the restoration problem is
ill-conditioned, certain constraints m ay be placed on the solution that often
result in the optim um solution for a given criterion.
The form of the m athem atical models may be easily developed for the
continuous, planar imaging models shown in Fig. 4.42. In the simplest case,
the output image g ( x ,y ) would exactly replicate the input image f ( x , y ) , i.e., h
is an identity m apping and the noise n (x ,y ) = 0 , so that
g (x ,y )= f(x ,y ).
The input / (x,.y) m ay be represented by definition of the impulse function:
f ( x , y ) = f f f ( £ , r ) ) 8 ( x - £ ,y - r i ) d $ d r i .
J — OO
If the input is transform ed by a linear system h, which has the property
a h (fi) + b h (f2) = h (a ft + bf2),
then
g ( x ,y ) = f f f(£ > v )h [8 (x ~ £,y — T/)] d£ dr).
^ — OO
If we define the point-spread function h(x,y,$,ri) to be the linear system
response to a point source 8(x — £,y —•»)),
h (x ,y , £,r)) = h [ 8 ( x - $ , y - r 1)],
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then the fundam ental superposition equation results,
g (x ,y )= f f

f ($ ,r f ih (x ,y ,$ ,T ])d $ d r ).

J — GO
The superposition equation is also called the F redholm equation of the first
kind and has been studied extensively. N ote that the system defined by the
superposition equation is in general planar variant, since h (x ,y ,$ ,r \ ) depends
on both the input point (£, 17) and the output point (x , y ). The one-dimen
sional superposition equation
g (x )= f

f ({ )h (x ,£ )d £

J — a

will be used to illustrate the ill-conditioned aspect of the solution. The
R iem a n n -L e b esg u e theorem states that if h (x , f ) is an integrable function,
then
lim f

h ( x , £ ) s i n ( a £ ) d £ = 0.

oo J _ a

Adding the two previous equations gives
g ( x ) = Jim J

[ / ( f ) + sin(o£) ]/*(*,{)*#.

The implications of this result (Andrews and Hunt, 1977, p. 115) for image
restoration are direct. The restoration problem m ay be simply stated as, given
g ( x ) and h ( x , £ ) determ ine / ( f ) - However, since a high-frequency sinusoid
can be added to / ( x ) and will produce an identical g (x ), a unique solution
cannot be expected.
A nother im plication of the R iem ann-Lebesgue theorem is that a small
change in g ( x ) could result in a large difference between the integrands
/ ( f ) + s in (a ,f) a n d / ( f ) . Thus, restoration may be an ill-conditioned problem,
and oscillatory errors may occur.
If the point-spread function depends only upon the differences in position
between input and output points
h { x ,y , f , 7j) = h ( x - £,y - 17),

the superposition equation reduces to the im portant convolution equation
g (x ,y )= f f

J

f ( £ , y ) h ( x - £ , y - r i ) d £ d V.

—OO

The convolution relationship represents the planar invariant imaging system.
W hen additive noise degradations are also present, the restoration model
becomes
g (x ,y )= f f

J

f ( ! > , v ) h ( x —£ ,y —7 i)d £ d r) + n ( x , y ),
— GO

which is the total continuous planar invariant model corresponding to
Fig. 4.42.
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The planar invariant imaging model will be the prim ary subject of the
following sections, since it represents the majority of physical degradations, at
least to a first-order approxim ation. Even for systems in which a nonlinearity
or planar variant degradation is dom inant, the known solutions depend
heavily on reducing the problem to a planar invariant situation. The material
presented must be considered of an introductory nature. F or more detailed
analysis the reader might start with the works of Andrews and H unt (1977)
and H uang (1975).
4.5.1

Restoration by Digital Computation

To introduce the problem of digital image restoration by digital filtering,
we shall first consider the continuous imaging situation, then “discretize” the
process for implementing via a computer. Let f ( x , y ) represent the original
undistorted picture at the point (x , y ), g(x,y) represent the observed distorted
image, n (x ,y) represent an additive noise process, and h (x ,y ) represent the
point-spread function that characterizes the position invariant imaging sys
tem.
If there is no noise present, the imaging system m ay produce a blurred
image b(x,y), which may be described by the convolution equation
b ( x ,y ) = f f
h (x -x ',y -y ')f(x ',y ')d x 'd y '.
J — CO
If additive noise is present, then the distorted image is described by
g ( x ,y ) = b (x ,y ) + n(x,y).
The continuous restoration problem may be stated: given g(x,y), estimate
/ ( x , y ). The methods for solving this problem differ mainly in their assum p
tions and use of a priori inform ation about h(x,y), n(x,y), and f ( x , y ) .
To reform ulate the problem for com puter solution, two main steps are
required. First, the observed image m ust be sampled, then the integral must
be approxim ated by a numerical integration formula. Therefore, suppose that
g(x,y) and n(x,y) are sampled at a finite set of points to produce g(i,j) and
n(i,j) for i= 1 ,2 ,...,/, j = 1 ,2 ,...,/. Sampling the noise at the same points as
the observed image is simply a m athem atical convenience. We may now
express the distorted image as
r /• CO
g (i,j) = / /
h(x, — x',yj —y ' ) f ( x ' , y r) dx'cfy' + n(i,j),
J — CO
where the point (xt, y ) corresponds to the sample point (i'j). To complete the
process, the continuous integral m ust be replaced by a weighted sum of the
integrand values at points (x'k ,yj), where k = l , 2 , . . . , K , l = \ , 2 , . . . , L . U nder
these conditions, the equation becomes
K L
g {ij)= 2
2
wk M x i - xk
’ ,yj - y 'i ) f { x 'ky , ) + n(i,j),
k = 1 1=1
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where wkl is the weighting factor at (x'k,yj). We may simplify the notation by
letting
h ( i - k , j - l ) = h (xi - x ' k,yJ - y ' l )

and

f ( k , l ) = f ( x ’k ,y'l)

to obtain
g (ij)=

2
2
k = 1 1=1

wkJ ( k , l ) h ( i — k j —l) + n(i,j).

At this point, let us investigate a phenom enon called edge effects. For
simplicity, let us consider the one-dimensional model with unity weighting
factors and no noise. The convolution is then given by
g (i)=

2
k= l

h ( i —k ) f ( k ) .

Now suppose g(i) is known for / = 1 ,2 ,...,/ and that f { k ) is to be determ ined
for k = \ , 2 , . . . , K . How m any values of h(i — k) m ust be known in order to
compute the discrete convolution? Clearly, 1 <i — k < I —K. The num ber of
values i — k is the difference between the maxim um and minimum, or 1+ 1 .
For example, if 1 = 3 and K = 2 , the num ber of required h values is 4. A
similar situation arises given/(A:) for k = \ , 2 , . . . , K and h(J) for j = 1 ,2 ,...,7 .
How m any nonzero values of g(i) can be produced? This time the answer
requires consideration of the overlaps between the two sequences f ( k ) and
h(J), and is (K —J + \) + 2(J —1) if K >J. The term K —J + 1 is the num ber of
complete overlaps of t h e / a n d k sequences, and the term 2(J — 1) is the result
of the two edge overlaps. The main conclusion is simply that the lengths of
the sequences / , g, and h cannot be equal without loss of information. If one
wishes to work with equal length sequences or square matrices, a common
solution is to extend the sequences and matrices by appending zero elements
to obtain the appropriate lengths. F or the last example, the num ber of
nonzero values of g(i) is K + J —1. W e may choose any integer M > K + J — 1
and form extended sequences ge(i), f e(i), and he(i), each containing M terms,
by appending zero values to the end of each original sequence. The resulting
convolution equation may be written
M

& ( 0 = 2 he( ‘ - k ) f e(k),

i—1

i= \,2 ,...,M .

Other aspects of discrete convolution are considered in the Appendix. F or the
rem ainder of this section, extended equal length sequences will be assumed,
to simplify the notation. The resulting two-dimensional convolution will
therefore be
M —1 M - 1
g ( i,j) = 2
2
f ( k , l ) h ( i - k , j - l ) + n(i,j)
k= 0

1=0
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for i,j= 0 ,
1. N ote that the numerical integration factors wkl have
been incorporated into the h values. Also, the subscripts now start at 0 for
compatibility with the discrete Fourier transform notation. Finally, it should
be noted that a com puter solution implies the quantization of the / , g, and h
values.
In summary, to convert the restoration problem to a suitable form for
com puter solution requires sampling, numerical integration, and quantization.
To conveniently work with equal length sequences and square matrices, an
extending operation that consists of appending zero values to the original
sequences is required.
The power of linear algebra can be brought to bear on the restoration
problem by converting the convolution relationship to the equivalent vector
form. The finite two-dimensional convolution sum m ation may always be
equivalently considered as a vector equation. To convert we simply perform a
colum n scanning similar to that used when storing a two-dimensional array
on a sequential data set. The following notation is necessary:
So
Si

g (0 J )
and

Sd =
Sm -

gj =

g (h j)
g (M -lJ )

i

where gd is the total picture vector and g■■is the vector corresponding to one
column,
n(0,j)

“o
n=

and

=

n ( M — \,j)

“ A/-1

’ ?o

m o

f,

f=

and

f, —

and
r

[Hoo]

[ * » .]

["» ]
[" ]m

-

fin )
/(M -1,0

1

\ H

«(1 J )

i.o]

•••
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where each of the submatrices [Hik] is an M by M matrix of the form
h (i-k , 0)
h ( i —k, 1 )

h ( i — k, —M + 1)
h(i — k, —M + 2 )

h (i-k ,~ 1)
h ( i —k, 0 )

h(i — k , M —\ )

h(i — k, M —2)

h ( i- k , 0)

A submatrix [Hik] affects observed vector g,, which is the ith row or line of
the observed image, and operates on image vector f k, which is the A:th row or
line of the input image. A careful study of the submatrix [Hik\ reveals that all
diagonal terms are equal. Since [Hf ] is a square matrix with equal diagonal
terms we may recognize it as a Toeplitz matrix. The total matrix [H ] has been
called block Toeplitz by H unt (1972).
Further structure of the [H ] matrix may be realized by noting that sampled
functions may without loss of generality be considered as periodic functions
with periods equal to the sample interval. Thus, / ( —l ) = / ( A f —1), / ( —2) =
f ( M —2), etc. Similarly, the sampled point-spread function may be considered
periodic, and h ( i — k, —1 ) = h(i — k ,M ) , h(i —k , —2) = h(i —k , M —l), etc.
Using this property for the subm atrix [Hik] produces the form
h ( i —k, 0 )

h ( i —k , M — \)

h {i-k , 1)

h (i-k ,0 )

h ( i —k , M — 1)

■■■

h(i —k , M - 2 )

h(i —k, 1 )

•••

h (i-k , 2)

■■■

h(i —k, 0)

The matrix [Hik\ now has not only equal diagonal elements, but also each row
after the first is a circular right shift of the preceeding row. A m atrix with this
property is called a circulant matrix, and has the im portant property that it
can be diagonalized by a discrete Fourier transform com putation. This
property is derived in Appendix 1. The total [H ] matrix may now be called a
block circulant m atrix (Hunt, 1972) and may be written in the form of a
circulant matrix of the submatrices

["]"

[ H 0]

[ Hm_ , ]

[ Hi ]

[ H 0]

[ H m - i]

[ H m _ 2]

•••
•••

[ //,]
[ H 2]

[ H 0]

where each submatrix has also been simplified by the periodic assumption.
The restoration equation m ay now be written as
g=[tf]f + n
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in which the matrix [H] is in block circulant form. The restoration problem
may be stated as follows: given g and certain knowledge of [H ] and n,
determ ine f. The restoration problem stated in this form is conceptually
simple; however a direct solution in practice is extremely difficult. One
problem is due to the large size of the matrix. F or example, if a picture g of
size 256 by 256 is observed, the [H ] matrix is of size 65,536 by 65,536. Direct
inversion of a matrix of this size is difficult or impossible on even the largest
computers. Another concern is related to the ill-conditioned nature of restora
tion. The matrix [H ] m ay not possess a stable inverse. Solutions to the
problems will be given in the following sections.
4.5.2

Least Squares Restoration

In this section, a deterministic approach to the restoration problem will be
considered. The restoration equation without noise m ay be considered as a
linear relation of the form
« -[» ]»
and can be considered in several ways. (The effects of noise n will be
considered later in this section.) Given an observed image g and a knowledge
of the system degradation in the form of [H], we wish to approxim ate f. The
criterion to be used will be to minimize the squared error between the actual
observed response g and the observed response, using the approxim ate
solution f. This approxim ate solution will produce, in the absence of noise, an
approxim ate observed image g given by

Therefore the error or noise in the approxim ation is
n= g -g = g -[tf]f.
The squared error E may therefore be described by
£ = n*Tn = ||g - g ||2 = ( g * - [ / / * ] f ) ( g - [ / / ] f ) ,
where * indicates complex conjugate. We would now like to determ ine the
value of f that minimizes the squared error E. To compute the minimum, let
us first expand the quadratic form, which after simplification is
E = g * 'g -\'[ H * ] 'g -g * '[ H ]
Two easily derived forms for the gradient or derivative with respect to a
vector are
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where w is a vector, and
- |( f 'C f ) = 2Cf,
where C is a symmetric matrix.
Using these results gives

Equating this derivative to zero gives the least squares solution
f =([H*]' [H])- ' [H*]' g.
This result is the well-known least squares or pseudoinverse solution. N ote that
if [H\ is a square nonsingular matrix, the solution reduces to

At this point, we have arrived at a solution; however, the implementation
may require the inversion of an N 2 by N 2 matrix, where N may be 256, 512,
or larger. Let us therefore investigate the structure of the [H ] matrix.
Suppose [//] is a circulant matrix, as would be the case for a one-dimensional planar invariant system. It is shown in Appendix 1 that a circulant
matrix can be diagonalized by a D F T operation. T hat is, the matrix product
[W]-'[H][W]-[D],
where [W] is an N by N, D F T m atrix and [D ] is a diagonal matrix whose
elements are equal to the D F T coefficients of the first row of the circulant
m atrix [H], We m ay therefore express [//] 1 as

The inverse matrix solution m ay be written
\ = [ w } [ D Y \ w y xg.
This sequence of matrix operations may be interpreted in a very interesting
way. Let us consider separately the three m ain steps.
1. [ W] ~ lg This operation computes the D F T of g. W e might also write
this in series form as G(u).
2. [D ] - 1 is a diagonal m atrix whose elements are the point by point
inverses of the D F T coefficients of the sequence formed by the first row of
the point-spread function matrix. In series form, this operator would be
described as 1/ H(u).
3. [ W] This operation computes the inverse DFT.
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Therefore an equivalent expression for the inverse m atrix solution when
[H] is a circulant matrix is to form the inverse filter solution
F {u )= G {u )/H (u ),
then obtain

This im portant result (Hunt, 1972) conceptually relates the algebraic and
Fourier domain solutions to the restoration problem via the properties of the
circulant matrix. H unt also developed the extensions to the two-dimensional
case. W hen [FI] is a block Toeplitz matrix corresponding to the planar
invariant imaging system, the m atrix is approxim ated by a block circulant
matrix that again permits a D F T solution. F urther details of this construction
are included in Appendix 1. The corresponding image solution is
F (u,v) = G ( u , v ) / H ( u ,v ) ,

f ( x ,y ) = ‘3r~ 1(F(u,v)).

This provides a feasible solution to the com putation problem.
We are still faced with the ill-conditioned nature of the restoration prob
lem. Both the inverse matrix and the inverse filter solutions have the possibil
ity of singular conditions. The inverse filter solution is singular if the system
function H (u ,v ) contains zero values. If the m atrix [H] is singular, then so is
[H]’[H], and both the inverse matrix and pseudoinverse matrix solutions
cannot be determined. One approach to this singularity condition for the
matrix solution is the singular value decomposition described by Andrews
and H unt (1977). Essentially, this approach attem pts to use the linearly
independent columns of a singular [H] matrix. The singular value decomposi
tion is an excellent m ethod for studying the singular nature of the matrix, but
is com putationally difficult since it requires determining the singular values of
a large matrix. Therefore, the main problems that remain with both solution
methods considered are the singular conditions.
W hen a linear set of equations contains a singular condition, a variety of
solutions may exist. It is sometimes possible to place constraints on the
solution to reduce the num ber of possible solutions to a unique constrained
solution. In fact, appropriate constraints may not only eliminate the singular
ity condition, but also reduce the ill-conditioned nature of the problem.
4.5.3

Deterministic Constrained Restoration

The least squares restoration approach is characterized by the possibility of
singular solutions. A general approach to problem s of this nature that permit
a variety of solutions is to consider natural constraints that may reduce this
variety, perhaps to a unique solution. The constrained restoration solution
adds two im portant steps to the unconstrained restoration problem. First,
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P a ra lle l L in e s

Figure 4.43 Solution of the linear equation g = h f+ n j subject to the quadratic constraint
g2+ f 2= r2 and the positivity constraint / > 0. The solution point is (/*,£*).

natural constraints in m athem atical form must be developed. Then, solutions
to the restoration problem subject to these constraints m ust be developed.
Also, these two steps must be compatible. In a practical sense, it is undesir
able to have either a natural constraint with no solution or a constrained
solution for an unnatural constraint.
An example of a simple constrained restoration problem will now be given
to illustrate the solution method. Given values of g and h, we wish to
determine the value of / that satisfies the restoration equation given below
and shown in Fig. 4.43:
g = h f+ n .
Since the value of n is unknown, we can only determine a family of possible
solutions shown as the family of parallel lines in Fig. 4.43. Suppose we are
also given a constraint of the form
g2+ f 2= r 2
with the value of r known. The simultaneous solution of the restoration
equation and the quadratic constraint reduces the variety of solutions to only
two possibilities. A further constraint is needed to obtain a unique solution.
In this case either requiring the minimum noise n or a positive value of / leads
to the unique solution shown in Fig. 4.43 as ( g * J *). N ote that the last
constraint is an inequality constraint of the form / > 0 , and that more than a
single constraint was needed to obtain a unique solution.
To generalize the least squares approach to constrained restoration we may
again seek the least squared error solution to

which requires minimizing the squared error
£ = i i g - [ / / ] f i i 2= ( g - [ J? / ] f y ( g - [ / / ] f )
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subject to certain constraints. Note that the m athem atical nature of is is a
quadratic form. The previously derived estimate which minimizes E is the
pseudoinverse solution
i=([H*]'[H])-'[H*]

g.

This solution may be used as a basis of com parison with the constrained
solutions.
Several possible constraints and solutions will now be presented in order of
complexity of the solutions.
One simple constraint may be interpreted as energy conservation
f 'f = C = g'g.
To obtain the solution with this constraint, we form a new objective
function or criterion by appending the constraint equation and a Lagrangian
multiplier A to the previous criterion,
/ ( f , A ) = ||g - [ / / ] f ||+ A ( C - ||f ||2).
Equating the partial derivatives of J(f, A) to zero gives the solution
f = ( [ / / * ] '[ t f ] + A I ) - , [ //* ] 'g .
A nother im portant constraint is of the form
ll[ 0 ]f||2The criterion for minimizing is
/ ( f , A ) = i i g - [ / / ] f |i 2+ A |ie fn 2.
Solving for the minimum gives the solution
f = ( [ / / * ] '[ / / ] + a [ e ] '[ e ] ) - '[ / / * ] 'g .
A nother im portant constraint may be developed using the statistical con
cept of entropy (Hershel, 1971; Frieden, 1972). If the image f is positive and
normalized to unity, then each com ponent f t can be interpreted as a probabil
ity. The entropy of the image may then be described as

»=i
or as
i/ ( f ) = - f 'ln f ,

where Inf refers to a componentwise logarithm. (A tutorial description of
entropy is given in Section 6.1.) It m ay be desirable to maximize / / ( / ) or to
minimize the negative of / / ( / ) subject to the m ean squared error condition.
The criterion is
y(f,A) = r i n f - A ( | | g - [ / / ] f | | 2 - | | n | | 2).
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The derivative is
| J = l + l n f + A { 2 [ t f * ] ' ( g - [ / ?] ! )} .
Solving for f gives the solution
f = exp{ —1 —2 A [ i / * ] ' ( g —[ / / ]f ) }_
Although this solution is transcendental in f, the exponential operator
ensures that the solution is positive.
The constrained least squares approach to restoration performs very well
for equality constraints. However, a closed form solution is not easily ob
tained if the constraint is in the form of an inequality, for example, positivity,
f>0.
Generally, numerical methods such as quadratic program ming m ust be used,
and these approaches are ham pered by the large size of the image matrices.
A summary of three im portant constrained least square filters is shown in
Table 4.5. The Fourier dom ain solutions are given for com parison with the
algebraic solutions.

4.5.4

Stochastic Restoration

The class of restoration techniques considered in this section will be based
upon statistical considerations of the images and noise as stochastic or
random processes. The linear image restoration model
g=[tf]f+n
can be considered in several ways. If the only random process involved is the
additive noise n, then solving for the minimum m ean squared estimate of f
will be called the regression problem. If the image f is also considered as a
random image with known first- and second-order moments, then the prob
lem will be referred to as Wiener estimation. If the probability density
function of g given f is known completely or parametrically, then maximum
likelihood estimation may be used. Finally, if the probability density of f given
g is known, the Bayes or maximum a posteriori estim ation technique may be
used. This overview of the stochastic restoration techniques is shown in a
flowchart form in Fig. 4.44. In considering random processes in restoration
one may proceed down the flowchart, which is ordered from difficult to very
difficult in terms of the problem solutions. This flowchart is oversimplified
and imprecise, but hopefully shows the relationships between the various
well-known estimation models that have been applied to image restoration. If
one arrives at the end of the flowchart without finding an appropriate model,
then further research into advanced techniques is required. The given models
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Figure 4.44

Stochastic restoration model decision flowchart.

are all in the form of nonrecursive estimates; however, recursive estimates or
K alm an filters may also be developed for each case. We shall now consider
each of the four models in detail.
Linear Regression Model
The regression model m ay be considered as restoring an image f which has
been distorted by a linear system [H] and disturbed by additive random noise
n, given an observed image g. Since a function of a random variable is
another random variable, the random noise term in the restoration equation
g=[Jf]f + n
implies that g is also a random process. Furtherm ore, any estimate f of f that
is a function of g will also be a random process. The regression approach
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attem pts to approxim ate the statistical dependence of f on g by a determinis
tic relation T(g). The function which minimizes the m ean squared deviation
El = 4 [ f - T ( g ) ] 2]
is easily derived. Let eg denote the conditional expectation of e, given the
degraded image g, i.e.,
£g = £ '(ei/g)In general e1 is a random variable whose expected value over the {g}
ensemble equals eg. Therefore e, is minimized if eg is minimized. It is easily
verified that
£g=

E

{ [f ~ £ (f/ g ) ]V g } +

E

{

^( f / g ) ] V g )-

Therefore eg and consequently e, are minimized if the estimate is chosen to be

f=£(f/g)Although the optimum estim ator is conceptually simple, the com putation of
the expected value is extremely difficult for general random processes. The
solution becomes tractable under certain assumptions about the form of the
estim ator and the random processes.
It is often sufficient to approxim ate the true regression by a linear function
f= [L ]g .
The best linear function should be unbiased, that is,
E(f) = E(f),
and should also minimize the m ean squared error
E ( \ \ f - f \ \ 2) = E ( \ \ f - [ L ] g \ \ 2).
If the noise has zero mean and covariance m atrix S , the optimal solution is
given by the Gauss-Markov theorem (Lewis and Odell, 1971, p. 52) as
f = ( [ / / * ] ^ - 1 [ 7 / ] ) ‘ 1 [ / / * ] 2 ; - 1g
and the covariance m atrix of the estimate is

The optimum linear function is therefore

assuming the m atrix inverses exist.
This solution m ay also be obtained by minimizing the weighted m ean
squared error as first developed by Gauss. We wish to determ ine the estimate
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f that minimizes the quadratic expression

( g - g ) ^ “ 1( g - 8 ) = ( g - [ ^ ] f ) ,-S " ,( g - [ ^ ] f ) Taking derivatives and equating them to zero gives [L ] as above. It is
interesting to note that if the noise is white, that is, 2 ^ = 1 , the solution reduces
to the pseudoinverse solution.
Wiener Filtering
W hen both the image f and noise n are considered to be random processes
with known first- and second-order moments, the m inimization of the m ean
squared error leads to the W iener filter. This approach to image restoration
was first derived by Helstrom (1967). The following presentation closely
follows that of Andrews and H unt (1977), which stresses the circulant matrix
approxim ation and Fourier transform implementation.
Consider the linear image restoration model
g = [7/]f + n,

in which both f and n are assumed to be real-valued second-order stationary
random processes and statistically independent. We wish to determ ine a
linear estimate f of f from the observed image g,
f= [L ]g

that minimizes the m ean squared error
e2= £(||f-f||2).

For the following derivation it is convenient to express the mean squared
error as the trace of the outer product error m atrix rather than the norm al
inner product
e2= £ { T r [ ( f — f)(f — f)']} = £ { ( / —/ ) ' ( / —/ ) } ,

where Tr denotes the trace or sum of diagonal terms of a matrix.
The outer product form may be expanded for simplification as
(f — f)(f — f)' = (ff' - f f - ff' + ff').

Since
f' = g '[ L ] ' = ( f '[ / f ] ' + n ')[L ]',
ff' = ff' [ / / ] '[ L ]' + fn' [ L ]'.

Also,
fr= [L ]g r-[L ]([/7 ]f+ n )r,

so
f f '= [ L ] [ / / ] f f '+ [ L ] n f '
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and
ff' = [ L ] ([ H

] t i [H ] '

+ [ i/]fn ' + nf' [ H ] ' + nn') [ L

]

Since the trace of a sum of two matrices is equal to the sum of the traces, the
expected value and trace operators may be interchanged. Consider the
expected values of the four term s separately. First,
£ (ff') = R„

where Rf is the correlation m atrix of the image process. Second,
£ (ff') = R , [ / / ] '[ L ] '

since the image and noise are assum ed independent,
£ (fn ') = [0].

Similarly,
£ (ff')= [L ][//]R ,

and finally,
£ ( f f ') = [ L ] [ / / ] R f[ i / ] ' [ L ] ' + [ L ] R n[L ]',

where
E( nn') = R„.
The m ean squared error m ay now be expressed as
e2 =

Tr(Rf - R f[ / / ] '[ L ] '- [ L ] [ 7 / ] R f+ [ L ] [ / / ] R f[ / / ] '[ L ] ' + [ L ] R n[ L ] ') .

Since the correlation matrix is symmetric and the trace of the transpose of a
matrix is equal to the trace of the matrix, the error expression m ay be
simplified further to
£2= Tr(Rf - 2 R f[ ^ ] ' [ L ] ' + [ JL ] [ / / ] R f[ / / ] '[ L ] '+ [ L ] R n[L ]0 .

At this point the m ean squared error is no longer a function of the images f,
g, or n, but depends only upon the statistical characteristics and transforms.
The desired linear transform [L] m ay now be determ ined by minimizing the
scalar squared error with respect to the matrix elements. We may now
differentiate e2 with respect to [L\.

a ^ - - 2 R .W + 2 M [ f f ] R ,m + 2 [ i .] i V
Equating this result to zero gives the optimum filter [Z-]opt which minimizes e2.

N ote that this solution does not depend upon the inverses of individual
matrices Rf, Rn, or [//]. An alternative solution that does depend on the
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existence of the inverses may be derived, and is given by
[ L ] * = ( [ i / ] 'R n- 1[ / / ] + R f- 1) “ 1[ if ] 'R n- 1.

Implementing the Wiener Filter
The form of the linear estimate that minimizes the mean squared error [L ]*
has now been derived. To determ ine the W iener estimate, the correlation
matrices of both the image Rf and noise processes Rn are required as well as
the system matrix [FI]. Even with these matrices known, the matrix inverse
com putation
( [ / / ] R f[ t f ] ' + Rn) - '

will make the com putation difficult or impractical for large sized image
arrays, since each of the matrices is of size N 2 by N 2. The inverse matrix
could be com puted easily if the matrix were a product of a diagonal matrix
and a unitary matrix for which the inverse is simply the conjugate transpose.
Consider the matrix A s
A * = [ / / ] R f [ / / ] ' + R„.
The weakest known condition which ensures that A * - 1 is easily com puted
is that [FI], Rf, and R„ each be circulant matrices. In this case
[H]

= [ W ] A b[ W y \

Rt = [ W ] A , [ W ] ~ \

R n= [ W ] A n[ W ] ~ \

It is easy to show that the sum and product of two circulant matrices C,
and C2 are also circulant matrices. If
A x= [ w ] c x[ w y \

A 2= [ w ] c 2[ w y \

then
A 3= [ W ] ( C x+ C 2) [ W ] ~ l

and

A 3 = [ W ] C , C 2[ W ] ~ \

where A 3 is a diagonal matrix.
Substituting the circulant correlation matrices, the estimate gives
A * - [ W ] A bA , A b*[ W] ~ 1+ [ W] A n[ W ] ~ *.
Factoring out the Fourier transform matrices gives
A « = [ W ] ( A bA tA b* + A a) [ W ] - 1.
Therefore, the inverse of A * can be determined by com puting the inverse of a
diagonal matrix and the inverse of a unitary matrix.
The Wiener estimate for this circulant matrix case reduces to
[L ] * = [ fF ]A fy V (A h; W + A n) - , [ W ] ~ \
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Applying this linear estim ator to an observed image g produces the opti
mum m ean squared estimate f,
f = [ W ] A t\ * ( A hA t \ * + A ny \ w ] - lg.
This form of the Wiener estimate has an im portant interpretation in terms
of Fourier implementation. Let us again consider the solution in steps from
right to left.
1. [ W ] ~ lg This is simply a com putation of the discrete Fourier transform
of g. In the two-dimensional case, the result of this operation may be written
as G(u,v).
2. (A hylfAh* + A n) ~ 1 Since the interior matrix is a diagonal matrix, the
com putation of this inverse m atrix gives simply the matrix of reciprocals of
the diagonal elements. The diagonal matrix elements of A h, A f, and A n are
the discrete Fourier coefficients of the corresponding circulant matrices. In
the two-dimensional case, the diagonal elements of the N 2 by N 2 matrices are
naturally ordered in N by N matrices that may be written in series form:
N —1 N - 1

H(u,v) =

2 2
x =

0

h(x,y)exp[-j2-jr(ux + vy )/N ] ,

y = 0

N —1 N —1
SfO >u)=

2

2

R f( x , y ) e x p [ - j 2 t r ( u x + v y ) / N ] ,

x = 0 y = 0

N£„(“ >«) =

1

TV—1

2 2

x = 0 y =0

^ n ( ^ ) e x p [ -j2tr(ux + vy)/N].

H(u, v) is the Fourier transform of the block circulant point-spread func
tion h(x,y). S f(u, v) is called the power spectrum of the image and is the
Fourier transform of the circulant correlation image R f(x,y). Similarly,
S n(u, v ) is called the power spectrum of the noise process and is the Fourier
transform of the circulant noise correlation R n(x,y).
The total com putation at this point may be expressed in series form as
G(u,v)
H (u, v) Pf ( u, v) H* (u, v) + S n( u, v)
3. A1A b* In a similar m anner these terms m ay be related to the Fourier
dom ain m ultiplication by
S t(u, v)H* (u, v).
The total estimate in the Fourier dom ain may therefore be written in the
familiar W iener filter form
p,
n = ______ H * ( u , v ) G ( u , v )_______
\H(u, v)\2 + [ S n(u, v ) / S f(u, v) ]
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4.
[ W] The final operation simply transforms the estimate from the
Fourier domain to the spatial domain.
An im portant point about the W iener filter is that it is not often singular or
ill-conditioned. If there is a lower limit K of the noise-to-signal power spectral
density ratio
S B( u , v ) / S f(u,v) > K > 0 ,
then if H ( u , v ) = 0 , the estimate at that frequency F(u, v) is also equal to zero.
Also, if the noise power spectral density is m uch larger than the signal
spectral density at some frequency, the estimate at that frequency is deem 
phasized. Recall that an opposite effect occurred with the inverse filter.
Therefore, the W iener filter approach permits an image restoration solution
that is neither singular nor ill-conditioned. It does require estimation of the
image and noise power spectral densities.
Estimating the Statistics
A correlation m atrix

Rf

is defined as

Rr=£(ff').
The covariance m atrix was defined as
£ f= £ [(f-f)(f-f)'],

where f = E(f). In C hapter 3 it was shown that the correlation and covariance
matrices are related by
£ f=

R ,-ff

or

Rf =

£ f+

ff.

This last expression illustrates the dependence of the correlation m atrix on
the m ean vector f of the image. If the mean vector is not constant, f^jn, the
random process is not stationary, and further simplification may not be
possible. If the m ean vector is constant, f —fi, then the process is covariance
stationary. A subtraction of [i from the estimate or of [H]fi from the observed
image will therefore result in the correlation and covariance matrices being
equal:
R, = £ , .

This simplification is a necessary step, and reduces our consideration to the
covariance matrix only.
There are several methods that may be used to estimate the statistics
required for implementing the W iener filter. One may decide to assume a
known param etric form of the statistics and then determ ine the param eters
that best fit the experimental data. A nother m ethod is to determ ine a
nonparam etric estimate from experimental data. One must also decide upon
whether a spatial or Fourier dom ain estimate is to be obtained. Examples of
the param etric and nonparam etric approaches will now be given.
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To illustrate the param etric
separable in the horizontal and
sion the random variation m ay
m ean and covariance matrix

2

method, suppose the image statistics are
vertical directions, and that for each dim en
be modeled as a M arkov process with zero
given by

1

P

P

P

,=
.AT- i

1

This m atrix depends upon a single param eter p, which is the unit distance
pixel correlation coefficient. Although the covariance m atrix is not a circu
lant, it m ay be approxim ated by a circulant matrix. It may also be noted that
the M arkov process matrix m ay be easily diagonalized in its Toeplitz form so
that a circulant approxim ation is unnecessary (Pratt, 1972).
A n easy param etric model for the noise process is white noise, which has
zero m ean and covariance matrix

£„=

a2

0

0

o2

0

0

•••

0

a2

a2

where a 2 is the noise variance.
Since the point-spread function matrix [H ] of a planar invariant system is a
circulant matrix, the optimum filter can be implemented either directly in the
spatial dom ain or in the frequency dom ain without an inverse m atrix com
putation. Only the pixel correlation coefficients, the noise variance, and the
point-spread-function matrix param eters need to be determined.
N onparam etric methods m ay also be used for estimating the signal and
noise statistics. One interesting approach involves using regions of the ob
served image to determ ine the required estimates. Suppose the observed
image contains “typical” regions that characterize the effects of “signal
alone” and “noise alone.” Then the power spectrum estimates m ay be
obtained by averaging the m agnitude squared of the Fourier transform s of
the signal or noise subregions. The magnitude squared of the Fourier trans
form approximates the Fourier transform of the correlation function of the
region. Sincethe regions are norm ally smaller than the image, an interpola
tion is required to obtain the power spectrum estimates at the desired digital
resolution. The point-spread function may also be estim ated in this m anner if
one or more typical “points” or “edges” may be located. Since this procedure
is implemented in the Fourier dom ain and various size discrete Fourier
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transforms may be used, careful attention m ust be given to the spatial
frequencies involved. However, no circulant matrices need actually be con
structed, and only a simple Fourier dom ain filter procedure with attention to
convolution overlap is required.
Advanced Stochastic Restoration
The regression and Wiener estimation models previously described are
excellent restoration solutions for imaging situations that fit the underlying
assumptions of constant mean and covariance stationary random processes.
For imaging situations for which these assumptions are not appropriate, a
variety of other restoration solutions are available that are based upon
estimation and decision theory concepts. The m athem atical form of the
Bayesian, the mini-max, the m aximum a posteriori, and the maximum likeli
hood estimators will now be reviewed.
Suppose that a complete statistical description is available for the measure
ments in the restoration model. This description could be given in the form of
a jo in t probability density function p (f,g) from which all marginal distribu
tions such as p(f),p(g),p(g,f),p(f/g) could be determ ined easily. A n estimate f
of the ideal image f is desired. Suppose a nonnegative scalar cost function
C ( f - f) is also given. The average cost incurred by using the estimate f given
the observed image g is given by
C

= E[

C(f

- - f ) / g ] = f c ( t - f) p(f/ g)df.

The estimator that minimizes this average cost is called the Bayes estimator.
This solution is generally the “m ost desirable” of the “optim um ” estimators
but also the most difficult to determ ine since both a cost function C ( f — f ) and
the a posteriori probability p(f /g ) m ust be known. The cost function m ust be
defined for all pairs of ideal and estimated images. This problem of image
quality m easurement is very im portant but is also very difficult. M ethods for
estimating the a posteriori density are com pounded by the N 2 dimensionality
of the image vectors. Therefore, simplifications m ust be made in order to
realize a solution.
One approach is to minimize the maximum error (mini-max estimate). The
mini-max estimator f would minimize the expression

This may be considered to be a simplification of the Bayes estimator since
only the maximum of the cost function need be specified.
A nother simplification m ay be m ade by assuming a squared error cost
function
C ( f - f ) = | |( f - f ) | | 2.
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The Bayes estimate that minimizes the average cost is
(= E (f/g ) = Jfp(f/g)df.
N ote that this is the m inimum m ean squared error estimate and uses the
m ean of the conditional density as the estimate. A nother reasonable approach
is to use the mode of the conditional density as the estimate, assuming p ( f/ g)
to be unimodal.
If the a priori probability density p ( f) is a uniform distribution, the Bayes
solution simplifies to the maxim um likelihood solution. T hat is, given an
observation g*, the value of f which has maximum likelihood p ( g * /f) is
chosen as the estimate f. F or a more detailed consideration of these advanced
stochastic methods the reader should consult Andrews and H unt (1977,
C hapter 9).
4.6
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The general problem of image restoration for the deblurring of an image
will now be considered. F or this analysis the image recording system with
origin in the center of the image plane shown in Fig. 3.1 will be used. If a
point Vj is selected in the image plane, the instantaneous image intensity at
this point will be denoted by g(vt,t). The image intensity will be the result of
an illumination source reflected from an object with instantaneous reflectivity
f ( \ Q, t) where the object and image positions are related by
v0 = vc + «(vc- v i)

or

v, = vc + /3(vc- v 0),

where vc is the position of the lens center and a and (i are scalar param eters
related to distance from the lens center.
The recorded image over an exposure time T is described by the integrated
image intensity at this position,

The medium that actually perform s the integration could be photographic
film or the phosphor in a cam era sensor.
From physical considerations, we may assume that the power collected by
the imaging system, which is radiated from a particular planar region of the
object, is conserved through the imaging process at any instant of time.
Therefore, the power radiated and collected by a small area in the object
plane around the object point \ a —( x 0,y0, z 0) is described by
g ( x i, 0,z i, t ) d x idzi = f ( x o,yo, z o, t ) d x odzo
at fixed time t and fixed position y Q. It follows that
£(vi, 0 = / ( v 0 , 0
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with
vi = vc + /?(vc- v 0)

and

f i = f / ( y 0- f ) .

Therefore, the time integral m ay be written
s ( vi)= [ Tf ( y 0,t)dt.
Jo
This relation may be described as the sum m ation at each picture point g(Vj)
over a time interval T of all object points that are imaged onto the image
point. If there were no m otion of either object or image, this relationship
would simplify to
g(V i)= /(v 0 ) r .
If the image point is considered fixed but the object moves, then m any object
points such as

/(v0O1V1X /(Vo0 2),*2)> •••
would be imaged onto the same image point.
Given a description of the object motion v0(t), we may convert the time
integral of the moving object into a positional integral over an equivalent
stationary object. M athematically, this involves a change of variables.
Assume that the instantaneous object position is described in the param etric
form
x o( 0 = P i ( v l,t),
y 0( t ) = P 2 ^ i ^ \
^0{ t ) = p 3{\i,t).
If each of the functions p x, p 2, and p 3 has an inverse function q v q2, and q3,
respectively, then
' = 9lOo> Vi) = <720o> vi) =
vi)The object m otion could therefore be described as m otion along a curved
path r, where
r = [ ^ o(0 ^ o (0 > 2 o(0]>
and the elemental length ds is given by
ds =

m

+

m

2+

m

]V2

dt.

Therefore the time integral
g(vi)=

f fiy 0>t)dt

Jo
may be changed to a line integral of the form

where
S 0= [ x o2+ y o2 + z o2] \t =0,

S T = [ x 02+ y 02 + z02] \ t = T .
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To “deblur” an image g(v;) degraded by motion, one m ust solve the previous
equation f o r /( v 0). N ote that the measurements required for this solution are
the positions S and velocities V. A general solution to this equation is
difficult, since it involves space variant filtering; however, certain special
cases are easily solved. F urther inform ation on motion restoration m ay be
found in Sawchuk (1972).
To illustrate the steps required for solution, a linear translation case will be
considered.
To determine the blurring produced by linear TV camera m otion as a
function of TV camera phosphor type, the integrated image g ( x , y ) may be
described as a function of the instantaneous image f ( x , y ) as
g ( x , y ) = f T/2 f [ x 0- a( t ), y - 0 ( t ) ] d t ,
J -T/2
where T is the duration of the exposure or effective integration time due to
phosphor response, and a(t),/3(t) describe the m otion in the x and y direc
tions parametrically.
The effect of the integration m ay be derived by Fourier analysis. Taking
the Fourier transform of the above expression gives:
G(u,v)= f f
g(x,y)exp[-j27r(ux + vy)]dxdy
J J —on
T/2 r r 00
/
f [ x - a ( t ) , y - / 3 ( t ) ] e x p [ - j 2 i r ( u x + vy)]dxcfydt.

JJ

Introduce the transform ation for a(t) = Vxt and fi(t) = Vy t,
£ = x — a(t )

or

x = i+a(t),

V=y~K0

or

y = v + P(t).

Then
t

/

/2

^ J

r 00

/( |,r j) e x p [ -j2<n(u£ + v)]d£dr)

Xexp{ —j 2'n[ua(t) + vf t (t )] } dt,
G(u,v)

=F(u,v)f ^

exp( — j 2 rn\_ua(t) + u /? (/)]}dt.

Let
T/2

/

exp{ —j2ir\Lua(t) + vfi(t) ]} dt.

Then
G(u, v) = F( u, v ) H ( u ,v ) ,
which shows that the effects of linear m otion can be m odeled as a positioninvariant imaging system. If the m otion is uniform in the horizontal direction,
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then
a(t)-V t,

H{t) = 0

and
H(u,v)= j

* e \p ( - j l i r V u t j d t =

~ Tsinc(irVTu).

To illustrate the steps involved in experimental restoration, the following
example computed by Heller (1978) will be described. The original image

(b)

Figure 4.45

(a) Original image and (b) Fourier transform of original image.
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(d)
Figure 4.45 (c) Blurred image, distance = 4.0, noise variance = 0.33, and (d) Fourier transform of
blurred image.

shown in Fig. 4.45a consists of a 64 by 64 character array. The m agnitude of
the Fourier transform of the original image is shown in Fig. 4.45b. To
simulate motion restoration each pixel in the original image was replaced by
the sum of its four horizontal neighbors with the result shown in Fig. 4.45c.
The magnitude of the Fourier transform of the blurred image is shown in Fig.
4.45d. N ote the severe loss of spatial frequency inform ation in the horizontal
direction. A Wiener filter was designed to restore the blurred image. The filter
m agnitude is shown in Fig. 4.45e, in which large values are dark and small
values light. N ote th at the filter mainly enhances the high-frequency inform a
tion but retains small values at locations in which the blur function has zeros.
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(e)

(f)

Figure 4.45 (e) Restoration filter, large values represented by black, small values by white, and
(f) Fourier transform of restored image.

The result of filtering the Fourier transform of the blurred image, that is, the
product of the transform shown in Fig. 4.45c and the filter shown in Fig.
4.45d, is given in Fig. 4.45f. N ote that much of the high-frequency inform a
tion has been restored with the exception of the zero bands. The restored
image shown in Fig. 4.45g is the inverse Fourier transform of the transform of
Fig. 4.45f. Note that a substantial double image remains at a decreased

Bibliographical Guide

Figure 4.45
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(g) Restored image-inverse transform of (f) and (h) thresholded image.

intensity. This restored image was thresholded to produce the final restored
image shown in Fig. 4.45h. N ote that although the restoration is imperfect,
the m ain characters can be determined.

Bibliographical Guide
An introduction to digital image enhancem ent and restoration m ay be
found in the general papers by N athan (1968, 1970), Oppenheim et al. (1968),
Prewitt (1970), Hall et al. (1971), H uang et al. (1971), Stockham (1972),
Andrews et al. (1972), Andrews (1974), and the books by Gonzalez and Wintz
(1977), Andrews and H unt (1977), Rosenfeld and K ak (1976), Huang (1975),
and P ratt (1977).
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Histogram m anipulations for image enhancem ent are described by Hall
(1974), Gonzalez and Fittes (1975), Robinson and Frei (1975), and W ong
(1977).
Geometric transform ations are im portant in both digital and optical
processing and are described in N athan (1968), Billingsley (1970), Casasent
(1975), and W ong and Hall (1978).
Enhancem ent by spatial filtering for linear spatially invariant systems is the
most general and practical technique. Spatial filtering methods are described
by G raham (1962), N athan (1968), (1970), Billingsley (1970), Ekstrom and
Algazi (1970), Prewitt (1970), Schreiber (1970), Eklundh (1972), Ekstrom
(1973), and H unt (1973, 1975), as well as in the books by Rosenfeld and Kak
(1976), and Gonzalez and W intz (1977).
Color techniques for image enhancem ent are described in Andrews et al.
(1972), Fink (1976), Gazley et al. (1967), Kreins and Allison (1970), and
N ichold and Lam ar (1968).
Image restoration is a more satisfying form ulation of the enhancem ent
problem in that an objective criteria is imposed. A large am ount of the image
restoration theory was developed in optics. The methods are described in
Frieden (1967, 1972, 1975), Frieden and Burke (1972), H arris (1966, 1968),
Helstrom (1967), H orner (1969, 1970), Hufnagel and Stanley (1964), Jansson
et al. (1968, 1970), Lohm ann and Paris (1965), M acAdam (1970), M cGlamery
(1967), M iyamoto (1961), M ueller and Reynolds (1967), Paris (1963), Shack
(1964), Slepian (1967), Som (1971), Stokseth (1969), Tsujiuchi (1963), H uang
and N arendra (1975), and H uang et al. (1975).
Digital image restoration techniques are described in Andrews (1974),
Andrews and H unt (1977), Andrews and Patterson (1975), C annon (1974),
Cole (1973), H unt (1971, 1972), Lewis and Sakrison (1975), M acAdam (1970),
M ascarenhas and P ratt (1975), O’Handley and Green (1972), Pratt (1972,
1977), and Stockham et al. (1975). The entropy constrained restoration has
been described by Hershel (1971), Frieden (1972, 1975, 1976), and Edward
and Fitelson (1973). Space variant restoration is described by Barrett and
Devich (1976), H uang (1976), Lohm ann and Paris (1965), Robbins (1970),
Robbins and H uang (1972), and Sawchuk (1972). N onlinear hom omorphic
methods are described by C annon (1974), Cole (1973), Stockham (1972), and
Stockham et al. (1975). Stochastic restoration methods are described by
Frieden (1972), H abibi (1972), Jain and Angel (1974), M ascarenhas and Pratt
(1975), Nahi (1972), Pratt (1972), P ratt and D avarian (1977), Richardson
(1972), Sondhi (1972), Wallis (1975), and W oods (1972). Recursive digital
image filtering techniques may be com putationally advantageous as shown in
Hall (1972), but can also result in unstable filters. Design techniques for
digital image filters are described by Anderson and Jury (1973), Dudgeon
(1975), Farm er and G ooden (1971), H u and R abiner (1972), Huang (1972),
M erserau and Dudgeon (1975), Pistor (1974), and Shanks et al. (1972).
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The fundam ental m athem atical techniques for numerical solution of the
integral equations upon which the im age-restoration problem is based are
described in Phillips (1962), Twomey (1963), Tikonov (1963), Albert (1972),
Bellman (1970), and Rust and Burris (1972).
C OMP UT E R E X P E R I M E N T S
1

Select a digital image file.
(a) W rite a com puter program to read this file and compute a 32-level
histogram. Select from this histogram break points for a contrast enhance
m ent transform ation.
(b) W rite a program to effect a three-step, piecewise linear contrast
enhancem ent transform ation. Save the resulting image in a file.
(c) Use a gray scale plotting program to plot the original file and the
contrast enhanced image file.
2 W rite a program to compute the discrete Fourier transform using a fast
Fourier transform algorithm for the real-valued input sequence
^ ( / ) = sin(27r*//8),

7 = 1 ,..., 16.

(a) Com pute the complex transform.
(b) Com pute the double transform and estimate the order of m agnitude
of the roundoff error.
(c) Com pute the log m agnitude transform. Determ ine the half-power
point.
(d) Com pute the phase spectrum. Is the phase spectrum linear?
3 Construct an image of a square, i.e., a 1 6 x16 array of Os with a 5 x 5
array of Is in the center.
(a) Compute the forward, origin centered, two-dimensional complex
transform.
(b) Compute the double transform and estimate the order of m agnitude
of the roundoff error.
(c) Com pute the log m agnitude transform.
(d) Compute the phase spectrum.
4 Construct a square wave function, i.e., a 16-point, one-dimensional array
of Os with four Is in the center.
(a) Compute the nonsequency ordered H adam ard transform of this array.
(b) Compute the double transform and estimate the transform roundoff
error.
(c) Compute the sequency ordered transform.
(d) Low-sequency filter the transform, i.e., set the five highest sequency
terms to zero and com pute the inverse transform . Com pare the filtered
function to the original square wave.
(e) Experiment with filter shapes to determ ine if an edge enhancem ent
sequency filter can be obtained.
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PROBLEMS
4.1 A picture or image function is usually defined as a nonnegative, real
valued function of two independent variables, X and Y. A digitized or
discrete picture function f ( n X , m Y) is nonzero only at discrete values of x
and_y, i.e., x = nX, y = mY ; n = 0 ,1 ,2 ,...,N — 1, m = 0 ,1 ,2 ,...,M — 1. The value
of f ( n X , m Y ) at any point (n X , m Y ) is called the gray level at that point.
mY

All u n ma r k e d s quar es
have t he value zero
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0
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Figure 4.46

3X 4 X

7

1

(c)

X

4 bit picture
wha t letter?

.nY

Discrete image functions: (a) binary image of letter U , (b) 3-bit image, and (c) 4-bit
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D e n sity

H-D C urves

Figure 4.47 (a) Photographic development functions, (b) Linear transfer function, (c) Nonlinear
transfer function.

Usually, the largest values of f ( n X , m Y ) are called white, while the smallest
values are called black.
F or all com puter compatible image functions, the num ber of distinguish
able gray levels [values of / (nX, mY )\ is discrete, i.e., there is a finite num ber
of gray levels, usually less than 64.
A histogram of the gray levels in an image function is a function of the
image that shows the relative frequency of occurrence of each gray level.
For each discrete image function given in Fig. 4.46, com pute and sketch a
graph of the gray level histogram.
4.2 A photographic transm ittance function is developed at Yi shown on the
H - D curve in Fig. 4.47a. This transparency is then scanned on a digitizer
that has a transfer characteristic as shown in Fig. 4.47b. A fter this digitization
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2X

6X

7X

Sampled digital image.

of the image shown in Fig. 4.47c, it was decided that the film did not have
enough contrast and should have been developed at y2 as shown in Fig. 4.47a.
(a) Design a digital contrast enhancem ent transform to provide the effect
of y2 development on the com puter image.
(b) Compute the transform ed image.
(c) Given the digital image shown in Fig. 4.48, which is assumed to have
been scanned with a scanner that has a nonlinear transfer function as shown
in Fig. 4.47c.
(1) Design a transform ation that has the effect of linearizing this curve.
(2) Compute the resulting image.
t=0

t = 1 sec

t = 2 sec

t = 3 sec

Figure 4.49 Time-varying scanner transfer functions.
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to

t=2
3

Y

t=i

t=0
5

0

4

0

X

Figure 4.50

Sampled image.

(d)
Suppose the scanner amplifier gain drifts with time producing the time
varying transfer function shown in Fig. 4.49. During this time we scan a small
2 x 2 image shown in Fig. 4.50. The scanner scans one point/sec.
(1) Design a com pensating transform ation that essentially produces the
t = 0 transfer function at all values of time.
(2) Compute the com pensated image from Fig. 4.50.
4.3 Show by direct recursion or m athem atical induction that the com puta
tion
L

-

1

y(nX)= 2

M - \

a,x(nX -iX )-

i= 0

2

bjy(nX-jX)

7=1

is exactly equivalent to the convolution
n

y(nX) =

2

hjX(nX-iX)

i=0

and determine the relation between ht and at and bt.
Assume that y ( n X ) and x ( n X ) = 0 for n < 0 .
4.4 Given the following two forms for digital convolution:
2M

g(mX,nY) =

2M

2 2

h ( i X , j Y ) f ( m X — i X , n Y —j Y ) ,

i= 0 7 = 0
g{m X ,n Y)=

M

M

2

2

h ( i X , j Y ) f ( m X — i X , n Y —j Y ) ,

i = - M j= - M

where h ( iX , jY ) = 1,
(a) compute the closed form solution for the system function for each,
e.g., let f ( m X , n Y ) = eJ(UxmX+01'"nY);
(b) comment on the m ain difference in the m agnitude and phase re
sponses for the two systems. If each operation is used to filter an N x N
image, comment on the num ber of com putations and edge point special cases
or transient effects. (Note: Use 50 words or less.)
4.5 Let
M

j ( x ,^ ) =

2

M

2

m = — M n — —M

8(x-m a,y-nb)
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and
G( x, y) = exp{ - [ ( x - a)2 + O - b f ] / 2 a 2}.
(a) Compute the Fourier transform of i(x,y).
(b) Compute the Fourier transform of s(x,y)**G(x,y), where **denotes
two-dimensional convolution.
4.6 (a) (1) Suppose the random variable X has a uniform (a, b) distribu
tion. Determine a new random variable Y = T(X), that has a uniform (0,1)
distribution.
(2)
Suppose X has a norm al ( ju, a2) distribution. Determine a new random
variable Y = T ( X ) that has a uniform (0,1) distribution.
(b) A discrete variable X is distributed equally likely over N points, i.e.,
its histogram h (x) is defined by
1/N
0

for x = Q , \ / N , 2 / N , . . . , ( N - \ ) / N ,
otherwise.

The distribution function H ( x ) is equal to the num ber of x values less than or
equal to x. Compute this distribution function. Use the distribution function
as a transform ation, i.e., let y = H(x). Compute the histogram g ( y ) of y . Is this
histogram still equally likely?
Now form a new distribution function H ' from II by compressing the
num ber of abscissa values, i.e., m aintain the same range but compress every
two points into one new point. This corresponds to a coarser quantization of
the values.
Again compute the histogram g ( y ) of y. Is this histogram still equally likely?
4.7 We know that a signal h(t) that is bandlim ited to / , may be exactly
determ ined from its values h(nT) at equispaced points, t = nT, provided
7 X 1 /2 /,.
State as quantitatively as possible:
(a) The effect of time limiting the signal to a duration of N T seconds.
(b) F or a fixed time duration of r seconds, the effect of increasing N
(decreasing T).
(c) The effect of nonideal sampling, i.e., zero-order hold of Tt seconds.
4.8 Given
A=

an
a 21

a 12
a22

and

L=

Lu

L 12

L 21

l

22

determine the following derivatives of the trace of the matrix products.
Recall that
3/
3f
3/ _
3-Ln
3^12
T r A = a n + <222
and
3L =
3/
3/
37^21

3^22
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3Tr
(AL)
9L
0 Tr
(A'L')
(4)
91. v" ~ '
Develop the [H] matrix

( 1)

4.9

3Tr

(LA)
9L
9T r
(LAL)
(5)
v“'
9L
for this example.
( 2)

9Tr
(LA')
9L
9T r
(L'AL).
9L

(3)

(6)

f\\

f\2

Al

fll

/s i

hi

,

(b)

f=

fl\

h

fl2

h\

1

(a)

In

V
<r,>

/ll

hi
' 8 11 '

' « n '
n,2

(c)

n=

n2\
n22

(d)

«31
n 32

g=

8,2
821
822
831
83 2

where (a) is a 3 x 2 image function, (b) an equivalent image vector, (c) an
equivalent noise vector, and (d) an equivalent observed image vector.
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5

Reconstruction
from Projections

5.1

Introduction

An interesting and unique processing problem is the reconstruction of the
image of an object from a set of transverse cross-sectional projections of the
object. In several applications, an image of an interior section of an object
may be produced only in this m anner without physically destroying the
object. The significance of this technique is shown by its wide application to
areas such as medical radiology and nuclear medicine, electron microscopy,
radio and radar astronomy, light microscopy and holography, and the theory
of vision.
The general problem of three-dimensional reconstruction and various pos
sible approaches to the solutions are illustrated in Fig. 5.1. Suppose the two
em bedded numerals can only be viewed from the sides, i.e., a transverse
direction. The problem is to determ ine what numerical measurements would
appear from the top in a thin slice. Physically slicing the object into sections
is the obvious solution; however, this is impractical in m any cases, such as
medical diagnosis, astronom ical observations, industrial nondestructive test
ing, photogram m etry measurements, and many others. In each of these cases,
it is still possible in principle, and for some cases, in practice, to determ ine the
cross-sectional characteristics of the objects, i.e., locate the numerals in Fig.
5.1. The three inform ation collecting modes— transmission, emission, and
reflection— are also illustrated in Fig. 5.1. The transmission mode depends
upon energy transmission or absorption by the object and is most often used
with x-ray beams, electron beams, light or heat, which possess a well-defined
absorption law. Emission may also be used to obtain the object location, and
this m ethod has been developed for positrons, which upon disintegration emit
two gamma rays in opposite directions. The time of detection of these two
events may be used to locate the position of origin of the annihilation. The
reflection of energy may also be used to determine the surface characteristics
of the objects using, for example, light, electron beams, radar, or ultrasound
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Figure 5.1

Three-dimensional reconstruction by transmission, emission, and reflection.

as the energy source. The science of the reconstruction modes and energy
sources is beyond the scope of the present discussion; however, it is interest
ing to note that each of the com binations for which the problem of threedimensional reconstruction has been solved in practice has led to an exciting
area of study. A final general com m ent is that it is interesting to differentiate
between three-dimensional reconstruction in which the object characteristics
are measured, and three-dimensional visualization, such as holography. Both
are exciting problems; however, in this chapter we will restrict our attention
to the reconstruction problem, and primarily to the transmission mode.
In this chapter a survey of the m ajor techniques for com puting a recon
struction are described. These include the direct Fourier transform method,
the convolution algorithm, and the algebraic formulations. Considerations for
the display of reconstructed images and objects are also given. Finally, a brief
introduction is given to some im portant medical applications in radiography.

5.2

Fourier Transform Reconstruction

The Fourier transform m ethod of reconstruction provides the simplest
introduction. This m ethod is based on the fact that the Fourier transform of a
two-dimensional (one-dimensional) projection of a three-dimensional (twodimensional) object is exactly equal to the central section of the Fourier
transform of the object. By rotating the projections and thus the Fourier
transform section, the entire Fourier transform plane may be first constructed
and then the object reconstructed by simply taking the inverse Fourier
transform.
The theory of reconstruction will now be introduced (Papoulis, 1969;
Shepp and Logan. 1974).
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Let f ( x , y ) represent an image function. The two-dimensional Fourier
transform is
F(u,v)= f f

f ( x , y ) e x p [ —j 2 ‘jr(ux + vy)~\dxdy.
—OO

Consider the projection of the image on the

/

jc

axis, i.e.,

OO

f(x,y)dy.
-OO

An im portant fact is that the one-dimensional Fourier transform of the
projection
r r cc
/ co
gy ( x) exp( —jl-nux) dx = I I f ( x , y ) exp( —j l i r u x ) dx dy
- OO
—OO
is exactly equal to the central profile of the two-dimensional Fourier trans
form
F(u, 0 )= f f f ( x , y ) exp( —jl-nux) dxdy.
^ —OO
Now suppose we project the function on a line that is rotated at an angle # as
shown in Fig. 5.2. Let us first define the rotated coordinates
s = x cos# + y sin#,

t = —x sin # + > 'co s# .

The line upon which we project the function is chosen to be the x axis. The
projection points are com puted by integrating the function along lines paral
lel to the t axis at a distance s from the origin. The projection may therefore
be written as
g ( s l ,0) = J f ( x , y ) d s ,
where the path is along the line
s, = xcos#+_y sin#.

Figure 5.2 Projection geometry showing lines of projection y —x ta n 9 and perpendicular
direction of integration line y — —jc/tan 9 at origin and at distance .s, from the origin.
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The one-dimensional Fourier transform of the projection is

/

OO

-

g ( j , , 0 )e x p (- j 2 i r r s x) ds x,
OO

which may be expanded as
G(r,9) = f f f ( x , y ) e x p [ —j 2'n r (x co s 9+y s m0 )~ \ dx dy .
^ — CO
F or this to equal the two-dimensional Fourier transform, we equate the terms
in the exponent to arrive at
u = rcos6,
v = r sin#.
Therefore, if the point (u ,v) is on a line at a fixed angle 9 and variable
distance r from the origin, the transform of the projection will equal a line of
the two-dimensional transform , F( u, v) = G(r,0). Clearly, if the transform of
the projections G(r,9) were known for all values of r and 9, the two-dimen
sional transform would be determined. To then find the image function
would require an inverse transform com putation
f(x,y) = f f

F(u,v)exp[j2-jr(ux + vy)]dxcfy.
— GO

This may be considered the basis of the reconstruction technique.
These results are easily extended to the three-dimensional situation. Let
f ( x l , x 2, x 3) represent an object, where / may be real or complex. The
three-dimensional Fourier transform is given by
F

( u v

u

2

, u 3 )

- n

r

/ ( x l, x 2, x 3)exp[ —2irj(ulx l + u2x 2+ w3.x3)] d x xd x2d x 3,

and the central section of the transform is
F ( u u u2,0)
n /*co r r oo

"I

= / I
j j

I f ( x l, x 2, x 3) d x 3 exp[ —2‘n j(ulx l + u2x 2) ] d x i dx 2.
—OoL*^—00
J

By definition the profile or projection on the x t, x 2 axes is

/

OO

f { x x, x 2, x 3) d x 3.
- OO
Note that the two-dimensional Fourier transform of f 3( x x, x 2) is exactly
identical to the above equation for the central section of the three-dimensional transform. It may also be shown that if the projection is taken at an
angle of 6 with respect to the x t , x 2 planes, then the corresponding transform
section is at exactly the same angle 9 with respect to the w, , « 2 planes in the
transform space. Thus, projections may be taken at different angles of
orientation 6 transform ed and inserted into the three-dimensional transform
space. An infinite num ber of projections are required to build up the Fourier
transform space. Finally, an inverse Fourier transform reconstructs the image
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(b)
Figure 5.3 Geometry for Fourier transform technique: (a) projection data— Fourier trans
form of projection and (b) assembly of Fourier transform.

f ( x l , x 2, x 3). N ote that a two-dimensional image f ( x ], x 2), m ay be considered
without loss of generality, since any arbitrary plane within a three-dimensional field may be reconstructed. Let us therefore rewrite the projection
equations for the two-dimensional case to emphasize their dependence on 6
and the projection coordinate p.
g(p,&) = f f ( x , y ) d s ,
where ds is the differential length of the geometric ray path. The previous
Fourier transform result may be given by
CO

/-

g(p, 0 ) ex p( —j l u R p ) dp
oo

and
f(x,y) =
as shown in Fig. 5.3.

J

|

F ( u , v ) e x p [ j 2 ‘i r(ux + vy)] dudv,
— CO
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If an infinite num ber of projections are taken, determining the Fourier
transform in rectangular coordinates F(u, v) from the com puted projection
transform in polar coordinates F ( R , 0 ) presents no difficulty. However, if
only a finite num ber of projections is available, some type of interpolation in
the transform may be required. A nother point to note is that although only
one-dimensional forward Fourier transform s of the projection data are re
quired to construct the transform space, a two-dimensional inverse transform
is required to reconstruct the image. A consequence of this is that the image
cannot be partially reconstructed as the projection data is obtained, but must
be delayed until all projection data are available. Before discussing other
com putational considerations, let us consider some other reconstruction
methods. A very popular method, because of its com putational simplicity, is
the convolution method.
53

Convolution Algorithm

To introduce the convolution algorithm, let us first rewrite the inverse
Fourier transform expression in polar coordinates with the notation
illustrated in Fig. 5.4 (Bracewell and Riddle, 1967; R am achandran and
Lakshm inarayanan, 1971):
x = rc o s a ,
f(r,a)=

f f

Jo Jo

u = R c o s f i = —Rs in 9,

>>= r s in a ,

v = R s m / 3 = RcosO,

F (R , 9 ) R e x p [ j 2 T r R r s m ( a — 9 ) ] d R d 9 .

The Herm itian or symmetric conjugate property m ay be used to obtain
f(r,a )= f

^ f— OO\ R\ F (R , 9) ex p[ j 2T r Rr s m( a —9 ) ] d R d 9 .

— TT/2J

Let
7 ? |= i? s g n (i? )= - jl 'nR'y 777-sgn(/?)]/27r2,

(a)

Figure 5.4

(b )

Polar coordinate representation for (a) spatial domain and (b) transform domain.
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where
r
sgn.R = 4

i,

0,

l-l,

R >0,
R = 0,
f l < 0,

and

z = rs in (a —6).

Then
r-n/2 z* 00
f(r,a) = — - I
/
[j m sgn(/ ? ) ] ( - j l v R ) F ( R , 8 ) ex pi jl i rRz )d Rd 9 ,
l i t J -ir/2J -oo
which may be rewritten
1

rir/'). r (\cr( 7 ^ 1

2w ■'-w/ 2L

/ 1 \

J W/

<0,

where * denotes convolution.
The convolution m ay be explicitly written
2ir2 J - v / 2 J -ca r s m ( a — 0) —p

dO.

The integral over p may be interpreted as the Hilbert transform of the
partial derivative of g(p,9) evaluated at r = sin(a — 0). The im portance of this
interpretation is that one may then show that if the sample values are finite,
the integral value is finite, i.e., convergent. N ote that the previous integral
expression with the | R | term is not obviously convergent.
A nother consequence of this derivation leads to a very simple m ethod of
reconstruction. Suppose one collects the projection data g(p,9) and stores the
data in an equivalent rectangular space. The projection data stored in this
m anner is sometimes called a layergram. N ow for a fixed 9 one m ay linearly
filter that line of projection data either in the frequency dom ain with a rho
filter, i.e., multiply by |/?| or in the spatial dom ain by convolving the
projection data with a filter whose impulse response is the inverse transform
of the rho frequency filter, i.e.,
V p ) = ( A/2 \ R\exp(j2irRp)dR,
J -A /2

where the limit A should be infinite but m ust be finite in practice.
The result of this process is a rho filtered layergram. To arrive finally at the
reconstructed image, one simply integrates the rho filtered layergram over 6
at a particular value of p = r c o s ( a - 9), i.e.,
f ( r , a ) = f g'(rcos(<x~6),6)de,
Jo
where g'(p,9) = g(p,8)*h0(p).
This process is illustrated in Fig. 5.5. This technique is attractive because
only one dimensional filtering and integration are required. Also note that
instead of producing an image f ( r , a ) in polar coordinates, appropriate
rectangular values m ay be produced easily.
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y

Figure 5.5 Geometry for convolution techniques: (a) convolution projection data and (b) rho
filter for convolution restoration.

5.4

Algebraic Formulations

Let us now consider the num erical evaluation of the reconstruction equa
tions. Although the equations may be com puted optically, the increased
dynamic range of digital sensors has led to com puter implementation in most
cases. The numerical evaluation of the basic projection equation
g(p-0) = f f ( x ,y)ds
requires several steps. First, the projection data m ay only be taken at discrete
values of p and 9, such as
g(Pm’On)'’

m = 1,2,...,M ,

n= l,2,...,N .

As the next step, one may start with an integral equation solution of the form
f(x,y) =

JJ

a(r,s)H(x,y,r,s)drds.
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If this integral is evaluated numerically, we m ay obtain an estimate / ( x , y )
of the function that may be expressed as a series expansion
K —1 L - 1

f(x,y)= 2

2

k=0

aklHk/(x,y),

1= 0

where the coefficients akl and the generating functions Hkl(x,y) depend upon
the technique selected for the reconstruction.
The series expansion estimate should also satisfy the projection equation,
which requires

g (p , 0 ) =

g(pJ)=

f f ( x >y )

* = J /C -x jO

2

ak i f H kl{x,y)ds.

2

k = 0 1= 0

ds

Js

The coefficients akl should be selected so that this condition is satisfied;
however, this may not always be possible with a finite num ber of terms.
Finally, one may wish to estimate the image only at a discrete set of points to
obtain
f i x i,yj),

i= 1 ,2 ,...,/, j =

1 ,2 ,...,/.

Of course, quantization effects m ust also be considered.
At this point, one has arrived at a set of m atrix equations that may be
solved under certain conditions to arrive at the desired estimate. To illustrate
the approach and problems encountered in numerical reconstruction, let us
again consider the Fourier method.
A reasonable assum ption for most reconstruction problems is that the
image to be reconstructed is of finite spatial extent, i.e., / ( x , y ) is zero outside
the rectangular region defined by
\ x \ < \ L x,

\y\< \L y.

Under this assumption, we may develop a series expansion by directly
applying the sampling theorem. We may first form the periodic extension
f p(x ,y) of / (x,y), which is identical to / (x,y) in the rectangle of interest and
periodically repeated over the plane. Since f p( x , y ) is periodic, we may
describe it by the two-dimensional Fourier series
OO

f P( x ,y ) =

2

OO

2

Gmne x p [ j2 - u { m x / L x + n y / L y)],

m — — oo n = — oo

where the Fourier series coefficients are given by
^ mn

^

T
x

y

—Lx/ 2

' / / ( x , y ) exp[ - j 2 m { m x / L x + ny/ L y) ] dxdy.
—Ly / 2
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This series expression may be truncated to obtain a finite series expression,
but the coefficients m ust first be determined.
Now, by exactly the same procedure used in the proof of the sampling
theorem we may represent the Fourier transform of f ( x , y ) by cardinal
function interpolation of the values on an equispaced grid in the transform
dom ain
OO

F( u, v ) = LxL y

OO

2
m =

2
— oo

n =

Gmn sine

— oo

The coefficients Gmn are equal to the sampled Fourier transform values at
points
(u = m / L x, v = n / L y ).

If one could determ ine these coefficients for some finite range of m and n,
say, m = 0,
1 and « = 0 ,\ , . . . , N — 1, then one could use the finite
Fourier series representation to compute f ( x , y ) at any point in the region of
interest. Thus, we need to determ ine the Gmn given the Fourier transform
points com puted from the projections in polar coordinates,
F ( ui,Vj);

ui = R i cos 0„ i = l , . . . , I ;
Vj = RjSiaOj, 7 = 1,...,/.

One may now write the finite interpolation equation in equivalent vector
form to obtain
F = [^ ]G ,
where F is a column vector with 7 / elements, G is a column vector with M N
elements and [ W] is a weighting matrix of order 7 / X M N . A t this point, the
problem has been reduced to a form that is identical to that used in linear
restoration. Thus one may im mediately write the least m ean squared or
pseudoinverse solution, if it exists, as
g

= ( [ ^ ] t[ ^ ] ) _ V

] Xf -

This solution m ay not be easy to compute. The order of the m atrix to be
inverted is equal to the num ber of frequency dom ain points to be determined.
F or example, to determ ine the points on an 8 0 x 8 0 grid in the transform
dom ain by a direct solution requires the inversion of a 6400 x 6400 matrix.
However, we may conclude that the numerical evaluation of the Fourier
transform m ethod may be considered by a series expansion approach.
A nother numerical approach is based upon the assum ption that f ( x , y ) is
band limited, i.e.,
F (u, v ) = 0

if

\ u \ > \ / 2 l x,

\ v \ > l / 2 ly .
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In this situation f ( x , y ) may be represented by the cardinal function inter
polation
“

“

2

f(x,y)=

,
.
I x —mL \
[y-n l \
f (™l x>nly) smc — ------ smc — ---- .

2

m = — o o / 7 = — oo

lx

\

J

\

y

I

A truncated form of this series then provides an estimate f ( x , y ) of the
desired function,
w - i a t-i

2 2

f(x,y)=

/x-m l \
(y-nly \
f { m l x,nly ) s m c \ — ----- smc — -— .

m=0 n= 0

lx

\

J

\

y

J

Integrating this function over a path length gives
M—i N - i
g{p,0)=

2 2

I x — ml \
i V ~ nl \
f{rnlx,nly) f sincl — y ^ - I sine —
ds.

m=0 n= 0

s

\

x

J

\

y

J

To evaluate the integral over the path length, let the equation of a ray be
given by
y = ax + b.
It is convenient to relocate the origin at each sample point by defining
x ' = x — mlx,

y ' = y — nly .

Then, for a given p and 6, the ray equation is
y ' = ax' + b' ,
where
a ' = tan#,
, .
" - M

r°° .

6'

= p sec 0 + mlx tan6 — nly,

/ x — mlx \ .

(' yy -~ i nl A n
1/ 2 ,
( 1 + a ) ' dx.
—
y

Further evaluation of this expression leads to the equations for the weighting
functions,
(1

+ a2) l/2lx sine[(pc + mlxa - nly) / l y ]
for

0

< \a\ <ly / l x,

Wmn(P’ 0 ) = - (\ + a 2) x/2(ly/ \ a \ ) sine[ (pc + mlxa — nly) / l xa~\
for
ly sinc[(p + mlx) / l x ]

for

ly/ l x < \a\ < oo,

|a| = oo,

where a = tan# and c = sec9. Thus we arrive at a set of algebraic equations
M - 1 N - l

g (p , 0) =

2

2

m=0 n = 0

Wmn(p,e)f(rn/X,nly)
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R e c ta n g u la r o r F an B eam

R ay j

G e o m e try m a A ngles

a t angle 6

for which the projection values and weighting functions are known at a set of
discrete points and from which the image values at discrete points may be
determined. In practice, the weighting function must be com puted with a
finite ray width, which is only slightly more complicated.
As a final illustration of the development of a series solution, let us assume
that the image is represented as an array of rectangular elements as shown in
Fig. 5.6 and that within each element the function has a uniform value, say,
f ( m l x ,nly). The function at any point (x,y) m ay then be expressed as

/ ( * o 0 - Y N^ h m l x,n g r e c t ( ^ ^ ) r e c t ( ^ ) .
m=0 n=0
\
lx /
\ ly )
In an analogous manner, this function may be integrated over a ray path,
perhaps of finite width, as shown in Fig. 5.6 to determ ine a set of weighting
functions W^„(p,9) to develop the linear system of equations
A /-1

g (p,0)=

2
m = 0

N —1

2

f ( ™ l X’ nl y ) W ^ n( p , 9 ) .

n = 0

As illustrated, the numerical solutions of the reconstruction equations may
lead to a system of linear equations that must be solved to determine the
image. W ithout going into great detail on this well-established topic, a few
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points should be m entioned. First, since the sum of all the projection values
at any given angle equals the integral of the image function,

one may easily introduce dependent equations into the system. This situation
produces a singular system of equations if the dependent equations are used.
Also, it may be possible to impose an objective criterion such as minimum
m ean squared error and a priori constraints on the set of possible solutions.
Finally, one may approach the solution to a set of linear equations with either
a direct, iterative, or a com bination direct-iterative algorithm (G ordon and
Herm an, 1973). The size of the com putational facility available may make
one approach advantageous.
Reconstruction by Optimization
The reconstruction problem may also be solved by selecting a reasonable
criterion function that measures the discrepancy between the actual picture
and the reconstructed picture, and developing a solution m ethod that mini
mizes this criterion function. This transform ation of the reconstruction prob
lem to a m inimization problem was elegantly described by Kashyap and
M ittal (1975) and will now be reviewed. Several algebraic approaches have
been developed; however, the following description is illustrative.
Let us first introduce a vector notation for the reconstructed picture and
projections. Let f represent the equivalent picture vector formed by stacking
the image rows f, into a column vector, i.e.,

as shown in Fig. 5.6. This vector is of size n 2.
Next, consider the projection ray at angle 9k with respect to the horizontal
as shown in Fig. 5.7. We shall consider a num ber p of such projections at
angles 9x,.. ., 9p, respectively. Let gk be the vector of projection values at angle
9k, which for simplicity will also be considered to have n components,

We may now define a vector g of pn components by stacking the projections
from each angle,
8

( §1

’ § 2’ •**’ &p) •

The projection values are assumed to be linear combinations of the picture
values that may be described by
jE:D{k+\)n+i
The set Dj is made up of all the cells that contribute to projection g a s
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S q u are w ith
e q u isp a c e d
p o in ts

B

shown in Fig. 5.6. N ote that a geometrical weighting could also be com puted
corresponding to the fraction of intersection of the ray of width w and the
picture cell for element f i} as shown in Fig. 5.6. F or simplicity, this will not be
done. R ather an element will be considered to contribute to the projection
value gk l if a line ray at angle 9k falls anywhere within the cell f tJ. Using this
assumption, a systematic procedure for obtaining the elements of the set Dj
can be followed.
First, for picture element f tJ we may consider cell (i,j). This cell m ay also
be addressed as cell k, where
k = (n — 1 )/' + j.
Let the center of the cell be at —
Now let PQ be the line projection of the main diagonal AB of the picture
as the axis OR at angle 9k as shown in Fig. 5.7. The length of PQ is
PQ = n V 2 cos(45° —9k).
Divide this length into n equal parts, Pk l ,Pk2, . . . , P kn as shown in Fig. 5.7.
The rule for assigning an element to the set D is: if the projection of the
center of the cell ( i, j) falls within the corresponding increment, then consider
that cell to contribute to the projection. The projection of the center of cell
(i,j) on the axis O R is given by
Pu = [('' ~ 5Y + U ~ 1Y ] cos( % ~ 0k),
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where

Then, if projection P:J for cell ( i j ) satisfies the condition
(/ - 1) V 2 cos(45° - 6k) < P , j < l V 2 cos(45° - 0k)
for a given value of /, then that point is considered to be in the set D(k_ ^ N+l.
Essentially, for each projection, the center of each picture element is pro
jected and the above condition used to determ ine if the picture element
contributes to the projection element.
The m athem atical problem can now be stated. The set of projection
equations can be written

N ote that this system of equations m ay have a unique solution if p = n, or be
underdeterm ined if p < n , and overdetermined if p >n. The reconstruction
problem is now reduced to the solution of simultaneous linear equations. The
selection of a criterion function is the next concern.
One criterion 7,(f) is related to the local smoothness or difference between
the intensities in one cell and its local neighbors. J,(f) will be called a
nonuniform ity function and m ay be given by

y ,(f)=ircf,
where C is the 8 -neighbor smoothing matrix described in C hapter 3. The
matrix C is positive semidefinite by construction. N ote that J / f ) > 0 and
would equal zero for a uniform picture. Therefore, for m inimization the
solution constraint must also be imposed. This may not lead to a unique
solution for the underdeterm ined system. Therefore, consider the criterion
function J 2(f),

/ 2(f) = i f f +«/,(!).
The first term of J 2(f) is related to the “energy” in the picture and may also
be related to the sample variance a 2, since
a 2 = £ ( ( f - /»)'(!■- /»)) = E( f'f) where ju = E(f). The constant a m ay be chosen experimentally perhaps to
yield the best appearing reconstruction picture.
One reconstruction problem may now be stated as minimizing
y 2(f) = i f ' f + a i f ' C f
subject to the constraint g = Bf. This constrained minimization problem can
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be solved by introducing a Lagrange multiplier vector A of np components. A
new criterion function
/ 3(f,A) = / 2(f )+ A '( B f - g )
can be directly minimized. To minimize J 3(f) with respect to f, we compute
the derivative
ay,
df

- r p = f + aCf + B'A.

Equating this derivative to zero gives
(I + «C)f = —B'A.
Since C is a positive semidefinite matrix, I +
therefore we can solve for f:

aC

is a nonsingular matrix,

f = —(l + aC )_ 1B'A.
The value of A can be determ ined by first multiplying the above equation by
B,
B f - - B ( l + a C )_IB'A,
and equating this result to the constraint
g = B f= - B ( I + « C ) _ 1B'A.
Since B may be nonsingular if p < n , a pseudoinverse solution must be used.
Thus,
A = - [ B ( l + a C ) - 1B']*g,
where # indicates the pseudoinverse. The desired solution for the recon
structed picture f may now be written
f = Fg,
where
F = (H -a C )_IB'[B(l + a C ) ~ ' 5 ']*.
Note that the m atrix F depends only upon the param eter a, the geometry, and
the constraints, and therefore could be precomputed.
Since the matrix sizes are very large and inverse or pseudoinverse com puta
tions are required, the reconstruction by optimization is not the com putation
ally simplest solution. Various iterative solutions have been developed
(Kashyap and M ittal, 1975; G ordon et al., 1970) that are com putationally
practical. However, perhaps the most valuable aspect of the optimization-type
solutions is the unified formulation, the realization that the problem can be
solved using objective criteria, and the stressing of im portance of the types of
criteria and how they affect the solution.
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5.5

Filter Design for Reconstruction

To illustrate the filter design problem, let us review the steps of the simplest
solution, i.e., the convolution algorithm.
1. Collect projection data g(p,9) and store these data in a rectangular
space, i.e., layergram.
2. For a fixed 6, linearly filter the layergram in the p direction, i.e.,
convolve the data with the inverse transform of | R | or
hff(p) = f A/2 | R | exp(j2irRp) d R .
J - A/ 2

3. Compute the back projection by integrating the rho-filtered layergram
over 9 at a particular value of p, i.e.,
p = rc o s (a —9),
f(x,y)= f(r,a)=

f

Jo

g'(rcos(a-9),9)d9,

where g'(p,8) = g(p,0)*hg(p).
Therefore, there are three m ain steps in reconstruction. The first step, data
collection, is beyond the scope of this chapter. Suffice it to say that with
either a rectangular or fan beam sampling geometry, projection data can be
collected and stored in a layergram. The second step, filtering, is most
im portant in terms of the quality of the reconstructed images. The third step,
back projection, is an integration that m ust be com puted for each picture
element and therefore requires a large am ount of computation.
The accuracy of reconstruction depends greatly upon the filter hg(p), and
several good filters have been proposed. Each approximates the |/?| response
that is the theoretical but impractical ideal response. The main reasons that
the spatial response of the | R \ filter is not the practical ideal filter are the lack
of convergence for infinite A , the fact that A m ust be finite and for finite A a
Gibbs phenom enon occurs, and, finally, the effects of noise are not consid
ered. Several filter designs will now be reviewed.
The spatial impulse response of the filter defined by R am achandran and
Lakshim inarayanan (1971) is given by
h l(0) = 7r/2a2,
h (k a ) — I “ 2 / wk2a 2
1
\ 0

for k an odd integer
for A: an even integer.

This filter was used with linear interpolation
h(p) = h ( k a ) + [ ( p - p k) / a ] { h [ ( k + l ) a ] - h [ k a ]}
for k a < p < ( k + \ ) a and pk = ka. The frequency response function of this
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filter is
H(a>) = |co|sinc2 (|w a )

for

\ u\ <t r/a,

where the term sinc 2(|w a) results from the linear interpolation between
samples.
Shepp and Logan (1974) m odified the above filter function to
h ( k a ) = —4 / ‘7ra2( 4 k 2— 1)

for

k = 0, ± 1, ± 2 , . . .

with the same linear interpolation. The corresponding frequency response is
2 . cca
2/ «fl \
// ( « ) = —sin — sine —
a
2
V2 )

In the presence of noise, Shepp and Logan proposed a noise sm oothing
filter defined by
h (PK) = q a KP k ) + 0-3KP k + a ) + 0.3h(pK - a).
The frequency response of this filter is
H («) = 0.4//(w ) + 0.6i/(t<j) cos wtf.
A generalized class of filters was introduced by Reed, Kwoh, et al. (1977)
that includes the previous filters and has design param eters that can be
adjusted for desired filter characteristics.
The general class of R eed-K w oh filters has frequency response without
linear interpolation of the form

H( « ) «

a '|w |exp(—f |w|^),

|w|<w/tf,

a ~ x\2ir/a —w|exp( —f \ l T r/ a ~ w|p),

tt/ a < |w|

< 2

w/a,

where f is called the dam ping factor and determines the cutoff frequency, p is
a roll-off param eter and determines the sharpness of the filter, and because of
the digital nature of the filter, H(u>) is considered periodic with period
/ a.
Linear interpolation modifies the filter by a factor asinc 2(|w a).
For the case p = 1, the impulse response of the R eed-K w oh filter is given
by
/z(0 ) = (w£ 2) ~ 1 [ 1 - exp( - ) ( +

1)]

and
h(ka) = [ tr C 2( k ) ] ■":1 {(■- l ) k + 1 [ # C , ( * ) + C2( k ) exp( - fiS) + C2( k )]}
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GJ (x 102 )

Figure 5.8 Comparison of filter shapes including the effects of linear interpolation. 1,
Ramachandran and Lakshminarayanan filter (generalized filter with f = 0); 2, generalized filter,
/> = 2,f = l.Ox 10~6; 3, Shepp and Logan filter; 4, generalized filter, p = 2 ,f = 3.5X 10-6 ; 5,
generalized filter p = 2 ,f = 3.0x 10 5; 6, smoothed Shepp and Logan filter; 7, generalized filter,
p = 2 ,f = 9 .6 x l0 “ 6. (From Kwoh, 1977.)

(a)

(b )

Figure 5.9 (a) Perspective view of a simulated head image and (b) cross sectional view of
head image along the center line. [From Kwoh (1977).]

for k = ± 1 , ± 2 , . . . , where
/3 = tr/a,

Cl( k ) = $ 2 + a2k 2,

C2(k) =

- a2k 2.

F or p > 1, numerical methods m ay be used to obtain the impulse response.
A comparison of the filter frequency responses is shown in Fig. 5.8.
The effects of the filters on the reconstruction of a simulated head image,
shown in Fig. 5.9, using two of the filters are shown in Fig. 5.10. Further
results after the addition of random noise are shown in Fig. 5.11.

u iiiiu iil

1 1 IM M

2 5 6 pts.

5 1 2 pts.
(b )

Figure 5.10 (a) Filtering effects of the Ramachandran and Lakshminarayanan filter and (b)
filtering effects of the Shepp and Logan filter. [From Kwoh (1977).]
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Cross section along
the center line

Along radius
R = 0.375

Figure 5.11 Reconstructions with noise a = 0.01 and 256 projection points: (a) reconstruction
by Shepp and Logan filter, (b) reconstruction by smoothed Shepp and Logan filter, and (c)
reconstruction by the Reed-Kwoh filter with p = 2.6 and £ = 0.96x 10-5 . [From Kwoh (1977).]

5.6

Display of Reconstructed Images and Objects

Although the purpose of reconstruction is measurement rather than visuali
zation, the large am ount of inform ation in a two-dimensional reconstructed
image or a set of these matrices makes the display for visualization necessary
and desirable. The nature of the problem, especially in x-ray applications,
stresses current display techniques; thus, a discussion of these problems will
now be given.
First, suppose one were given a three-dimensional m atrix as results from
the reconstruction of several slices as illustrated in Fig. 5.1. It is im portant to
note that the instantaneous inform ation contained in such a matrix is beyond
the capacity of visualization of the human, since at any one instant the
hum an is limited to stereoscopic views of surface characteristics. Since a true
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three-dimensional solid display device has yet to be invented, a reasonable
alternative is to use tim e to represent one of the spatial dimensions, that is,
produce a movie for visualization of the three-dimensional reconstructed
image. Since a movie is m ade from a time sequence of two-dimensional
images, two-dimensional display methods may be used as the starting point
with three-dimensional methods added. The m ain problem with the movie
strategy is that the total inform ation in a single slice cannot be displayed in a
single image. Thus, a sequence of images for a single slice m ay also be
required. With these limitations in mind, we shall now first consider the
display of reconstructed images, and illustrate the unique characteristics of
some of these images, and then the display of reconstructed objects through
movies of slices or of surface characteristics.
5.6.1

Display of Reconstructed Images

A prim ary consideration for the display of a reconstructed image is the
information density of the image. F or simplicity, one may consider a square

N X N image m atrix in which each element contains 2M distinguishable levels.
The total num ber of bits T required to represent an image is then
T = N 2M,
and the num ber of possible images L that may be displayed is
L = 2r .
F or example, if TV= 160, and M = 10, then 7= 327,680 and L ~ 1 0 100. The
maximum inform ation that m ay be contained in each picture element (pixel)
is given by the m aximum entropy H, which is
H = log2 1M = M.
This, a 1024 level picture can contain 10 bits of inform ation in each pixel.
Due to element to element correlation, the actual inform ation m ay be m uch
less than this maximum. One m ay estimate the first-order entropy in a picture
by com puting a norm alized histogram for each level p t, i = \ , 2 , . . . , 2 M and
com puting the first-order entropy
2M
P ,^ g 2p,.
i=

1

This com putation will be m ade for example images later in the chapter to
illustrate the average inform ation content of some reconstructed images.
One should also note that the tradeoff between the num ber of resolution
elements N and the num ber of b its/pixel M is not linear; however, some
psychovisual evidence indicates that for the same image quality, an inverse
relationship between M and N m ust be maintained.
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The limitations of the hum an visual system in gray scale and resolution
must also be considered. Although exact values are difficult to specify, it is
generally agreed that under optim um viewing conditions, the hum an can
distinguish only a few hundred gray shades, a few thousand colors, and
points spaced a few seconds of arc apart. M ost viewing conditions are less
than optimum.
In reconstructed images, the obtainable spatial resolution may be much less
than the hum an resolution limit; however, the num ber of distinguishable
levels is much greater. This necessitates an interactive capability such as
windowing to perm it selection of a desirable region of the gray scale for
viewing and introduces the possibility of error.
Monochrome Display
M onochrome display may be accomplished in several ways, such as with a
flying spot scanner CRT, a mechanical microdensitometer, a real time TV
display, or a half-tone printer. The techniques described in this section apply
to all of the devices; however, a real time TV will be used as the appropriate
representative display. Linearity, quantization, windowing, and enhancem ent
techniques such as smoothing, sharpening, and high emphasis filtering shall
be described.
Linearity
Linearity is the first factor that should be considered. Given a numerical
reconstructed image, what is the desired relationship between the num bers
and the brightness of the display? The most fundam ental desirable relation
ship is linear since any desirable nonlinearity is easily derived from a linear
system. To obtain a linear relationship between the num bers and perceived
brightness, one m ust consider the viewing situation and the HVS. Two
common viewing situations are shown in Fig. 5.12, which illustrates both
direct viewing from a C R T and photographic viewing. Because of the power
law characteristic of the C R T and the H D curve of the film, the same
numerical presentation will not appear linearly related to m easured brightness
(luminance) in both situations. Furtherm ore, if the characteristics of the HVS
are also considered, the num bers that are linearly related to m easured
brightness may not be linearly related to perceived brightness.
The im portant feature for images is that the same numerical presentation
should not be m ade for both viewing conditions. The following analysis will
show that it is not possible to obtain optimum viewing of the same numerical
image in both situations w ithout a correction step. Also, the optim um
correction for each case will be derived.
First consider the direct C R T veiwing situation shown in Fig. 5.12a. The
light emitted / at a given point on a C RT as a function of the voltage U m ay
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( b)

Figure 5.12

Viewing conditions: (a) direct CRT viewing and (b) photographic viewing,

be approxim ated by
1= U \
where y is related to contrast and is similar to the “gam m a” of a photo
graphic film. Thus, if a voltage is produced proportional to the image
num bers N, i.e.,
U=kN,
the light emitted is related to the num bers by an exponential function
I= (kN )\
On the other hand, if the num bers are precorrected by the inverse power so
that the num bers presented N ' are given by
N ' = N y~\
then a linear releticnship between light emitted and image num bers m ay be
obtained since
I = ( k N ' ) y = ( k N y~')y = k yN.
The value of y for a given C R T m ay be easily m easured and a table lookup
for the inverse correction developed.
The photographic viewing situation is more com plicated because of the
film nonlinearity.
Consider the commonly used black and white reflection print, which
consists of a reflective backing coated with an emulsion of microscopic grains
of silver. The image is formed by controlling the am ount of silver in the
emulsion and thus varying the relative light absorption of the print, within a
typical dynamic range of 50 to 100:1. Such a photograph conveys its pictorial
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inform ation to an observer irrespective of illumination variations over per
haps four to five orders of magnitude. This rather surprising phenom enon is
caused by the ability of the visual system to “adapt” to am bient levels of
lighting and thus to extract the reflection properties of objects. Studies of the
reproduction characteristics of optimal images indicate indeed that although
absolute brightness influences perceived quality, the quality criterion within
the physical limitations of any given reproduction situation is greatly depen
dent upon its ability to reproduce relative brightness ratios. This fact is
intuitively satisfying, noting that pixel brightness ratios are a property of the
scene reflectances that are invariant to the absolute intensity of a uniform
illumination.
Exposure of a black and white emulsion to light and subsequent develop
m ent produces a light absorbing layer characterized by its optical density D,
which is defined as the logarithm of the ratio of transm itted to incident light.
With all other param eters fixed, the optical density is ideally related to the
intensity of the exposing light I by the function
D = y l \og(It),
where t is the duration of the exposure. This function, well known in
photography, is the H urter-D riffield or Z)-log is curve. Actual photographic
materials depart from this idealized law at both ends of their useful dynamic
range. The factor y, describes the “contrast” of the emulsion and is positive
for an ordinary negative material, negative for a reversal process. Because the
unexposed emulsion and its substrate are not perfectly transparent, an addi
tional “fog” level D0 is incorporated into the above equation, yielding
D = D0+ y l log(It).
The light reflected from a print i is related to the incident light Z0 by
I ' = I 0lO~D(It)

or

D = —log 1 0 i / i 0,

where I 0 is the incident light.
The light produced by the C R T is related to the num bers by
1 = N y'.
This light, when used to expose a photographic film, produces a density D by
the relationship
D = y2\ogIt = y2\ o g N y't.
Finally, when a light of intensity i R is reflected from a film of density D
illum inated by the light
D = ^ g I J I 0.
Equating the density values gives
I k = I 0N ^ 2.
Thus, obtaining a linear relation between reflected light requires that the
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Compensation for CRT a n d /o r film gamma by predisplay correction.

num bers be precorrected for both the gamma of the C R T and that of the
photographic film. If
then
/ R = / 0 [A ^

> ~ ‘ ] y 'Y2

or

I k = I 0N.

Thus, only if the film gamma, y2, is unity can the same correction suffice for
both CRT and photographic viewing. The general shapes of the distortion
and com pensation curves are shown in Fig. 5.13.
Window Techniques
Since the num ber of quantization levels retained in a reconstructed image
permits the possible visualization of 0 . 1 % detail ( 1 0 0 0 levels), and available
image viewing devices permit direct viewing of only about 50 levels, a window
technique must be used. Since fixing an inform ation window of 50 levels is
difficult, an interactive window is required. The am ount of inform ation that
would be lost is not as large as might be expected, as shown by the histogram
in Fig. 5.14. The histogram is an accum ulation of image values in each gray
level. Note that most of the picture values are clustered about the central
region (CR).
Prospective window centers and widths can be selected from the histogram
of the original 1000 quantized level computerized tom ography (CT) picture.
As observed, most of the useful inform ation lies slightly above the central
region. For instance, a width of about 30 gray levels extends on either side of
the peak. Thus, a window center (CR) of 20 and a total width (W D) of 40 is
selected to scale the original CT picture, and the result is dem onstrated in
Fig. 5.15a.
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Figure 5.14 (a) Histogram of EMI brain scan, (b) Histogram of brain area determined by
restricting the computation to the region internal to the brain. [Note that this information
corresponds to the small peak in the histogram (a).] (c) Internal brain histogram scaled from 1 to
60. The tumor gray level range lies in the region of the peak above 20.

In order to confirm whether or not a good selection of window values was
chosen, the following m ethod has experimentally proven to be very effective.
After the histogram m ethod gives a good notion about the selection of
window center and width, the original CT picture is requantized and dis
played. A t this juncture, candidate(s) for suspected and identifiable tum or
regions can be spotted. An interactive cursor is then moved to this suspected
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(b)
Figure 5.15 Effect of window center and width as determined from the histogram: (a) center
of 20, width of 40 and (b) center of 20, width of 20.

location and its gray level (GL) is read. G ray level differentiation of the
neighborhood picture elements gives another measure on the new width
(GD). The GL is then used as the new window center and the width is
20(2-GD). Again, a requantized picture is displayed as shown in Fig. 5.15b. It
can be concluded that the com bination of the histogram and interactive
utilizations definitely results in a better presentation of the reconstructed
image especially for low-contrast detail.
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Pseudocolor Enhancement
The purpose of pseudocolor enhancem ent is to present the original num eri
cal image in a chrom atic m anner that increases the perceptibility of im portant
details or increases the speed of object recognition. The technqiue for m ap
ping a single spectral representation into a three-color representation is called
“pseudocolor,” and has been considered by m any authors in several applica
tions. The fundam ental reason for considering pseudocolor is that the hum an
visual system contains three color sensitive receptors and consequently has
more capacity for distinguishing color inform ation. F or example, consider the
Table 5-1
Luminance to Chromaticity Mapping
ay level
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

Blue

Red

Green

Gray level

Blue

Red

Green

0
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
14
14
13
12
11
10
9
8
7
6
5
4
3
2
1

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
15
14
13
12
11
10
9
8
7
6
5
4
3
2
I
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15

15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
14
13
12
11
10
9
8
7
6
5
4
3
2
1
0
0
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images in Plate VII. A pseudocolor enhancem ent of the black and white
image involves the assignment of a particular chrom aticity-lum inance combi
nation in the pseudocolor image to correspond to each particular shade of
gray in the original black and white image. By using all three visual coordi
nates, one can transform a small gray scale difference in the black and white
original into an easily distinguished color difference in the pseudocolor
enhancement. The specified chromaticities may be produced from the lumi
nance values by a m apping procedure such as that shown in Table 5.1.
The pseudocolor mapping from luminosity (one-dimensional space) to
chromacity (three-dimensional space) is difficult to define in an optimum
manner, not only because of the dimensionality increase but also because of
the effects of color perception. For each luminosity value Y a set of three
num bers (r,g,b) m ust be specified to combine the spectral responses and
produce a color sensation. The arbitrariness perm itted by forcing a mapping
from one to three dimensions is both the beauty and the curse of pseudocolor.
Conceptually, a dimensional increase may be m ade in a completely speci
fied m anner if constraints are imposed on the mapping. One such constraint
is a curve path. For example, a line m ay be uniquely m apped into a
three-dimensional spiral if distance along the line is made to correspond to
distance along the spiral. The most familiar pseudocolor m apping occurring
in nature is the rainbow. The curve path of the rainbow shown on the
chromaticity diagram is similar to a parabola and is shown in Fig. 5.16. N ote
that not all colors are visible in the rainbow (purple is absent) but that a large
num ber are present. A nother feature of the rainbow m apping is that, since
hum ans are familiar with it, a minimal am ount of training is required to
specify a scale (e.g., blue-cold, green-m edium , red-hot).
A nother im portant constraint that can be imposed on the m apping is
related to perceptual distance. A perceptual distance is easily assumed for
lum inance perception: black is farther from white than from gray. Further
more, ju st perceptible distances may be determ ined along the range. W ith
pseudocolor, the distance m ust be defined and learned by the observer. The
spectral distance is one familiar concept. However, the just perceptible
y

Figure 5.16

Curve path specified by the rainbow pseudocolor mapping.
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difference can be used to define a chromaticity m apping in which equal
lengths along the curve correspond approximately to equal perceptual dis
tances. This concept has lead to the (u*,v*,w*) coordinate system described
in Chapter 2.
At the present state of development, the theoretical constraints on curve
shape and distance are not sufficient to uniquely define an optim um pseudo
color mapping. Thus, empirical methods must be used to select an ap
propriate mapping for each application. Fortunately, the mappings require
only a table lookup procedure for implementation and several may be stored
easily on a com puter for experimental use. In fact, each m apping can be
rotated in time during display to produce an effective search method.
An experimental procedure that could test the effectiveness of a pseudo
color m apping m ay be outlined as follows: A set of borderline images should
be selected. The larger the num ber the more accurate the resulting statistics.
These images should be mixed with normal images in a random manner.
Then the complete set may be viewed by one or more observers and a
receiver operating characteristic (ROC) curve developed. The ROC curves for
black and white may then be com pared to those obtained with pseudocolor
and an objective com parison made.
5.6.2

Display of Reconstructed Objects

The display of a three-dimensional matrix of reconstructed inform ation is
in itself a challenging problem. Several alternatives are available to the
designer. One fundam ental decision that must be made is to display density
or surface information. For m ost applications, the density inform ation that is
produced by the reconstruction algorithm is displayed directly in the slice
geometry in which the projection data were collected. The third dimension is
displayed by simply presenting a collection of two-dimensional pictures.
It is also possible to display a series of views different from those collected
in projection. Since the thickness of slices is usually much greater than the
picture element width, a blurred image would result from a direct display; for
example, from the sagittal plane. A unique solution to the sagittal plane
problem has been developed by Glenn et al. (1975) that consists of first
deblurring, then displaying the sagittal cross section images.
A different approach is to first detect the surfaces of objects represented by
the density information, then display a perspective view of this surface with
hidden lines removed and perhaps shaded. This m ethod has been used by
Herm an and Liu (1977). Due to the development of shaded graphics by
Christenson and Stephenson (1976) and others, the display of shaded perspec
tive images can be easily accomplished. An example of a shaded object is
shown in Fig. 5.17. Therefore, object detection is the main difficult step. A
complete discussion of this topic will be given in Chapter 7.
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Application to Medical Radiography

(b)
Figure 5.17 (a) Real apple before slicing and (b) view of shaded apple. (From Jolley, 1977.)

5.7

Application to Medical Radiography

W ithin the past few years, an entirely new concept in imaging has been
developed that is now being generically called com puted tom ography (H uth
and Hall, 1977). It was first applied to diagnostic radiology using transm itted
x rays as the inform ation gathering source. Using a transverse-axial motion,
this development has been rather ponderously term ed computerized trans
verse axial tom ography— C TAT or CAT for short. We will use the simpler
term Transmission Computed Tomography to encompass any situation in
which transm itted radiation is used as the inform ation gathering source.
Com puted tomography has m ore recently been applied in nuclear medicine to
image positron-emitting isotopes. We will term this emission computed
tom ography (ECT).

290

5 Reconstruction from Projections

The aim of this section is to give a brief introduction to com puted
tomography systems and their fundam ental principles of operation. It is
hoped that this brief review will provide a greater appreciation of the
advantages and limitations of com puted tom ography and help in the proper
application and interpretation of this exciting new tool.
Com puted tom ography began with the introduction to diagnostic radiology
of the now famous x-ray transmission scanning systems for the brain, devel
oped by EMI Ltd. in England (Hounsfield, 1971). Subsequently, TerPogossian and Phelps et al. (1975) have applied the principles of com puted
tom ography to nuclear medical imaging with their development of tom o
graphic systems for use with isotopes that decay by positron emission. More
recently, Budinger et al. (1975) have used the principles of com puted tomog
raphy in conjunction with very high energy, accelerator-produced, heavy ions
in reconstructing tomographic images of the ventricles. Each of these three
concepts are discussed in more detail below.
The Basic Aspects o f Computed Tomography
Figure 5.18 indicates the basic elements of an x-ray transmission system. In
conventional radiography, as illustrated here with a cerebral angiogram,
inform ation from the three-dimensional object is superimposed in two dimen
sional form on film. In some instances, contrast enhancing agents (generally
iodinated) are required to regain and obtain diagnostically useful inform a
tion. Com puted tom ography is “tom ography” in the sense that the image is
obtained from a transverse section, or cut, of the object. W ithin this section,
an imaginary image matrix is constructed that is composed of square ele-

Figure 5.18 Elements of an x-ray transmission computed tomography system. [From G. C.
Huth and E. L. Hall (1977). Computed Tomography and Its Application to Nuclear Medical
Imaging. In “Current Concepts in Radiology” (E. J. Potchem, ed.), Vol. 3, p. 57. Mosby, St.
Louis, Missouri.]
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ments of predeterm ined size. In the x-ray brain imaging system the element
size is 1-3 mm square. The matrix m ust be m ade sufficiently large to
generally encompass the target to be imaged. In the case of the head,
therefore, typically 148 elements are used to span approximately 25 cm.
To obtain the transmission data from which to form the image, an aligned
x-ray source-detector arrangem ent is used. This assembly is highly collimated
to the width of one image element. The initial transverse part of the scanning
motion is a linear m otion in which each of the 148 or more rows (each
containing 148 or more elements) is interrogated. Thus 148 or more separate
data points are entered into the com puter during this traverse. After each
single traverse, the entire source-detector geometry is rotated a preset angular
increm ent ( 1 ° for purposes of discussion here) and the linear, transverse scan
m otion commences again. If 180 angular projections are used, the result is
180 times 148 or 26,640 separate projections having been entered into the
computer. D ata in digital form are stored in the com puter as the scan is in
progress. A very im portant aspect of x-ray transmission com puted tom ogra
phy is that the inform ation density of the final image is controllable at this
point. The EM I scanner has aptly dem onstrated that variations in x-ray
absorption coefficients can be m easured to the order of a few percent. This
corresponds to the small differences between fat, muscle, and other tissue.
But radiation statistics m ust be satisfied to achieve this, which means that
each data point m ust contain 40,000-50,000 counts. This num ber of x-ray
photons must therefore exit from the object being scanned and be counted by
the x-ray detector.
Radiographic film has a very high inform ation density, while the gamma
camera or scanner in nuclear medicine produces an image that has a
relatively low value. This is readily apparent to the eye. The com puted
tomographic image lies midway between the two but additionally possesses a
peculiar character. It is composed of relatively coarse blocks (the “elements”
discussed above), but the inform ation contained in each block is very well
determ ined as indicated by the statistical argum ent used above. This inform a
tion is related to the concept of a “gray scale” and can be displayed in
discrete steps of gray. The initial com puted reconstruction does not allow the
blocks to interact, so there is no “spillover” from one block to another as is
introduced to the gam m a cam era image through the mechanism of photon
scatter. The image, therefore, is at first glance deceptive because the unparal
leled level of determ inations within each block is masked by a coarse overall
appearance. It should be noted that this coarseness can be artificially ob
scured in some image displays.
While the scan is underway, the digital data (representing projections) is
being entered into the com puter for processing into the final image. We will
attem pt to give some insight into how the com puter accomplishes this task.
Com parison with traditional radiographic film tomography is helpful. In that
technique, the transverse m otion and the x-ray detector of the com puted
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Figure 5.19 (a) Phantom image with known absorption coefficients, (b) image resulting from
superposition, and (c) image resulting from deblurring. [From G. C. Huth and E. L. Hall (1977).
Computed Tomography and Its Application to Nuclear Medical Imaging. In “Current Concepts
in Radiology” (E. J. Potchem, ed.), Vol. 3, p. 61. Mosby, St. Louis, Missouri.)

tom ography system are replaced by a film cassette. The film must obviously
be placed at an angle through the object to accept the x-ray beam, while
com puted tomography is directly “end-on,” but this makes no difference in
our argument here. The point is that film possesses only the ability to
integrate what it sees. Thus, adjacent components of the image are superim
posed (a principle of “superposition”), resulting in the blurred quality char
acteristic of film tomography.
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The following example illustrates the reconstruction process for transm is
sion radiography. A phantom object image was designed with varying absorp
tion coefficient values as shown in Fig. 5.19a (Cho et al., 1975). The
concentric ring values were selected to be 20, 2, and 50% above the back
ground. A com puter program was used to generate the projections— these
projections would in an x-ray transmission system be experimentally gener
ated. A set of such projections was produced for each angle from 0 to 180°.
The results were first superimposed to simulate integration. The resulting
image is shown in the isometric plot of Fig. 5.19b. N ote that the 50%
variation and background are visible but the 2 and 2 0 % rings are barely
distinguishable. The simple addition of the ray lines produces a barely
recognizable and inaccurate representation of the cross section image.
The result of the corrections on this phantom image is shown in Fig. 5.19c.
Both weighting factors and the general deblurring function were imple
mented. Note the increased sharpness of the edges and the ease of visualiza
tion of not only the 2 0 % but also the 2 % object.
The previous techniques are applicable to transmission systems with rectan
gular geometries or fan beam geometries, or emission systems with rectangu
lar or ring detectors. It is easily shown that a projection data point collected
on one system could also have been collected on a system with a different
geometry.
The Application o f Computed Tomography to Imaging Positron
Emitting Isotopes
The potential usefulness of positron emitting isotopes in nuclear medicine
has been recognized for m any years. M uch has been written concerning the
significance of carbon-11, oxygen-15, and nitrogen-13 (half-lives of 20, 2, and
10 min, respectively) to medical and physiological measurements. However,
except for the limited use of fluorine-18 in bone scanning, positron emitting
isotopes have not so far been utilized extensively in nuclear medicine.
Positron decay results in the annihilation of the positron and emission of
two 0.511-MeV gamma rays at a 180° angle to each other (back-to-back).
G am m a ray scatter and absorption is minimized at this high energy. One
obstacle to positron em itter usage has been the lack of an imaging system
with adequate sensitivity at the required 0.511-MeV energy level. The gamma
ray camera system of Anger concept is only a few percent efficient at this
energy, losing precious photons and negating the potential advantage of the
high specific activity of these isotopes. Brownell et al. (1968) have perhaps
contributed most to the area of positron imaging with development of a
conceptually unique but complex camera system. Ter-Pogossian and Phelps
have more recently applied the principles of com puted tom ography to imag
ing positron-emitting isotopes in a progression of systems to which they give
the name PETT, or “positron emission transaxial tom ography.”
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Figure 5.20 PETT gamma ray detectors. [From G. C. Huth and E. L. Hall (1977). Computed
Tomography and Its Application to Nuclear Medical Imaging. In “Current Concepts in Radiol
ogy” (E. J. Potchem, ed.), Vol. 3, p. 63. Mosby, St. Louis, Missouri.]

In the PETT concept, gam m a ray detectors are arranged around the object
to be m easured as shown in Fig. 5.20. The shape of the array could take the
form of a circle, as proposed by Eriksson et al. (1975) and Thom pson et al.
(1975) or a hexagonal shape as preferred by Ter-Pogossian et al. (1975). In
both configurations, opposing detectors are placed in coincidence to detect
the back-to-back gam m a rays from positron annihilation. W ith the detection
of each coincidence event, a “line” or projection is effectively drawn to be
applied to the eventual image reconstructed by the computer. It is possible to
increase the sensitivity of the system by placing each detector in coincidence
with a num ber of opposing detectors, in effect, increasing the num ber of
projections.
Figure 5.21 presents a side-looking view of two opposing detectors of the
array. Shielding can be used to define the tomographic plane to be imaged
and helps to reject detection of unwanted annihilation events that occur out
of this plane. As indicated in Fig. 5.20, coincidence events representing
projections enter and are stored in the computer and the image reconstruction
proceeds. The com puter solution or algorithm used for reconstruction can be
very similar to the one used in the x-ray transmission systems. One such
approach rearranges the projections to simulate the transverse-axial geometry
of the x-ray systems. The solution is then identical.
An im portant aspect of positron emission tom ography derives from the
penetration and lower scatter of the 0.511-MeV annihilation gamma rays as
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Figure 5.21 Side view of positron detectors. [From G. C. Huth and E. L. Hall (1977).
Computed Tomography and Its Application to Nuclear Medical Imaging. In “Current Concepts
in Radiology” (E. J. Potchem, ed.), Vol. 3, p. 64. Mosby, St. Louis, Missouri.]

com pared to the 0.140-MeV energy of technetium, which is so widely used in
nuclear medicine. The higher energy, as alluded to earlier, has in the past
been a disadvantage prim arily because of the insensitivity of the imaging
systems available for use with it. In positron emission tom ography the total
distance traveled by both gam m a rays is independent of the location of the
annihilation. This, in conjunction with lower scatter and absorption, results in
a “purer” image, i.e., one more independent of depth, as shown in Fig. 5.22.
Images of the same deep water phantom are com pared using a traditional
gamma camera and a 0.140-MeV gamma emitter and the PETT emission
tom ography system in connection with a 0.511-MeV positron emitter. The
depth-independent quality of the 0.511-MeV image is obvious.
The m ost fully engineered emission tom ography system at this time is the
PETT III system developed and operated by Ter-Pogossian and his group at
W ashington University in St. Louis. A view of this system and its control
console is shown in Fig. 5.23. The com putational facility for reconstructing
the image and the image display unit are located in an adjacent room. The
PETT III system utilizes 48 sodium iodide gam m a ray detectors solving 192
coincidence pairs (each detector is in coincidence with eight detectors oppos
ing it). Some transverse m otion is used with each bank of eight detectors
being shifted through 3° increments 20 times to obtain m ore projections. The

PETT

Gamma camera

ii

Figure 5.22 Comparison of images obtained by conventional gamma camera and new
positron camera. (From Ter-Pogossian el al., 1975.)
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Positron emission transaxial tomography system. [From Phelps et al. (1976).]

system produces high quality images with integration times of 2 to 3 min in
the hum an head, thorax and abdom en with 10-20 mCi of positron activity
introduced.
The image reconstructed in the PETT III system is a 5 0 x 5 0 matrix.
N om inal resolution of this system, and most other emission tomography
systems under development, is in the 0.8-1.0-cm range. Although the image is
somewhat coarser than the x-ray transmission images (148 X 148), this element
size is consistent with 0.511-MeV scatter and detection considerations. They
have the same quality discussed earlier in regard to the x-ray images, wherein
each picture element, although coarse, is statistically well determined. It is
simple, as illustrated by the PETT III scans shown below, to eliminate the
coarse steps in the image display. A gam m a camera image possessing an
equal num ber of events appears smeared by comparison because of scatter—
in this case into adjacent, hypothetical picture elements. This tends to mask
the fact that the resolutions for both are roughly comparable.
A group of representative images obtained with the P E T T III system is
shown in Fig. 5.24. The series of tomographic cuts in the top row was taken at
the level of the fourth intercostal space. In the “transmission” image (the
m ethod of obtaining this is discussed below), the m yocardium and rib
structure is imaged. The bottom series was taken 2 -3 cm lower, imaging a
part of the liver in a transmission view. Fifteen mCi (±20% ) activity levels
were utilized to obtain the emission images. The lower series is particularly
interesting. In the 13 N H 3 experiment the m yocardial wall is well defined on
the right while with liver uptake appears at the left in the image. In the n CO
image, the four chambers of the heart are shown— the left ventricle just
appearing on the lower right.
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Figure 5.24
(1976).]

Images obtained by positron emission and transmission. [From Phelps et at.

W hat are termed “transmission” images are also shown in Fig. 5.24. They
are obtained by placing a uniform (solution) ring source inside of the detector
array and around the patient to be imaged. Operation of the system is
identical to that described earlier except that one of the coincidence gammas
travels the entire distance through the patient (thus “transmission”) with the
other being detected very close to the point of annihilation. In addition to
having a potential diagnostic significance, this mode of operation is used to
correct the image for differential absorption within the object to be imaged
and in standardizing the entire detector array.
Computed Tomographic Imaging with Heavy Charged Particles
Budinger and his colleagues (1975) have used the principles of com puted
tom ography in connection with beams of heavy charged particles obtained
from the Berkeley 184-in. cyclotron to obtain reconstructed images of sec
tions of the brain. These images have an interesting and potentially im portant

Rotating ch air

Figure 5.25

Heavy ion tomography system. [From Budinger (1975).]
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character. The use of such singular or esoteric sources of radiation should not
deter one from gaining an understanding of the potential of the new capabil
ity that this experiment could portend.
Heavy charged particles such as protons, helium ions, and even heavier
nuclei can be accelerated so that they penetrate through the body. In
Budinger’s experiment 910-MeV helium ions with a range of 30 cm of tissue
were used in transmission through the hum an head. The fascinating proper
ties of heavy ions that make them attractive as inform ation gathering probes
are (a) minimum scatter, and (b) an extremely well defined stopping point in
tissue. These properties allow highly accurate determ inations of the thickness
and electron density of the tissue traversed. In heavy ion “radiography” or
com puted tomography, this is translated into high contrast and high depth
resolution. Inform ation is thus obtained by m easurem ent of the stopping
point or residual energy of each ion rather than the attenuation or elimination
of photons from a beam characteristic of x-ray tomography.
The heavy ion experimental situation is depicted in Fig. 5.25. The patient is
rotated to obtain the axial motion. The residual range of each can be
determ ined by a succession of scintillator “paddles” with the x-ray position
(or specific projection coordinate) determ ined by a multiwire, proportional
gas counting chamber. This inform ation, along with the angular coordinate, is
fed into the com puter and image reconstruction performed.
Figure 5.26 is the helium ion transmission image obtained of a section of
the brain. One hundred twenty-eight discrete angular projections of 5000
counts each were determined. In the figure, the resultant image is com pared
with an EM I x-ray transmission image of the same subject. The interesting
point is that, even in this prelim inary helium ion image, the expected high
definition of the ventricular structure is readily apparent.
In summary, some of the medical applications of com puted tomography
systems have been presented. While technology in this field is rapidly evolv
ing, these systems have the com m on feature that the resultant images are
entirely a product of the computer. In three systems considered here, images
are reconstructed from m ultiple data points obtained by a radiation probe
EMI

H e lium ions

Th a la m u s
P in e al
Lateral ve n tricle
C h o ro id plexus

Figure 5.26

Helium ion transmission image compared to EMI image. [From Budinger (1975).]
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Table 5.2

Characteristics of Computed Tomography Systems “
Radiation, source
energy
energy

Mode of
operation

Information
gathering
principle

Primary attributes

X-rays
0.04-0.10 MeV

Transmission

Removal of x-ray
photons from
transmitted beam
by photoelectric
and Compton absorption

Noninvasive organ
visualization
of unparalleled
sensitivity

Positrons,
radioisotopes

Emission

Detection of the
back-to-back
annihilation gamma
rays from positron
decay

Ability to utilize the
organ specificity of
agents labeled with
positron-emitting
isotopes

Transmission

Measurement of
stopping point or
residual energy
of each ion

Potential ability to
visualize abrupt density
differences such as
tissue-air interfaces;
large dose reduction

Cyclotron—0.511 MeV
Heavy ions,
accelerator
Cyclotron—910 MeV

“From G. C. Huth and E. L. Hall (1977). Computed Tomography and Its Application to Nuclear
Medical Imaging. In “Current Concepts in Radiology” (E. J. Potchem, ed.), Vol. 3, p. 69. Mosby, St.
Louis, Missouri.

unique to the system: ( 1 ) transm itted x rays, (2 ) positron-emitting isotopes, or
(3) heavy ions. The bases of operation and prim ary attributes of each system
are summarized in Table 5.2.
There is one profound lesson, we believe, in the discovery and evolution of
com puted tom ography— specifically as applied to x rays and diagnostic
radiology. In that field it was very easy to think that the technology was
essentially complete and that the probability of any new “turning point”
developments was remote indeed. A nd yet they happened, and an entirely
new dimension in extracting inform ation from the x ray was brought about. It
seems that the lesson might be that we should search for more such develop
ments in what might have been assumed to be m ature technological areas.

Bibliographical Guide
The earliest consideration of the reconstruction problem is described in a
paper by R adon (1917), in which the R adon inversion form ula is derived and
proved. The simplest theorem of m odern reconstruction is that the Fourier
transform of a projection of an object is equal to a slice of the Fourier
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transform of the object. This theorem was first applied to the reconstruction
problem by Bracewell (1956, 1960). The x-ray applications were considered
by Corm ack (1963).
The back projection technique and its application to nuclear medicine are
described by Kuhl and Edwards (1968).
The Fourier technique is also described in the text by Papoulis (1969). An
optical implementation is described by G arrison et al. (1969).
The simpler solution based on the convolution algorithm was described by
Bracewell and Riddle (1967). The convolution algorithm was also developed
for different fields by DeRosier and Klug (1968), Vainshtein (1971), and
R am achandran and Lakshm inarayanan (1971).
The reconstruction problem, with emphasis on Fourier and convolution
techniques and applications, is described by G arrison et al. (1969), Beriy and
Gibbs (1970), Tretiak et al. (1971), Crowther and Klug (1971), M uehllehner
and Wetzel (1972), Smith et al. (1973), M ersereau (1973), M ersereau and
Oppenhiem (1974), Shepp and Logan (1974), Cho et al. (1975), Reed et al.
(1977), Kwoh (1977), H uth and Hall (1977), and H orn (1978).
The algebraic approach is described by G ordon et al. (1970), Bender et al.
(1970), Frieder and H erm an (1971), Bellman et al. (1971), Goitein (1972),
H erm an (1973), K rishnan et al. (1973), G ordon and H erm an (1973), and
K ashyap and M ittal (1975).
Emission techniques are described by Phelps et al. (1976), Budinger et al.
(1975), Eriksson et al. (1975), and Thom pson et al. (1975).
The significance of the machines which followed the patent of Hounsfield
(1971, 1973) can be counted in terms of reduced suffering and prolonged
hum an life.

PROBLEM S
5.1. F an Beam Reconstruction. Consider the reconstruction of an object
f ( x , y ) when the radiation source S emits a diverging fan beam rather than a
parallel beam as shown in Fig. 5.27. The projection function h(s,0) is the
integral of f ( x , y ) along a ray at angle 6 to the source and at distance i from
the origin as shown in Fig. 5.27. N ote that a particular ray path of the fan
beam source is exactly the ray path of some parallel beam source. Show that
the projection function of a parallel beam source g(s, 9) m ay be obtained
from the projection function of the fan beam source h(s, 6) by the transfor
m ation
g( l , 0) = h { l / [ \ - ( l / D ) 2} x/2, 0 - s m - \ l / D ) } ,
where D is the radius of the circle which contains the source S.
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Figure 5.27 Geometry for comparison of fan beam and parallel beam reconstruction. The
object is enclosed in the circle of radius T. The source rotates about circle of radius D.

5.2. Compute the projections of the sampled image given in Fig. 3.22a and
perform reconstruction using
(a) the direct Fourier transform method,
(b) the convolution method,
(c) a fan beam source and the convolution method,
(d) the algebraic method.
5.3. Circularly Symmetric and Separable Functions.
(a) Show that if f ( x , y ) is circularly symmetric, it may be reconstructed
exactly using a single projection.
(b) Show that if f ( x , y ) = g(x)h(y), i.e., f ( x , y ) is product separable, it
may be reconstructed exactly using only two projections taken orthogonal to
the coordinate axes.
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6

Digital Television,
Encoding,
and Data Compression

6.1

Introduction

The digital transmission of pictorial inform ation was first accomplished
with telegraph equipm ent over 50 years ago. The current im portance of and
interest in this area are reflected in the large num ber of publications and
special issues of journals directed to image coding. Furtherm ore, with the
advent of microcomputers, high-speed A /D and D /A converters, and de
creasing memory cost, more complex image compression techniques can now
be considered feasible.
The transmission and storage of pictorial inform ation is of practical im por
tance in diverse application areas, including digital television, picturephones,
space exploration, aerial reconnaissance, remote sensing, and biomedical and
industrial quality control. In certain applications, particularly television in the
US, the am ount of existing analog equipm ent is so enormous that an
immediate conversion to digital transmission is unlikely. F or other applica
tions, such as space exploration, digital image transmission is m andatory
because of the desired error rates and limited power capability of a
spacecraft. For the majority of applications a com bination of digital methods
with analog and optical m ethods may be employed to achieve efficient,
high-quality image communications. However, we shall concentrate on digital
coding techniques in this chapter, mainly because the trend in m odem
communications systems is toward the more flexible and controllable digital
system.
The central problem in image com m unication is channel capacity or
achieving storage reduction while m aintaining an acceptable fidelity or image
quality. The possibility of a bandw idth reduction is indicated by two observa
tions. First, there is a large am ount of statistical redundancy or correlation in
norm al images. F or example, two points that are spatially close together tend
to have nearly the same brightness level. Second, there is a large am ount of
psychovisual redundancy in m ost images. T hat is, a certain am ount of
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Encoder

D ecoder

Figure 6.1

Communication system model.

inform ation is irrelevant and may be eliminated without causing a loss in
subjective image quality, and a large am ount may be removed without
causing a complete loss of detail. M any methods have been devised that
reduce the channel capacity or storage requirem ent by removing the redun
dant and irrelevant inform ation from the images, and several of these will
now be considered.
The general digital communications system model shown in Fig. 6.1
consists of an inform ation source, encoder, channel, decoder, and an infor
m ation user. It is assumed that the inform ation source generates a sequence
of discrete symbols taken from a finite set. T hat is, the images must be
sampled and quantized for transmission. The encoder is a device that trans
forms the source output into a form that may be transm itted over the
channel. Errors occur during transmission over the channel. Then the decoder
converts the channel output into a form suitable for interpretation by the
user. The usual com m unication problem assumes that the source, channel,
and user are given and cannot be altered, so the com m unication system
designer must construct the encoder and decoder to satisfy the rate and error
criteria desired of the system.
A physical im plementation of a digital-analog communication might con
sist of the following steps. The inform ation source may first be filtered to
ensure that the signal is band limited and to reduce high-frequency noise.
Next, the signal is sampled and quantized to provide a pulse code m odulated
signal. Certain encoding may then be performed to reduce the psychovisual
or statistical redundancy. The signal is then encoded for reduction of channel
errors and transform ed by the m odulator into a form suitable for transm is
sion over the channel. The signal received from the channel is dem odulated
into base band signals, decoded for channel errors and the psychovisual and
statistical redundancy is restored. Finally, an equalizing or enhancing twodimensional filtering may be perform ed before the signal is received by the
user.
A simple but useful model for the digital image com m unication system is
shown in Fig. 6.2. The source symbols M may be thought of as sampled and
quantized picture elements that require I bit representations. The source
encoder making use of a psychovisual or statistical scheme may reduce the
num ber of bits required to represent each picture element and thus produce
/c-bit binary sequences. The channel encoder may add n — k check bits to
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k

n -k

Figure 6.2 Simple model for communication system using binary (n ,K ) group code and
binary symmetric channel.

each code word in order to im plement an error detection or correction at the
decoder. The binary symmetric channel adds noise independently to each bit
of the transm itted code world Y. The channel decoder uses the redundant
n —k check bits to implement an error detection or correction and produces a
/c-bit estimated received symbol X. The source decoder attem pts to com 
pensate for the removed psychovisual or statistical redundancy and produces
a y'-bit reconstructed picture element M.
6.1.1

Pulse Code Modulation for Digital TV

Digital TV is an exciting application for pictorial data compression and
several major research groups are now engaged in this challenging area
(Goldberg, 1976). This application will be used to illustrate the trade-off
between analog and digital transmission.
In digital television, the analog picture and sound signals are sampled,
quantized, and transm itted using pulse code m odulation (PCM). The three
major steps— sample and hold, quantize, and encode— are shown in Fig. 6.3.
The sampling frequency Fs m ust be greater than twice the bandw idth W of
the signal to prevent aliasing.
Also, Fs should be at least 20% high to compensate for the responses of the
low-pass filters before and after the codex (coder/decoder) units. Thus, if
IV =4.3 M Hz for the N ational Television Standards Committee (NTSC)
signals, then Fs = 10.3 MHz. Furtherm ore, to prevent a visible beat frequency
with the color subcarrier frequency, it is desirable to have Fs harmonically
related to the carrier frequency Fc = 3.58 MHz. The third an d fourth harm on
ics provide rates of 10.74 and 14.32 MHz, which are above the N yquist rate.
The broadcasting industry is currently examining whether the 3 Fc or 4 Fc
encoding rate is better.
It is interesting to consider the rates required for digital television using the
NTSC rates. A similar analysis could be made using the param eters of the
Phase Alternating Line (PAL) system in the U nited Kingdom, W estern
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Conversion of analog TV to digital PCM.

Europe, South America, and Africa or the Sequential Couleur a Memoire
(SECAM) system in France, Eastern Europe, and Russia with param eters as
shown in Table 6.1.
Suppose the NTSC signal bandw idth of 4.3 M H z is A / D converted into
8 -bit or 256-level signals. The sampling rate will be chosen to be the third
harmonic of the color subcarrier frequency, which is 10.74 MHz. This gives a
binary rate of 8 6 M bits/sec. Using the correspondence between sequency and
frequency, the binary rate of 8 6 M bits/sec corresponds to the base b an d 
width of the analog signal of 4.3 M H z and indicates that a data compression
of 20: 1 is required for competitive digital transmission. Circuit costs also
depend on signal-to-noise ratio or equivalently the cost of channel inform a
tion capacity in b its/second. Therefore, the error rate m ust also be consid
ered. The possibility of modifying the binary codes to reduce the bandw idth
at the expense of the bit error rate will now be explored. The processing that
is currently used in digital TV consists of an analog-to-digital and digital-toanalog com bination perform ed by a codex circuit. Thus, although 6 - or 7-bit
PCM encoding m ay produce acceptable quality initial pictures, 8 -bit PCM
encoding is recom m ended to ensure an acceptable signal-to-error ratio (SER)
if three or four codex units are used in the circuit.
The full tradeoff between analog and digital TV depends on both band
width and signal-to-noise ratio. An analog TV signal requires one 4.3-MHz
channel with a SER of 55 dB. The digital TV signal requires one wide band
43-MHz channel or ten multiplexed narrow band channels of 4.3 M H z each
to accom m odate the 8 6 -M b it/se c rate. However, as noted, error rate is a
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S ignal/N oise

Figure 6.4 Error rate versus signal-to-noise ratio for digital transmission. [From Goldberg,
(1976). Reprinted from Electronics, Feb. 5, 1976; Copyright © McGraw-Hill, Inc., 1976.]

fundam ental factor. An error rate of 10~ 8 or one bit error in 100 million
transm itted bits is practically undetectable in a digital picture. Channel error
rates of 1 0 - 5 still perm it acceptable pictures, especially if error correction
techniques are used.
The selection of sampling word size and rate are a prim ary consideration in
digital TV. The code word size must ensure not only undetectable initial
quantization errors, but also provide a “guard band” to further processing
errors. An 8 -bit PCM television signal differs from the original analog signal
by a maximum error of ± 5 the least significant bit (LSB), or ± 0.2%. This
“fine” quantization would appear as white noise if viewed as a picture. The
root mean squared value of this quantization noise is approximately equal to
(<2/12)1/2, where Q = 256 is the num ber of levels, and a uniformly distributed
error is assumed. The equivalent SER of a PCM signal is the ratio of the
peak-to-peak value of the signal to the RMS quantization error. F or codes
with length n of 4 or more bits, the SER is given by
SER = 6 .0 2 « + 18.8 dB.
Theoretically, the SER with 8 bits is 59 dB and for each 1 bit reduction in
quantization, the SER is reduced 6 dB. The actual SER of a composite PCM
color TV signal is about 4 dB less because of bandw idth limiting of the
quantization error, safety factors in the quantization range, and the way the
NTSC signals are measured. Thus, 8 -bit PCM encoding of a noise-free NTSC
composite color signal yields a SER of 55 dB. A bit error rate of 10“ 8 is
practically undetectable. From Fig. 6.4, this requires a SER of only 21 dB. If
the rate of 10- 5 and error correction bits are added, a SER of 18 dB may be
sufficient. Therefore, for com parable picture quality, the SER need not
exceed 18 dB. This requires less than 1 b it/p ictu re element. The essential
problem in digital TV coding is therefore to reduce the bandw idth at the
expense of the bit error rate and retain acceptable picture quality.
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A com parable trade-off for the experimental US Picturephone and U K
Viewphone would be more favorable for digital techniques since the nom inal
bandw idth on these systems is only 1.0 M Hz (Pearson, 1975).
The techniques for digital image coding may be classified in several ways.
In terms of photom etric content and complexity, the image could contain
half-tone or binary graphics, multi-gray-level m onochrome, color, or multispectral data. The techniques m ay be quite different for each type. Processing
m ethods for PCM inform ation m ay also be divided into reversible and
nonreversible techniques. Reversible techniques may perm it a data compres
sion of 2 :1 , but often require a variable code word length. If a certain
am ount of error is permitted, nonreversible methods may be used and higher
compression rates of 10:1 are possible. Im plem entation also provides another
classification basis, since the techniques may be based on line, frame, or
interfram e processing.
In this chapter, we shall assume that a pulse code m odulation system is
used for sampling and quantizing the picture inform ation and consider the
digital gray level values as messages to be transm itted over a communication
system.
The desire to reduce storage or channel capacity for digital image inform a
tion has led to several approaches that reduce the redundancy in these
images. Two distinct image com m unication problems are considered. For
reversible coding, m ethods are sought that reproduce the sampled, quantized
image inform ation exactly. The noiseless coding theorem indicates that the
am ount of redundancy reduction that can be achieved is bounded by the
source entropy. Thus, methods that reduce the source entropy and codes that
have rates close to the lower bound are described.
The second problem considered assumes that a certain am ount of distor
tion due to coding is permissible. The statistical rate distortion theory
provides guidelines for transm itting images under this constraint. However,
difficulties with the practical im plem entation of this theory are encountered
because no known objective distortion measure has been found that always
agrees with hum an subjective judgm ent of image quality. F or example, noise
may either decrease or increase the subjective quality. If a hum an observer
must judge the quality of a received image, then properties of the hum an
visual system may be used to develop more efficient coding methods. A wide
variety of techniques are available that exploit statistical and psychovisual
redundancies to provide efficient communications. Techniques for the coding
of movies and color inform ation will also be considered.

6.1.2

Information Theory Guidelines

A picture is worth a thousand words. Inform ation theory provides a
mathem atical m ethod for investigating this adage as well as im portant insight
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Figure 6.5

Single resolution cell picture.

into the perform ance that can be expected when transm itting pictorial infor
mation. Several concepts of the Shannon theory (Shannon an d Weaver, 1949)
will now be reviewed in the context of transm itting pictures by pulse code
m odulation. An excellent introduction to the general inform ation theory may
be found in Abram son (1963). The concepts of a measure of information,
entropy, inform ation rate, channel capacity, and the rate distortion function
for picture transmission and compression will now be described.
Measure o f Information
The fundam ental concept of Shannon’s theory is that statistical inform a
tion may be quantitatively m easured in a m anner that agrees with intuition.
Only statistical uncertainty rather than semantic or structural content is
considered. However, in viewing an image or receiving a message, the more
the uncertainty is reduced, the greater the am ount of inform ation received by
the observer. Consider the simplest picture that contains a single resolution
cell, as shown in Fig. 6.5. If it is certain that the gray level of the cell is always
black, then no inform ation can be conveyed. However, suppose that the gray
level could take on one of two possible values such as m0 = 0 , or black, and
m x= 1 , or white, and that the probability of each level is
Prob(0) = p,

P rob(l) = 1 —p.

With this introduction of randomness, one may ask the question: How much
inform ation is obtained by observing the picture? Suppose p = 0.99 or that we
know a priori that the likelihood of observing a black picture is 99%. If one
now observes the picture and it is black, one has obtained some information.
If one observes the picture and it is white, one has obtained a greater am ount
of information, since this event was more unlikely. To m easure the am ount of
inform ation, first generalize the situation so that any one of M gray levels
could occur with a priori probabilities Prob(mi) = p i and
M
2

i= 1

Pi =i -

The inform ation measure should be a function of the probability of oc
currence of the event.
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One may now postulate that an inform ation measuring function h should
satisfy the following conditions:
(1 )
(2 )
(3)
(4)

h(p) is continuous for 0 < p < 1 ;
h( p) = oo if p = 0 ;
h(p) = 0 i f /> = 1;
h( p2) > h ( p l) i f p l >p 2.

If another picture independent of the first is jointly considered with gray
level values n l ,n 2, ...,n N and probabilities q x,q2, . . . , qN, then an additional
property is additivity.
(5)

h(pl,qJ) = h ( p i) + h(qj ).

It may be shown that these postulates can be satisfied if and only if
h ( p ) = - \ o g bp.
The logarithm base b is chosen so that one unit of inform ation is generated
by an elementary choice, or for convenience. The most com m on elementary
choice involves picking one of two equally likely states, i.e., b =2. The unit of
inform ation for this base is called the bit. F or a set of 2” equally likely levels,
the inform ation may be transm itted as an w-digit binary number. The am ount
of self-information contained in each message is then:
h ( p ) = —\og2p = —log 2 ( l / 2 ") = rt

bits.

Entropy o f a Source
If there are several possible gray levels, one m ay measure the entropy or
average inform ation per level of an element by the average or expected value
of the inform ation contained in each possible level. If the picture has M levels
5, each with probability of occurrence p n then
M

M

H ( M ) = 2 pM p,)= - 2 P<\og2p,.

i= 1

i= l

The maximum possible entropy occurs when the levels are equally likely, i.e.,
m
tfm a x =

-

2

i

j

M

l0 g 2 M

= 1° & M

-

If there are two picture elements X with gray levels {-*,•}, and Y with gray
levels {>>, }, then the average jo in t inform ation or joint entropy is
n

H(X, Y ) = — 2

m

2 / >

( logj/’U j ', ) .

<=17=1

It is easily shown that this jo in t inform ation is always less than or equal to the
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sum of the entropies of the two pictures elements and equal only when the
two gray levels are statistically independent.
If one is interested in the average inform ation that may be obtained from
viewing one picture element given that he has observed another element, then
the conditional entropy is appropriate. The average conditional entropy of the
element X with respect to Y is defined as

n m
H(X/ y) = - 2

2 p( yj ) p( xi / yj ) log2p ( x i/ y j ).

, = ly = l

Several properties of entropy will now be stated for reference.
1. Entropy is a nonnegative number, i.e., H( p) > 0 with H( p) = 0 only for
p = 0 or p = 1 .
2. H ( p l ,p2, .. ., p„)< log*n with equality if and only if p t — \ / n for i =
1

3. H ( X , Y ) < H ( X ) + H ( Y ) with equality if and only if X and Y are
statistically independent.
4. H ( X / Y) = H( X, Y) — H ( Y ) < H ( X ) with equality if and only if X and Y
are statistically independent.
As an example, let us consider a binary picture element X with levels jc, = 0
or x 2= 1 and probabilities p and <7 = 1 —p.
The entropy or average inform ation that may be conveyed by this source is
H ( X ) = - p \og2p - q log 2 q
This entropy function is shown in Fig. 6 .6 . It is easily shown that H( p) attains
its maximum value of one bit whenever the levels are equally likely.
The average inform ation in a picture can be increased in two ways, by
increasing either the spatial resolution or the gray scale resolution. If the
num ber of gray levels is increased from 2 to 2 ”, the m aximum entropy of the
element increases from 1 to n bits. If the num ber of resolution elements is
increased from 1 to N, then the maximum entropy for the binary picture
increases from 1 to N. Since this maximum entropy occurs if and only if the
values are statistically independent, the actual entropy may be considerably
less than the maximum.
The entropy of a picture is im portant because it gives the lower bound on
the noise-free transmission rate. The picture elements may be considered as
symbols produced by a discrete inform ation source with the gray levels as the
states. If successive pixels are independent, the entropy H is simply

H=~

2

P , ^ g 2P„

where Pt is the probability of gray level i. Since the pixels are not usually
independent, one must consider sequences of pixels to estimate the entropy.
The following theorem from Shannon’s classic paper (Shannon and Weaver,
1949, p. 55) may be used as the basis of an entropy estimation procedure.
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p
Figure 6.6 Entropy function for binary source. (From C. E. Shannon and W. Weaver, “The
Mathematical Theory of Communication,” by permission of the University of Illinois Press,
Urbana, and Copyright © 1949 by the University of Illinois.)

Theorem.
ments. Let

Let p ( B t) be the probability of a sequence Bt of picture ele

when the sum is over all sequences Bt containing N picture elements. Then
H n is a m onotonic decreasing function of N and
lim H n = H.
./V—>00

As an example of the sequence estimation of entropy, consider the digital
image shown in Fig. 2.24. The eight possible gray levels, the relative frequen
cies, and the empirical entropy estimate are shown in Table 6.2, which shows
that H l = 1.853. To estimate the second-order entropy, the picture is assumed
to be raster scanned with a w raparound from line to line and from the end to
the beginning. The pairs of gray levels, their relative frequencies and the
corresponding estimate of H 2 = 1.533 are shown in Table 6.2. The results of
this procedure for several other sequence lengths are shown in Fig. 6.7. N ote
that the sequence of estimates is m onotonic decreasing and that the value of
H s = 0.659 is considerably smaller than H ].
A measure that is im portant in transm itting pictures over a communication
system is mutual information, which is defined by
I ( X, Y ) = H ( X ) - H ( X / Y) = H ( Y ) — H( Y / X ) .
The m utual inform ation may be interpreted as the inform ation transm itted
over a com m unication channel, since H ( X ) is the inform ation at the input of
the channel and equivocation H ( X / Y) is the inform ation about the input
given that the transm itted picture Y is known. N ote that if Y is totally
correlated with X, then H ( X / Y ) = 0 and I ( X / Y) = H( X) . However, if Y is
independent of X, then H ( X / Y) = H ( X ) and I ( X / Y) = 0.
Suppose one is interested in transm itting a picture over a binary com 
munication channel. Some m ethod must be used to encode the gray level

Figure 6.7

Sequential estimation of picture entropy for picture in Fig. 3.21a.
Table 6.2

Entropy Sequences Computed for the Digital Image of Fig. 3.21
First-Order Estimate
Gray level

Frequency

Probability

Entropy

0
1
2
3
4
5
6
7

8
0
0
0
31
16
8
1

0.125
0
0
0
0.484
0.250
0.125
0.016

0.375
0
0
0
0.507
0.500
0.375
0.096

Total

64

1.000

1.853

H x = 1.853
Second-Order Estimate
Gray level
Pairs

Frequency

Probability

Entropy

(4,4)
(4,0)
(0,4)
(4,5)
(5,4)
(5,6)
(6,5)
(6,7)
(7,6)
(6,6)
(5,5)

18
8
8
5
5
3
3
1
1
4
8

0.2813
0.1250
0.1250
0.0781
0.0781
0.0469
0.0469
0.0156
0.0156
0.0625
0.1250

0.515
0.375
0.375
0.287
0.287
0.207
0.207
0.094
0.094
0.250
0.375

Total

64

1.0000

3.066

H 2= \( 3.066) = 1.533
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inform ation into a binary code suited to the channel. F or a digital PCM
picture that has been sampled into an L by L array of picture elements with
B bits/elem ent, a total of L 2B bits must be transm itted. Typical sizes of
£ = 512 and B = 8 require about 4 million bits. This large num ber of bits
motivates one to consider data compression techniques and wonder if it is
possible to reduce this requirem ent and by how much. The answer to this
question is given by Shannon’s first theorem. Before introducing the theorem,
it is helpful to introduce some concepts about coding.
A code is mapping of words from a source alphabet into the words of a
code alphabet. Coding thus consists of m apping source-symbol sequences
into code-symbol sequences. A word is a finite sequence of symbols from an
alphabet. For example, if the alphabet is A = 0 ,1 , then 0,001,1011,1111 l,etc.,
are words. The decoding of an original message is not ensured by the code
definition, i.e., two source symbols could be m apped into the same code
word. A code is called distinct if each code word is distinguishable from the
other code words. Even with a distinct code, a problem of recovering the
original message can occur when the words are placed together without
commas. F or example, the code words 1,01,0 cannot be distinguished in the
sequence 1101001. Since commas are simply symbols, only comma-free codes
are usually considered. A distinct code is uniquely decodable if every code
word is identifiable when immersed in a sequence of code words.
A nother desirable property of a uniquely decodable code is that it be
decodable on a word-to-word basis. This property is ensured if no code word
may be formed by adding code symbols to another code word; that is, no
code word is a prefix of another. A uniquely decodable code with this prefix
property is called instantaneously decodable. A code is said to be optimal if it
is instantaneously decodable and if it has the m inimum average length L for a
given source and a given probability distribution for the source symbols. The
optimal code thus guarantees both the exact recovery of the original inform a
tion and the minimum average length.
Noiseless Coding Theorem fo r Binary Transmission
Given a code with an alphabet of 2 symbols and a source A with an
alphabet of 2 symbols, the average length of the code words per source
symbols may be m ade arbitrarily close to the lower bound H(A), as desired,
by encoding sequences of the source symbols rather than individual symbols.
In particular, the average length L ( n ) of encoded n sequences is bounded
by
H( A ) < L ( n ) / n < H ( A ) + l / n .
This remarkable theorem provides both an upper and lower bound on the
average length for any finite value of n. The source entropy H( A) may be
considerably less than the maximum. Furtherm ore, the sequence limit of the
average length is H(A).
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If the entropy of the PCM image source is sufficiently small, it is then
possible by suitable encoding to obtain a significant data compression. The
entropy of the PCM source is extremely difficult to determine, since the
picture elements are statistically dependent, especially point-to-point, line-toline, and frame-to-frame. Com putation of the source entropy requires the
symbols to be considered in blocks over which the statistical dependence is
negligible. Suppose the dependencies exist over T sec in time, with F
fram es/sec. Then the sequence length that m ust be considered is
S = TF B L2.
For digital PCM with T = 5, 7 = 3 0 , 5 = 8 , and L = 512, So^3 X 108. A joint
probability function for a vector length of 300 million is prohibitively difficult
to determine experimentally. Thus, our approach must be limited to a single
pixel or small blocks of pixels and to overestimates of H(A). If the blocks of
pixels are chosen so that the sequence entropy estimates converge rapidly to
the limit, then block coding methods may be close to the minimum length.
Estimates of entropy have been m ade that indicate that for most natural
scenes the source entropy is less than 1 bit per picture element. Thus, a bit
compression ratio from 8 b its/p ictu re element to 0 . 8 bits/p ictu re element
may be possible by using optimal codes and long block sequences. Shannon
binary code construction, the S hannon-F ano encoding method, and the
Huffm an minimum redundancy code procedure may be used to construct
optimal noiseless codes.
Rate Distortion Theory
An inform ation theory guideline for the nonreversible image com m unica
tion problem is rate-distortion theory. The foundations of this theory were
also introduced in Shannon’s classic 1949 paper. The book by Berger (1971) is
exclusively devoted to this topic. This theory applies to the case in which
distortion or noise is introduced by the channel or encoding process.
In the design of a com m unication system, it is desired to transm it the
maximum am ount of mutual inform ation; however, this am ount is limited by
the channel noise. The channel capacity C is defined as the maximum over all
possible sources of the mutual inform ation and is given by
C = max I { X , Y ) ,
{/>(*)}
where {p(x)} indicates the set of possible a priori probability distributions.
To illustrate the com putation of channel capacity, the simplest binary
channel to consider is the binary symmetric channel.
The binaiy symmetric channel (BSC) is characterized by a single param e
ter, the bit error probability p. The flow diagram for the first-order BSC is
shown in Fig. 6 .8 , in which the conditional probability of an input digit being
transform ed into an output digit is indicated by the letter above the corre-
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sponding flow branch. Since the transition probabilities p ( 0 / X ) = p ( \ / 0 ) are
equal, the channel is called symmetric. The channel is characterized equally
well by the transition matrix w2
* 2 = [ p ( x i / yj )} =

1- p

p

P

1~ P ’

where x, and = 0 or 1 .
Since for the BSC it is assumed that the bit errors are independent, the
transition m atrix for higher-order BSC m ay be developed using the
Kronecker product operation

„

P"n-l
[P^n- 1

(1-pK -,

'

The flow diagram of w4 is also shown in Fig. 6 .8 .
We m ay easily calculate the channel capacity of the BSC. The m utual
inform ation is
I ( A , B ) = H ( B ) — H { B / A).

(a)

Figure 6.8

Flow diagrams for (a) first-order and (b) second-order binary symmetric channel.
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The maximum of H( B) , as previously developed, is 1 b it/p ictu re element
and occurs when the output symbols are equally likely, which also occurs for
the BSC when the input symbols are equally likely. The channel equivocation
H ( B / A ) is independent of the input probability distribution and is given by
H(B /A)= -p\ogp-q\ogq,

p + q=\.

Therefore, the channel capacity C of the BSC is
C = l + p l o g p + q\ogq.
We shall now present an introduction to rate distortion theory for the
simple situation of a binary memoryless picture source and channel. The
main theorem of rate distortion theory states that the suitably coded output
of a picture source with entropy H may be transm itted over a channel of
capacity C, with average distortion less than D, provided that the rate R(D),
which is a function of the distortion, is less than the channel capacity C.
There are several ways to apply the rate distortion theory to the image
communication problem. One could encode each digital picture into a single
symbol. F o r an L by L picture array with B b its/p ictu re element, the set of
symbols would contain the large but finite set of S = 2 LB symbols. Also, a
distortion matrix of size S by S' that specifies the distortion cost for each pair
of transm itted and received pictures must be specified. This approach is not
com putationally practical; however, smaller block sizes m ay be feasible. A
particularly simple case arises from considering a single picture element as a
symbol. If B bits are used to represent gray levels, only S = 2B symbols must
be considered. Furtherm ore, the distortion cost m atrix of size S' by S' should
be reasonable. Some interm ediate block size between these extremes may be
appropriate for a particular imaging situation.
To illustrate the rate distortion theory, consider a binary picture source
with symbol set A = { m v m2}, where /n ,= 0 and m 2= 1, with probabilities p x
and p 2 for each symbol, respectively. W e shall only consider a special case of
a binary memoryless source— the nth extension source. The words of the «th
extension of this source A n are n-bit binary sequences in which successive
letters are independent and identically distributed. F or every source word
x = ( x l, x 2, . . . , x n)',
n

p(x)= Rp(Xi).

i= 1

Now consider the problem of reconstructing the output of the source A n
within a certain prescribed fidelity at the receiver. To determ ine the pre
scribed accuracy, we m ust specify a distortion value for every possible
approxim ation of a source word. Assume that a nonnegative cost function
p„(x,y), called the word distortion function, is given that specifies the cost for
reproducing the source word x by the vector y. F or any fixed n, the word
distortion function could be stored in a 2 " by 2 " matrix.
A sequence of word distortion measures
F = {p„(x,y), 1 < n < o o }
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Figure 6.9 Single letter distortion measure for binary source and probability of error used as
the distortion measure.

is called a fidelity criterion. A fidelity criterion composed of word distortion
measures of the form
1
"
P„(x> y )= - 2 P (W y )
n 7=1
is called a single-letter fidelity criterion Fj. W ith a single-letter fidelity
criterion, the distortion between a source word and the received word is
simply the arithm etic average of the distortion between corresponding letters
as specified by a single-letter distortion measure p. The single-letter distortion
measure p may be represented by an n X n distortion m atrix or as a flow
diagram analogous to that used to represent a discrete, memoryless channel.
For example, the diagram in Fig. 6.9 illustrates the single letter distortion
measure for a binary source when probability of error is used for the error
criterion. The lines in Fig. 6.9 are labeled with single letter cost values rather
than conditional probabilities of output letters given input letters.
N ote that the m ean squared error (MSE) between two binary picture
elements may be represented by a single letter fidelity criterion

p „(x> y)= 7-

E [ ( x j - yjf ] y - \

2

j=

1

A least squares single-letter fidelity criterion would be

p „ (x > y) = 7 :

2

i xj - y j f

y=i

2 /_ l-

The Hamm ing distance could also be used as a single-letter fidelity crite
rion that would equally weight the location of a bit error

p „ (x , y ) = 7 - 2
n j-

1

( x j - y j ) 2.

We will now define the rate distortion function for the binary memoryless
source A ", with respect to a single-letter fidelity criterion F . Any channel
may be characterized by conditional probabilities Q( k / j ) . We m ay compute
the average distortion d( Q) associated with the conditional distribution
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Q ( k / j ) as

d{Q)= 2

7=1

2 P( xj ) Q ( k / j ) p ( j , k ) .
k=1

A conditional probability assignment Q ( k / j ) defining a channel is said to
be D-admissable if and only if d ( Q ) < D . The set of all Z>-admissable channels
or conditional probability assignments is denoted QD and defined by
QD = { Q ( k / j ) , d ( Q ) < D } .
For each channel or conditional probability assignment, we may also com
pute the average m utual inform ation /(£?),

/( G ) - 2

2 P(xj)Q(k/j)\og2^ ^ p - ,

7= 1 *=1

V£\K)

where
Q(k)=

2 Q( k / j ) P ( x j )
j -1

is the received symbol probability. F or D fixed, we define the rate distortion
function R( D) by
R ( D ) = min I ( Q) .
Q^Q d
The rate distortion function R ( D ) is thus the m inimum over all Z)-admissable
channels of the average m utual information. Since the source rather than the
channel is given, the minimization is over the admissable channels. The
minimization provides the m inim um mutual inform ation rate that must be
conveyed to the user in order to achieve a prescribed fidelity.
The following theorem is useful for computing the rate distortion function
for the discrete memoryless channel.
Theorem. The rate distortion function for the source U = { 0 ,1 ,...,K — 1}
with a priori probabilities P { U = j ) = P(J) and the distortion measure

p(J>k) = Pjk
is given by
R ( D ) = H ( U) — H ( D ) — D l o g ( K — 1)
for
D < ( K - l ) Q min,

Qrmn= m in Q(k),
k

where
Q ( k ) = 2 * Q(k/ j )P(J)>

H(D )=-D logD -(l-D)\og(l-D),

7 -0

H(U)=-'2Q(k)\ogQ(k).
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As an example, let us com pute R ( D ) for the binary source and probability
of error distortion m easure p ( j / k ) = 1 — pJ k .
The minimum possible value that the average distortion can assume is
found by letting
p = min p( j / k),
k

then for each j setting Q ( k / j ) = 1 for that k (or one of those k) that realizes
the minimum. This results in the minimum average distortion value
A n in

=2

P (X j)Pj

j= i

with the error distortion measure assumed Pj = 0, and thus D mn = 0.
Let Dmax represent the least average distortion that may be achieved when
the average m utual inform ation is zero. Since I ( X, 7 ) = 0 if and only if X and
Y are independent, then R ( D ) = 0 if and only if
Q ( k / J ) ~ Q(k).
The average distortion for this situation is

d(Q) = 2 0 * 2 p (xj)p(j/ k).
k

j

The minimum value of d ( Q ) m ay thus be obtained by setting Qk = 1 for one
of the values for which
p (xj)p(j/k)

2

j

attains its minimum value and Qk = 0 for all others. The value of average
distortion is then
D max =

n u n

2

P (X j)p(j/k).

j

If
**(*,) < 5 .
then clearly
A n a x = ^ ( * l) ‘

Now, since
0 < I ( X , Y ) < H ( x ) < log 2 M,
then
0 < R { D ) < \ o g 2M = \ .
For D < 0, the set QD is empty and R( D) is not defined. Thus, R ( D ) is
positive for 0<Z><Z>max, and 0 for D > £>max. Furtherm ore, for D = 0 the
channel m ust be noiseless with Q ( k / j ) = pkJ and Q( k ) = P(mk), so
R ( 0) = - P ( m x) \ o g P ( mx) - P ( m2) logP ( m 2) = H[ P ( m x) ] .
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Figure 6.10 Binary source rate distortion function. (From Toby Berger, “Rate Distortion
Theory: A Mathematical Basis for D ata Compression” © 1971, pp. 7, 48, 100. Reprinted by
permission of Prentice-Hall, Inc., Englewood Cliffs, New Jersey.)

Finally, using the theorem we see that
R ( D ) = H [ P ( m l) ] - H ( D ) .
The rate distortion curves are shown in Fig. 6.10 for several values of P ( m x).
Finally, the im portant theorem of rate distortion theory specialized to the
discrete memoryless channel will now be stated.
Theorem. Given a discrete memoryless source U of alphabet size K,
entropy H( U) , and minimum letter probability Pmin that is connected to a
destination by a discrete memoryless channel of capacity C bits per source
symbol and D < ( K —
then an error probability per source digit of D
may always be achieved through appropriate coding if
C > R ( D ) = H ( U) — H ( D ) ~ D log( K - 1),
and can never be achieved if C < R { D ) .
In general, R ( D ) can be shown to possess the following properties: R ( D ) is
a positive, convex, strictly decreasing function for 0 <Z><Z>max. The maxi
mum value is R( 0). There exists a value D max such that R ( D ) = 0 for
D > D max.
In summary, for a given source and a given distortion measure D, we can
find a function R( D) , such that one may transm it the picture to the user with
a distortion as close to D as desired as long as R ( D ) is less than the channel
capacity C. As with the other capacity theorems, the rate distortion theory
tells one what can be accomplished but does not describe how to accomplish
it. Thus, there are several difficulties in trying to apply the rate distortion
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theory. In the use of a channel or storage, errors are generated. In fact, most
channels are characterized to some extent by the probabilities of errors
occurring. However, a more complete characterization is given by the channel
capacity C, which is the maximum error-free transmission rate.
The capacity concept is directly related to the noisy coding theorem, which
states that if H >C, then any com m unication system designed to transm it the
source inform ation over the channel m ust lose at least H —C bits of inform a
tion per source letter. Is it thus possible to reproduce the source at the
channel output with fidelity D l F or at least R( D ) bits of inform ation per
letter to be received with distortion less than D, at most H — R ( D ) bits may
be lost. Thus, it is impossible to obtain an average distortion of D unless
H — R ( D ) exceeds H — C, or R ( D ) < C . This heuristic argum ent indicates the
intim ate link between rate distortion theory and the noisy coding theorem.
Two im portant points are:
(a) In order to calculate the rate R, one m ust have a m athem atical model
(statistical) of the source.
(b) One also needs a m athem atical expression or description of the
distortion measure D that agrees reasonably well with subjective hum an
judgm ents.
6.2

Reversible Information Preserving Picture Coding

The noiseless coding theorem indicates that in a binary code for a source
with an alphabet of q symbols, the average bit length b may be m ade
arbitrarily close to the lower bound H ( A ) by encoding sequences of source
symbols rather than individual symbols. The digital PCM image that has
been sampled into an L X L array with B b its/pixel may be considered as a
sequence of source messages. The messages may be the brightness levels of
individual picture elements. Alternatively, the messages may be pairs of
neighboring pixels or four-elem ent arrays or first differences of adjacent
pixels along each horizontal line. Of the variety of ways in which messages
can be chosen, the m ain requirem ent in this section is for methods that are
reversible. The digital picture should be coded and decoded exactly. Two
techniques, Huffm an and run-length coding will now be described.
6.2.1

Huffman Coding

Consider a particular set of n messages derived from the digital picture
(m l,m 2, ...,m n), and let the probability function of these messages over the
appropriate ensemble of digitized pictures be p l,p2,- •
where
n

P i > 0,

i=

and

2
i= i

Pi= 1-
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The intuitive idea is to assign short code words to the most probable
messages and the longer code words to the least likely messages to obtain a
code with a small average length.
The elegantly simple procedure of H uffm an (1952) guarantees that one
may obtain a uniquely decodable code with the minimum average num ber of
bits per message R with
n

H < R < H + 1,

where

H = —2 P ^og2Pi/=i

The average length, of course, varies with the probability distribution.
Fortunately, the differences of adjacent pixels often have nonuniform firstorder probability distributions for which the Huffm an coding procedure is
highly efficient.
As an example of the H uffm an coding procedure, consider the simple 8 by
8 image given in Fig. 3.24. Since the gray levels range between 0 and 7,
3 bits/p ix el would be required for direct PCM. The gray levels will be
considered as messages, and the normalized image histogram will be used to
estimate the probabilities. A tabulation of the possible gray levels, the num ber
of occurrences, and the normalized histogram values are given in Table 6.3.
N ote that levels 1, 2, and 3 do not occur in the image and therefore the
normalized histogram values are 0 for those levels. The construction proce
dure of the H uffm an code m ay be considered in two steps. First, the
probabilities are ordered by magnitude, then the smallest two are combined
repeatedly until only two remain. The code word assignment is then made by
reversing this procedure. At the first step the input probabilities are ordered
by magnitude. The zero probability elements may be ignored. The resulting
list is
0.484,

0.250,

0.125,

0.125,

0.016.

Table 6.3
Huffman Code Construction for Image Given in Fig. 3.21a
Number of
occurrences

Normalized
histogram, />,.

2
3
4
5
6
7

8
0
0
0
31
16
8
1

0.125
0.0
0.0
0.0
0.484
0.250
0.125
0.016

Total

64

1.000

Gray level
0
1

Code word

-P ilo giP,

0000

0.375
—
—
—
0.507
0.5
0.375
0.095

—
—
0.484
0.5
0.375
0.064

1.852

1.923

—

—
—
1
01
001
0001

Pi'i
0.5
—
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Combining the two smallest probabilities and recording the list gives
0.484,

0.250,

0.141,

0.125.

N ote that equal probabilities may be com bined or ordered arbitrarily. The
two smallest probabilities are again com bined and reordered, resulting in
0.484,

0.266,

0.250.

Again the elements are combined, giving only two probabilities
0.516,

0.484.

The combining procedure is now stopped.
The code word assignment may now be started. First, assign code bits 0
and 1 to the last two element probabilities. Next, reverse the com bination
procedure assigning a code bit 0 or 1 to each branching path. N ote that this
procedure corresponds to the binary tree shown in Fig. 6.11. W hen all
combinations have been exhausted, the final code word is obtained by simply
concatenating the code bits assigned in traversing the tree, as shown in Fig.
6 .11. It is also interesting to com pare the entropy H ( X ) and average length L.
From Table 6.3,
5

H ( X ) = - 2 Pi l°g 2A = 1-852
/- i

bits,

5

L = 2 pJi — 1.923
«- i

bits,

where ( is the num ber of bits in code word i. N ote that L is indeed very close
to H ( X ) and indicates that an average length of less than 2 bits/ pixel rather
than 3 can be obtained without error.
The variable length of the H uffm an code makes it more difficult to
implement than a fixed length code. Also, note that a change of the source
probabilities would require a new code mapping to ensure minimal length.
I n p u t P ro b ab ilitie s

C ode W ords
0

0

0

0 .1 2 5

1

0 .0 1 6

0000

0.141

0 .2 6 6
1 0 .1 2 5

1 0 .2 5 0

0 .4 8 4 y ________________________________________________

Figure 6.11

1

Code word assignments for Huffman code.
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6 .2.2 Run Length Encoding
Another statistical characteristic of digital pictures, picture element to
element correlation, m ay be exploited by a simple reversible coding tech
nique. In the digital image, a run may be defined as a sequence of consecutive
pixels of identical values along a specified direction. F or simplicity, the
horizontal scan line may be used as the direction. A reduction over PCM in
the average bit rate m ay be achieved if long runs occur by simply transm it
ting the start and length of the run rather than the individual pixels. N ote that
in a highly textured region or a region with a large high-frequency content,
the run lengths could be very short and more bits could be required for the
specification of the start and length than for the pixel.
As an example of run length coding, again consider the image of Fig. 3.24.
The sequence of gray level and horizontal run length pairs for the image is
(4.7)(0,1),
(4 .1)(5,5)(4,1)(0,1),
( 4 .1)(5,1)(6,3)(5,1)(4,1)(0,1),
(4 .1)(5,1)(6,1)(7,1)(6,1)(5,1)(4,1)(0,1),
( 4 .1)(5,1)(6,3)(5,1)(4, 1 )( 0 , 1 ),
(4» 7 )(0 , 1 ),
(4.7)(0,1).
N ote that 30 pairs or 60 num bers are used in this representation com pared to
64 pixels in the original image.
The sequence of gray levels and vertical run lengths are
(4,9)(5,5)(4,3)(5,1)(6,3),
(5 .1)(4,3)(5,1)(6,1)(7,1),
(6.1)(5,1)(4,3)(5,1)(6,3),
(5 .1)(4,3)(5,5)(4,10)(0, 8 ).
In this direction, only 20 pairs or 40 num bers are required.
The efficiency of run length coding depends on the num ber of gray level
transitions or edges and could therefore be expected to be most efficient for
images with a small num ber of edges and gray levels. The m ethod is most
suitable for black and white facsimile images with little edge and texture
content. The m ethod is also sensitive to errors, since a single bit error could
change the length of a run and thus offset the entire image. This can be
reduced to single line errors by line synchronization and greatly alleviated by
using only three or four standard run lengths. An example of run length
coding of picture intensities in which an average bit rate of 3 b its/pixel was
achieved for TV quality pictures is given in Cherry et al. (1963).
Bit plane images rather than intensity values have also been run length
coded. A n «-bit PCM picture m ay be divided into n bit planes in which each
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element is equal to the binary value of the corresponding element of the
original picture. R un length coding of bit planes was used by Spencer and
H uang (1969) to achieve an average of 2 to 4 bits/pixel on 256x256 6 -bit
images. The rate varied with picture complexity but exact reconstruction was
achieved.
Area coding may be considered as an extension of run length coding to two
dimensions. An area may be defined as a connected, continuous group of
picture elements that have identical values. The area may then be specified by
a set of boundary points and the intensity value. Only these values would
need to be transm itted. Unfortunately, finely quantized pictures do not
contain m any such areas. A study of 16-level pictures was m ade by Schreiber
et al. (1972), who found that an average bit rate of about 2.5 b its/pixel would
be required using area coding. F or 6 or 8 bits/pixel, no redundancy reduction
could be expected.
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In the previous section we have considered methods for distortion-free
encoding. The inform ation theory guideline indicated that the maximum
distortion-free transmission rate is bounded by the source entropy. For
example, for a given ensemble of images with H = 1 . 0 bits/pixel, a distortionfree rate R = 0.1 bits/pixel is not possible. Since a certain am ount of distor
tion may be tolerable in some image transmission applications, it is interest
ing to consider the maximum distortion that might be expected if a rate
greater than the distortion-free rate is used. The inform ation theory guideline
from rate distortion theory indicates that for a given average distortion D, the
maximum distortion-D transmission rate is R( D) . A com m unication channel
with capacity only slightly greater than R( D) is required to transm it the
inform ation with distortion less than or equal to D.
In applying rate distortion theory to picture transmission, both the picture
source probability distribution and the distortion criteria m ust be specified.
An upper bound on the achievable performance m ay be obtained by consid
ering the picture vector source com ponents to be independent Gaussian
random variables and the distortion measure to be m ean squared error
(Davisson, 1972). Let
X = { x i, i = l , 2 , . . . , N ]
represent the source samples, which are Gaussian with zero m ean and
com m on variance a2, and

represent the output of the decoder. Then the average m ean squared error or

6 Digital Television, Encoding, and Data Compression

330

R - n ats

Figure 6.12

Rate distortion function for Gaussian source.

distortion is
o - j f S * [ ( * , - * ) ’ ]•
;= 1
The corresponding rate distortion function (Berger, 1971) is
R ( D ) = ( ^ og2(°2/ D )’
I 0,

0 < D < a 2,
D > a 2.

This function is shown in Fig. 6.12. This perform ance could theoretically be
achieved if the encoder were designed so that the output error vector was an
independent Gaussian random vector with zero m ean and common variance
D.
The rate is the num ber of bits/pixel required for transmission. Therefore,
the num ber of levels N is
N = 2*<d \
This may be simplified to
N = ( o2/ D ) l/2.
Therefore, for a given D, which may be considered as the quantization error
variance, and a given pixel variance a2>D, the num ber of quantization levels
N may be determined. The optim um placem ent of the levels along the pixel
amplitude range to provide m inimum distortion D is the Ma x quantizer
described by M ax (1960), who also gives an empirical data for the functional
dependence between the distortion D and the num ber of levels N. If the
distortion D is greater than the pixel variance, the transmission rate is zero,
indicating that no inform ation need be transmitted.
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In summary, this analysis indicates that a distortion-/) transmission rate
R ( D ) in bits/pixel may be determ ined given the input and output pixel
variances. Also, the num ber of output quantization levels is proportional to
the square root of the variance ratio. We have assumed that the m ethod of
encoding will ensure an independent Gaussian error with variance D. To
apply this procedure to image information, we m ust verify this assumption.
The first problem encountered is that the equivalent vector of an image does
not have independent com ponents; in fact, pixels that are spatially adjacent
may have correlation coefficients as large as 0.95. Therefore, we shall now
consider methods that will at least decorrelate the picture components, which
for Gaussian variables will ensure statistical independence.
6.3.1

Hotelling Transformation and Block Quantization

The PCM picture may be considered as either an array of size m X n or as
an equivalent vector of size N = m X n . The next step in pictorial data
compression is obtaining statistically independent components that may be
coded separately. Knowledge of the factorability of the joint probability
density of the vector com ponents is required to ensure independence. Such
detailed knowledge can rarely be determined. However, we have seen that
the Hotelling transform ation produces uncorrelated components. For the
Gaussian distribution, uncorrelatedness implies statistical independence.
Consider the problem of determining a linear transform ation [T] of the
form
Y = [r]x

where X is the original image vector, Y is the transform ed image vector and
[ T] is a linear transform ation selected to decorrelate the com ponents of Y. It
is also natural to restrict [ T] to be an orthonorm al transform ation to avoid
the situation in which the total error is dom inated by a single transform ed
component, e.g., y x = 106x {. In C hapter 3 the Hotelling transform ation, which
may be defined by the condition

Z Y - [ T ] 2 j _ T]' =

where S x and
are the covariance matrices of X and Y, respectively, was
shown to produce the desired decorrelation of the Y components. F urther
more, it was shown that if the com ponents of Y were rearranged so that the
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variances were ordered from largest to smallest,
a , 2 > a 22 > ••• > a m2 > a 2 + 1 > a„ 2 > 0 ,
and if only the first m components of Y were retained to represent X, with
unused components replaced by their mean values, then the m ean squared
error is
7 (w )-£ (||y -y id -

2

i=m+ 1

°i2,

where Y = [ y l, y2, . . . , y m,fj.m+{,...,i±N]'. If the variance of any com ponent is
zero, this com ponent can be replaced by its m ean value without contributing
to the error. It is also interesting to note that due to the orthonorm al nature
of the transform ation, the m ean squared error is invariant under any other
linear, orthonorm al transform ation.
Block Quantization
The Hotelling transform ation produces uncorrelated principal com ponents
to use in the image representation. The next step in encoding is assigning bit
representations to these components. If the Y com ponents were of equal
im portance in the representation and if the variances of these components
were equal, then there would be no reason for not using an equal bit length
code. However, the variances of the principal components vary widely.
One strategy that might be considered for the unequal variances is norm al
izing each com ponent by its standard deviation,
y 'i = y i / ai’

/ = 1 , 2 ,...,jV .

The normalized com ponents y- have unity variance and might be quantized to
the same num ber of bits. The quantization error would be equal for the
normalized com ponents^/. However, the principal com ponent^, quantization
error would be greatest for the components with largest variance. Since these
com ponents are most im portant in terms of contributing to the m ean squared
error of the representation, this quantization strategy is not optimal.
The optimal assignment of M bits to N components that have Gaussian
distributions with unequal variances was first considered by H uang and
Schultheiss (1963). They found that the num ber of bits mK used to code
c o e ffic ie n t^ should be proportional to log2 a^. Algorithms for assigning the
M bits to minimize the mean squared error are often called block quantiza
tion algorithms. W intz and K urtenbach (1968) developed the following rule,
which was successfully used by H abibi and W intz (1971), for image coding
with several linear transform ations. The possible assignment numbers mk are
first com puted by
.
M
mk = ~Jf +

2

2

2

log 2 ak — —

"
2

2

, log 2 a/ .
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Each of the mk num bers is then rounded to the nearest integer and the total
arbitrarily adjusted so that
N

M = 2 rnk.
i= i
A similar rule was obtained by observing that minimal m ean squared error
quantization of Gaussian variables y t using a quantizer with 2b‘ levels in
troduces a quantization error e, whose variance is
£ (e , 2 )-< 7 ,(lor * ' /2T he bit assignment rule
m, = ( M / ^ ) +

2

[log 2 a ,./|i;x| 1 / w ] /lo g 2 1 0

gives
£ ,(e, 2) ^ | i ; x | 1 /M(10 ) “

6/2

= A.

This indicates that the block quantization of Y results in an equal quantiza
tion error A for all com ponents of Y. H abibi (1974) points out that A should
be considered as a lower bound on the quantization error since inaccuracies
in the integer representations for the bt are not considered.
Since quantization error m ay be considered as independent, additive noise,
the quantized error Y* is
Y *=A Y + Q

and

£ (Q Q t ) = AI,

where I is the identity matrix.
The total square error is equal to the trace of the covariance matrix of the
error vector X -X * . Since A is unitary,
^ = A r - ‘Tr(AI) = A.
This coding system not only minimizes the coding error but also gives an
uncorrelated error in the signal domain. The error reduction over simply
coding all com ponents of Y with b bits may be determ ined by noting that the
average error would then be
T 2 = ^ - 1 T r [ A - 1£ (Q Q T)(A ->)T].
where the components of the quantization error Q 2 are uncorrelated with
variances E ( y r2) \ 0 ~ b/1. Thus,
e22 = A f~ 1 10“ 6/ 2 T r [ ^ - 1CY( A - 1)T] = 1 0 -fc/2ax 2,
where ax2 is the com m on variance of the com ponents of the X vector.
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Coding Examples

Since the bit assignment using block quantization assigns a num ber of bits
proportional to the logarithms of the com ponent variances, the first concern
in implementation is to estimate the variances. Since the equivalent image
vector has N 2 components, the covariance matrix is of size N 2 by N 2 which is
usually com putationally impractical. Two simplifications that are often used
by researchers are the block transform and M arkov process assumptions. The
block transform m ethod consists of selecting a subimage size of M by M,
where M 2 < N 2 is selected to be a com putationally feasible size. A n example
of the covariance m atrix com putation for the block transform m ethod is
given in Sec. 3.3.1. If the covariance matrix E x is estimated from subimages
of the original image and a linear transform ation T used for coding, the
transform dom ain covariance
2

y = T2 xT'

must be used for the block quantization bit assignment. Given the M 2X M 2
diagonal covariance matrix, an M X M bit m apping m atrix may be formed

(a)

(b )

Figure 6.13

(a) Kodak girl original image and (b) correlation between pixels of (a).
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Figure 6.13 (c) Block Toeplitz matrix of Kodak girl picture for A/ = 8 and p = 0.96, and 8 x 8
block size, (d) bit mapping matrix for 1 bit/pixel rate p = 0.96, and 8 x 8 block size, (e) coded
image using 8 x 8 block size, 1 bit/pixel, NMSE = 0.39%, and (f) coded image using 16x 16 block
size, 1 bit/pixel, NMSE = 0.36%. [From Hall (1978).]
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using the vector to image transform ation. The elements of this m atrix are the
integer num ber of bits to assign to each transform coefficient. The previously
described bit assignment rule m ay be used to form the bit mapping matrix
and is easily com puted for large matrix sizes. F or smaller matrix sizes, an
iterative procedure developed by P ratt (1978) may be used that optimizes the
assignment for Gaussian data. The algorithm uses the Gaussian error func
tion to decrem ent the largest variance in the covariance matrix one bit at a
time until the total num ber of desired bits have been used. Each time a
variance is decrem ented the corresponding bit m apping m atrix element is
incremented. If the desired average bit rate is B and the subpicture size is
M X M, this procedure requires B M 2 passes through the M X M m atrix
elements. Therefore, the com putation grows rapidly with M and for M > 3 2
the cost versus error should be carefully considered.
An example from Hall (1978) of the block transform ation and block
quantization will now be considered. The original image of the K odak girl is
shown in Fig. 6.13a. The spatial correlation function of this image is shown in
Fig. 6.13b. The slope of the correlation curve is 0.96 and is constant, therefore
indicating that a first-order M arkov process with p = 0.96 is appropriate. The
vertical and horizontal correlations were nearly equal and both modeled
accurately by the value of p = 0.96. A transform block size M = 8 was now
selected. The block Toeplitz correlation matrix of the form shown in Problem
3.3 was com puted with the result shown in Fig. 6.13c. A transform m ethod
m ust now be selected. The discrete cosine transform will be used. The next
step is to estimate the covariance matrix in the transform domain. This is
accomplished by com puting the two-dimensional discrete cosine transform of
the correlation m atrix to form

S Y- [ C ] X x[C]'.
Applying the discrete cosine transform matrix described in Sec. 3.3.6 to the
correlation matrix given in Fig. 6.13c results in the transform covariance
matrix.
From the variance matrix, the bit mapping m atrix shown in Fig. 6.13d was
formed using the iterative procedure for a 1 b it/p ix el rate. N ote that the
elements of the bit mapping m atrix sum to 64. The results of coding the
K odak girl with this procedure are shown in Fig. 6.13e. The normalized m ean
squared error was 0.39%. A similar coding result with a transform block size
M = 16 is shown in Fig. 6.13f and resulted in a m ean squared error of 0.36%.
A close inspection of the coded images, especially around the flowers,
indicates one problem with this type of coder. The coarseness of quantization
especially of the dc term produces a visible block error. Channel errors in the
dc term produce similar errors.
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(1978).]

337

A 256x256 cosine transform domain bit mapping matrix, p = 0.96%. [From Hall

Full Image Transform Coding
Due to the advent of high-speed hardware transform processors, it is
im portant to consider full image transform coding techniques for which
M = N , the digital image size. This also alleviates entirely the block error
pattern previously m entioned with M < N . This m ethod was developed by
Hall (1978). Again, first-order M arkov stationary statistics will be assumed.
The m ethod requires the determ ination of an N X N block Toeplitz m atrix for
the horizontal and vertical correlation, the transform ation of this matrix to
estimate the variance matrix and the form ation of an N X N bit mapping
matrix.
An example for N = 256 will now be described. The variance m atrix of size
256 x 2 5 6 is com puted as previously described. The bit mapping m atrix is
formed using the relation
N

bij = Int

N

- 5 + 21og10o2. - - ^ 2 2 l o g i o 4 + 0-5
k= l / - 1

where
is the (/,/)th element of the bit m apping matrix, B is the desired
average bit rate, and afj is the variance of the ( / j ) t h transform coefficient.
The bjj values are rounded to the nearest integer, which introduces a slight
error over the previous assignment procedure. A bit m atrix for the discrete
cosine transform is shown in Fig. 6.14. The white region near the origin
(upper left) represents the value 9 and the dark region (lower right) has value
0 as a result of the small variances for large i and j values. N ote that the equal
bit contours in Fig. 6.14 are hyperbolic in shape. An image coded to 1
b it/p ix el with the discrete cosine transform and this m ethod is shown in
Fig. 6.15. An im portant variation from the bit coding rule was used on the dc
term. A full 36 bits was used to code the dc term to provide stability in the
image contrast and therefore eliminate the need for rescaling before display.
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Figure 6.15 A 256x256 cosine transform coded image, 1 bit/pixel, NMSE = 0.24%. [From
Hall (1978).]
(0,0)

(0,128)

(0,-1)

l
I
i
(128,0)
Figure 6.16
(1978).]

(128,-1)

Fourier transform domain frequency locations for 256x256 image. [From Hall

Figure 6.17 A 256X 129 Fourier transform domain bit mapping matrix. [From Hall (1978).]

These extra 27 bits out of the total 65,536 represent an insignificant increase
(0.000412) in the average bit rate.
The full image transform coding m ethod may be used with any of the
image transforms. With the Fourier transform, a difference is encountered
since the transform values are complex valued. Although it may appear that
twice the num ber of coefficients m ust be coded, the transform of a real
valued image is conjugate symmetric; therefore, only half of the complex
transform coefficients are unique. F or image coding, it is convenient to work
with a non-origin-centered Fourier transform dom ain as shown in Fig. 6.16
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Figure 6.18
Hall (1978.)]

A 256x256 Fourier transform coded image, 1 bit/pixel, NMSE = 0.23%. [From

for a 256 X 256 image. The semicircles in this illustration represent contours of
constant radial frequency. A bit mapping m atrix of size 256x129 was
generated from the variance matrix and is shown in Fig. 6.17. N ote that the
hyperbolic contours are still present in this m apping matrix. An image coded
with the Fourier transform using M ax quantization and the above bit m ap
ping m atrix for both the real and imaginary components is shown in Fig. 6.18
(Hall, 1978). The bit rate is 1 bit/pixel.
Coding in the Perceptual Domain
In the previous coding techniques, no special consideration was given to
the spatial frequency response of the HVS. A coding technique that includes
a visual system model was developed by Hall (1978). The m ethod uses the
visual spatial frequency model as a preprocessor before the quantization step.
The first-order M arkov assum ption for the input image statistics is made.
However, a new bit mapping procedure is used that is based not on a
variance matrix, but rather on the power spectral density in the preprocessed
transform or perceptual dom ain shown in Fig. 6.19. The results of the HVS
preprocessing are shown in Fig. 6.20. The power spectrum equation derived
P e rc e p tu a l

Figure 6.19

Psychovisual cosine transform coder. [From Hall (1978).]
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Figure 6.20 A HVS preprocessed image. [From Hall, (1978).]

by Hall is
S (wr) = [2 ao Y2 / ( a 2 + wr2) + 2tr/iY25(wr) ] | H( cor)|2,
where cor is radial spatial frequency and
H ( u t) = 2.6(0.0192 + 0.018 a t) exp( - 0.018 « r‘•1 )
and a is the correlation param eter of the input image whose correlation is
assumed to be of the M arkov form
Pjc(t ) = exP( ~ a lTl)
with a lognormal distribution. The param eters /xY and a Y2 are the m ean and
variance of the image after the log conversion. If one chooses not to code the
dc term to eliminate contrast errors, one need only consider
S ( « r ) = [ 2 a a \ 2 / ( “ 2 + w r2 ) ] I H ( u t ) P .

w r > °-

Since this equation defines the power spectrum for any ojr > 0, it m ay be used
to determine the transform com ponent variance and therefore the bit alloca
tion mapping. Thus, the generation of a variance m atrix and bit mapping
m atrix is not required.
To obtain a bit assignment, one merely solves the above equation at each
COr

wr = "sV ' 2 + ^ 2 ’
where i and j are the Fourier coefficient indices and ws is the scale factor for
conversion from linear spatial frequency to radians/degree. Let the variance
of element ( i j ) be a 2-. Then
a f j = s ( a ^ i 2+ j 2 ).
The bit allocation for this transform coefficient m ay then be described as
bjj = Int [ log 2 ya2 + 0.5 ].
The factor y is selected to yield the desired bit rate. Experimental values used
by Hall for average bit rates of 0.1-1.0 b its/pixel were 8.9 X 104-9 X 105. A
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Figure 6.21

341

Perceptual power spectrum bit mapping matrix. [From Hall (1978).]

P e rc e p tu a l

Figure 6.22

Figure 6.23
(1978).]

Psychovisual Fourier transform coder. [From Hall (1978).]

A 256x256 psychovisual coded image, 1 bit/pixel, NMSE=0.26%. [From Hall

bit m apping using perceptual coding is shown in Fig. 6.21.N ote that the equal
bit contours are now circles of constant radial frequency.
The psychovisual Fourier coding system shown in Fig. 6.22 was used to
code the image shown in Fig. 6.23 at 1 bit/pixel. The effects of variation in
bit rate are shown in the series of perceptually coded images shown in Fig.
6.24. The Fourier coefficients were normalized by a 2 and M ax quantized to
bjj bits for the real and btJ bits for the imaginary parts. Since it was not
necessary to com pute or store variance and bit m apping matrices, it was
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(c)

(d)

Figure 6.24 Perceptual power spectrum coded images (512x512): (a) original image; (b) 0.5
bit/pixel, NMSE = 0.28%; (c) 0.35 bit/pixel, NMSE = 0.50%; and (d) 0.1 bit/pixel, NMSE =
0.72%. [From Hall (1978).]

possible to code any size image for which a transform may be computed. The
images shown were coded by Hall at 512 by 512 (a resolution com parable
with standard TV). The bit rates are on the order of
the rates achieved with
the previous methods. Furtherm ore, the degradation with decreasing rates is
“graceful.” Errors appear in the form of “snow” distributed throughout the
image.
6.4

Predictive and Interpolative Coding

Predictive coding techniques including differential pulse code m odulation
(DPCM ) will now be considered. To introduce this m ethod it is interesting to
consider a special class of lower triangular linear transformations.
6.4.1

Lower Triangular Transformation

A unified theory of a class of lower-triangular transform ations has been
developed by Habibi and Hershel (1974), which shows the relationship
between general transform coding and DPCM . This approach provides a
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fresh outlook on DPCM by showing that it is a special case of a more general
coding system that uses a lower triangular matrix to transform the data to a
set of uncorrelated signals.
Consider again the PCM picture as an TV-dimensional data vector X, where
X represent a sample vector from an ensemble of zero m ean random vari
ables. A vector Y m ay always be generated from a linear com bination of x,s
as
7-1

y i= *i>

y j=xr

f o r /= 2 , 3 ,. .. ,j v

2

k=1

or, in vector form,
Y = LX,
where L is a unit lower triangular matrix
1

—

I 21

^31
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1

— 13 2

In

0

0

••

0

0

0

0

••

0

0

0

••

0

0
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—
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1
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If the covariance m atrix of X is 2%, then the covariance matrix of Y, 2y, is
given by
^ y = L ^ xLt .
It is known that for every symmetric positive definite matrix 2 X, there
exists a real nonsingular lower triangular matrix L such that the m atrix
L £ xLt is diagonal (Fox, 1954). M artin and W ilkinson (1965) have considered
numerical algorithms for finding L and 2 Y and have developed efficient
techniques requiring only | N 3 multiplications.
The fact that the transform ation diagonalizes the covariance m atrix of X
indicates that the transform ed elements of Y are uncorrelated. In general, the
com ponents would also have unequal variances. However, H abibi and
Hershel (1974) have shown that for « th -o rd e r M arkov processes, the vari
ances of the Y com ponents after the first n are all equal. The im plementation
of a lower triangular transform ation is closely related to the im portant
m ethod called predictive coding, which includes differential pulse code m od
ulation (DPCM ) and delta m odulation.
6.4.2

Predictive and Interpolative Coding

The lower triangular transform ation illustrates that one m ay achieve uncor
related pixels by transform ations other than the Hotelling. It will now be
shown that predictive and interpolative techniques m ay also be used. Since
picture elements in a local region are highly correlated, one might expect that
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a currently considered pixel might be accurately predicted from a knowledge
of previous pixels (prediction) or that a current pixel might be inferred from a
knowledge of some past and some future elements (interpolation). If accurate
prediction or interpolation is possible, then it should not be necessary to
transm it the pixel but rather a predictor or interpolator could be placed at the
receiver. Of course, some starting value might be required or actual pixel
values periodically transm itted to avoid large errors.
There is a trade-off in the complexity of the predictor and the transmission
bit rate. A highly accurate predictor should require only a starting value and
therefore a very low bit rate. However, a predictor of such high accuracy may
require a large am ount of a priori knowledge about the image characteristics
or require a complex nonlinear com putation. A simple predictor such as a
linear predictor m ay produce a large prediction error if only a starting value
is transm itted. A compromise solution is to use a linear predictor at the
transm itter but transm it not only a starting value but also an estimate of the
prediction error, quantized for digital transmission. (The transm itter would
estimate the pixel value from its predicted value plus the received error
value.) If the prediction error is small, a low transmission bit rate should
result.
To introduce the elements of predictive coding, consider forming a linear
estimate for a picture element f ( m, ri ) based upon the previous horizontal
element f ( m — 1 ,n), i.e.,
f ( m , n ) = a f ( m - 1 ,/j).
The m ean squared error between the original and estim ated values may be
expressed as
«2

= E { [ f ( m , n ) - f ( m , n ) ] 2}.

The error may be expanded to obtain
e2 = E [ f 2( m , n ) ] - 2 a E [ f ( m , n ) f ( m - l , n ) ] + a 2E [ f 2( m - l , n ) ] .
Since the autocorrelation function of a random picture element is defined
as
R( i , j , k , l ) = E ( f ( i , j ) f ( k , l ) ) ,
the expected values of the products of the shifted image functions m ay be
expressed in terms of the autocorrelation function values. F or simplicity, we
may assume that the image is stationary so that
R ( i - k j - /) = R ( i,j,k ,l) .
The m ean squared error may then be expressed as
e2 = R{ 0,0) - 2 a R ( 1,0) + « 2i?(0,0).
Differentiating e2 with respect to a and equating the result to 0 gives
a = ,R( 1 , 0 ) / / ? ( 0 , 0 ).
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Therefore, the optim um previous element predictor is
f ( m , n ) = R ( \ , 0 ) f ( m - 1 , n ) / R ( 0,0).
If the autocorrelation is normalized, i?(0,0) = l. Also, let /?(l,0) = p. The
prediction equation then simplifies to
f(m,n) = pf(m-\,n).
Predictive Coding
In a general predictive coding system, an equation of prediction between
the present picture value xn an d n — 1 past picture values x ], . . . , x n_ l is first
assumed:
x „ = f ( x i , x 2, x 3, . . . , x „ _ l),
where xn is the predicted value. The m ean squared error between the actual
To

f(X „ . i ,X n 2 ,...,X 3 ,X 2 , X , )
(a)

Y 3 ,Y 2 , Y ,)
(b )

Figure 6.25

Predictive image coding system: (a) encoder system and (b) decoder system.
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and predicted values is
= E [(*n - X n)2].
Minimizing the m ean squared error gives an optim um prediction method.
Other criteria could also be used. Given the predicted value xn, which may be
com puted at the receiver, and the received error signal e„, the picture value
m ay be com puted by
x n = x n + en.
One form of the predictive image coding system is shown in Fig. 6.25. The
encoder shown in Fig. 6.25a computes the error between the current value
and a predicted value. This error signal is quantized and transm itted through
the channel. The decoder system shown in Fig. 6.25b forms the received
signal by adding the quantized error to the com puted predicted value. Several
variations of this basic predictive system are also used. One variation is to
place the quantizer before the summing element in the encoder. This has the
effect of combining both prediction and quantization effects in the trans
m itted error signal. An im portant m odern form of the predictive coding
system is differential pulse code m odulation (DPCM ), which will now be
considered.
6.4.3

Differential Pulse Code Modulation

The block diagram of a differential pulse code m odulation system using
previous element prediction is shown in Fig. 6.26 and exemplifies the simplic
ity of DPCM . The transm itter predictor computes the error between the
actual picture value and the predicted value. This error signal is then
quantized in a coarse, nonuniform m anner and transm itted. The received
error value is added to the previous predicted value, delayed and possibly
attenuated to form the next predicted value in the feedback loop. The
attenuation factor or “leak” can be adjusted, depending on the correlation
properties of the scenes to be transm itted. The quantized output m ay then be
binary coded for error correction and transm itted over the channel.
The received difference values are added to the predicted value by the
receiver predictor to produce the received picture value. The predicted value
duplicates the operation of the source prediction. To provide tracking and
eliminate long error bursts, the receiver predictor may be periodically up
dated. F or example, the source and receiver predictors may be reset to zero at
the beginning of each line to ensure only within line errors.
The perform ance of DPCM is dependent upon the m ethod used to set the
quantizer levels and attenuation thresholds. Q uantization error, the difference
between the input and output of the quantizer, produces a characteristic
pictorial error called granularity error that forms a texture pattern in regions
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Differential pulse code modulation using previous element prediction.

of constant brightness. Q uantization step size also limits the slew rate of the
coder and leads to an error called slope overload. The com bination of these
errors also occurs in natural images and appears as a m ixture of a form of
slope overload for a larger signal and granularity error of the larger value.
6.4.4

Delta Modulation System

Delta m odulation A M is the simplest form of DPCM in which a 1-bit
quantizer is used (De Jager, 1952). A block diagram of the AM system is
shown in Fig. 6.27. The difference between the incoming video signal and its
predicted value is quantized to 1 bit for transmission. The feedback loop in
the encoder may be described by the transfer function
H , (Z ) = (3Z / (1 - P Z ) = p Z + (12Z 2 + p 3Z 3 + • • •,
where Z represents the unit delay operator Z = exp( —S T ) and T is the
sampling interval. Therefore, the output of the feedback loop is the weighted
sum of all past inputs by T.

E ncoder

Figure 6.27

C hannel

Delta modulation system.

R eceiv er

6 Digital Television, Encoding, and Data Compression

348

The transfer function of the decoder loop is
H 2( Z ) = (l —/3 Z )~ l = /3Z + /32Z 2 + f i 3Z 3 + ■■■.
Thus, the decoder output is the sum of all past points. This signal can be
low-pass filtered or integrated to estimate the input signal.
The most fundam ental param eters of the AM system are the sampling rate
f s= \ / T and the quantization step size k or output levels ± k. F or a given
sampling rate, slope overload noise can be minimized by increasing the step
size k. We might like to have kfs greater than the m aximum slope of the
signal. However, if the step size is increased, the granularity noise increases.
Although one might attem pt to determine the optim um step size for subjec
tive image quality for the simplest A M system, another approach is to
adaptively adjust the step size dependent on the signal characteristic.
Several forms of adaptive A M systems have been proposed. In the highinform ation delta m odulation (H ID M ) system (Winkler, 1965) the step size is
adjusted at the transm itter and receiver as a function of the slope of the signal
as estim ated from the three past values. The effect of this variable step size is
greatly reduced slope overload as illustrated in Fig. 6.28. Other forms of
adaptive A M have also been developed. A study by O’Neal (1966) has shown
analytically that for good quality pictures, multibit differential coders have
larger signal-to-noise ratios than equivalent bit rate delta modulators. Thus,
to obtain equivalent picture quality a higher bit rate would be required.
Nevertheless the simple circuitry of the delta m odulator makes it attractive in
some applications.
6.4.5

Interpolative Coding

The basic principle of interpolative coding is that the receiver may fill in
missing samples that have not been transm itted by interpolation. A straightA m p litu d e

Figure 6.28 Edge response of delta modulation and high information delta modulation.
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forward example that achieves a 2 to 1 compression is to transm it every other
scan line and at the receiver fill in the missing lines by interpolation.
The general interpolation equation is
Xn
•• •’Xn+2’Xn+ 1> • • • ’Xn- l ’Xn-2> • • • ) •
The error e„ between the interpolated values is
en = x n —x n'
and may be used to determ ine the effectiveness of the method. If the
interpolation technique is carefully chosen, the error may be m ade very small.
F or example, by using the cardinal function interpolation form ula developed
in the sampling theorem, it is possible to represent the band limited signal
exactly by interpolation. U nfortunately, the am ount of com putation is also
large so that simpler methods have been considered.
The Basic Principle
Judiciously chosen samples in the picture are om itted in transmission. At
the receiver, these missing samples are filled in by interpolation from the
transm itted samples. Sometimes corrective values are also transm itted for the
interpolated samples. In a good scheme, these corrective values should have a
very peaky distribution so that efficient statistical coding can be used.
Piecewise-Linear Approximation
Youngblood (1968) was am ong the first to investigate interpolative coding.
His m ethod was piecewise-linear approxim ation. F or each scan line, consider
the intensity z as a function of position n,
* „ = /(« )•
He approxim ated f ( n ) by a (sampled) piecewise-linear curve g(n) such that
|g ( f l) - / ( n ) |< e ,

where e was a preselected threshold. A t the transm itting end, only the
locations and amplitudes of the joint points of the straight line segments were
sent. From these, the receiver could reconstruct g(n) by linear interpolation.
Using this scheme, Youngblood was able to reconstruct good-quality pictures
at an average bit rate of about 1 b it/sam p le for a girl’s face, and 3
b its/sam ple for a crowd scene. The pictures contained about 240 x 240
samples.
Lowpass and Corrective Signals
In this scheme, according to Cunningham (1970), a picture was divided into
small square blocks, and the average intensity of each block transm itted to
represent the intensity of the central sample of the block. At the receiver,
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linear interpolation was used to obtain intervening intensities. Coarsely
quantized correction signals had to be sent for each example to make the
resulting picture acceptable.
W ith this scheme, good-quality pictures could be obtained at an average bit
rate of about 0.9 bit per sample for a picture of a girl’s face, and 1.7
bits/sam ple for a crowd scene. These were the same pictures used by
Youngblood.

6.5

TV and Color Image Coding

The num ber of television sets in the U nited States is on the order of 100
million with the greater percentage color receivers. The rapid change from
monochrome to color was due in large part to the compatibility of the color
system with the m onochrom e systems. This compatibility is illustrated in Fig.
6.29 (Pearson, 1975). The bandw idth allocation is the same, because the
chrominance signals are interleaved in the zero regions of the luminance
signal. W hen com patible color transmissions are received on a monochrom e
receiver, the precise relationship between the line frequency and color sub
carrier frequency permits the color signal to fall in a zero region of the
luminance signal and minimize interference. To further reduce the m ono
chrome interference the chrominance signal is transm itted inverted in ampli
tude for each line period. The integration of the inverted signals in the display
phosphors and the HVS virtually eliminates the interference. Thus, the
monochrome receiver is effectively immune to the chrominance signal.
To permit compatibility the red, green, and blue signals from a TV camera
are transform ed to luminance and chrominance signals before transmission.
The transform ation for the NTSC system is
Y
I

0.299
0.587
0114
0.596 -0 .2 7 5 -0.321
0.212 -0 .5 2 3
0.311

Q

The / and Q signals are filtered and transm itted in quadrature in the
chrominance. Q uadrature transmission consists of multiplying one signal by a
cosine and the other by a sine wave, which permits the receiver to separate
the two components.
At the receiver, after dem odulation, the inverse
transform ation given below
A A A
re-forms R ,G ,B signals from the received Y ,I,Q signals.
R
G
B

=

1 0.956
0.620
1 -0 .2 7 2 -0 .6 4 7
1 -1 .1 0 8
1.705

Y
I
Q

The development of digital TV may await the discovery of a compatible
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Figure 6.29 Compatible color TV: (a) bandwidth allocation for monochrome broadcasting in
the US. (b) Bandwidth allocation for compatible color broadcasting in the US. (c) Relationship
between the line frequency / L= 15.734264 kHz and the color subcarrier frequency / sc = 3.579545
MHz. (d) The chrominance signal is inverted in amplitude each line period to eliminate an
interference signal on monochrome receivers. [From Pearson (1975).]

digital system either for the cam era and receiver or the transm itter and
receiver. The bandw idth requirem ent for compatible color transmission is
exactly the same as for digital m onochrom e transm ission. Therefore, bit rates
of a fraction of a bit for each picture element are required.
Digital Color Coding Examples
Several color image coding experiments will be described to illustrate
digital color coding techniques. F or efficient coding, it is preferable to
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(c)

Figure 6.30 Kodak girl image components using Lab and YIQ transformations: (a) L and Y
components, (b) a and I components, (c) b and Q components. [From Hall (1978).]

transm it statistically independent samples. If the class of images satisfied the
stationary and Gaussian assumptions, this could be achieved by a 3 N 2dim ensional Hotelling transform ation. If point to point independence was
also assumed, a three-dimensional Hotelling transform ation could produce
three uncorrelated com ponent images. For compatibility with standard color
TV, the YIQ transform ation is preferable. Fortunately, it has been indicated
that the YIQ transform ation is a close approxim ation to the Hotelling
transform ation. F or comparison, the Lab and YIQ com ponent images are
shown in Fig. 6.30. The correlations between these com ponent images are
com pared to the RGB com ponent images in Table 6.4. N ote that the YIQ
com ponents are much less correlated than the RG B components.
The techniques of transform ation and quantization described for m ono
chrome image coding such as DPCM , transform, and perceptual coding may
be extended to color image coding; however, three com ponent images must
now be considered. To com pare the effectiveness of different coding methods,
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Table 6.4
Correlation Values for RGB, YIQ, and Lab Transformations o f Kodak Girl Image

System

Components
(1) and (2)

Correlations
Components
(1) and (3)

Components
(2) and (3)

RGB
YIQ
Lab

0.771
0.018
-0 .3 5 3

0.682
-0 .3 1 5
-0 .2 7 0

0.913
0.527
0.646

an overall bit rate R will be used that is the sum of the com ponent bit rates
R y, Rj, and RQ,
R = R y + Rj + R q .
Given a desired overall bit rate R, one must determ ine the com ponent rates
Ry, Rj, and R q . The optimum approach would involve specifying a distortion
D for the color image and deriving the corresponding com ponent rates.
Experimental results from m onochrom e coding may be extended to the
luminance com ponent Y including the rate distortion theory criteria. The
chrominance signals in color TV are band limited to a fraction on the order
of
the luminance bandw idth; therefore, it should be possible to reduce
the num ber of samples by corresponding fractions. This approach has been
considered by Limb et al. (1971) for DPCM color coding. The bandw idth
energy com paction and transform ations were also considered by Pratt (1971).
The following experimental results developed by Hall (1978) illustrate the
possibilities of efficient color image coding at fractional overall bit rates.
Proportional values for the Y IQ com ponent rates of 0.625/0.275/0.1 were
used. Given the desired com ponent bit rate, the com ponent image may be
coded as a monochrom e image. To aid in com paring the image quality, the
original image and three processed images have been displayed and processed
as an entity. Therefore, any difference between quadrants ia a result of
coding and not the reproduction process.
The first series of images shown in Plate VIII illustrate the block transform
m ethod with 16 X 16 block size. The original image shown in the upper left is
the K odak girl at 256 X 256. The three processed images were coded with the
cosine transform at a rate of 1 b it/p ix el in the YIQ, Lab, and a perceptual
space. N ote that block-type errors are apparent in the color images.
The second series of images, shown in Plate IX, was coded at 1 b it/p ix el
with a full image block size of 256 X 256 both with the cosine transform and
with the Fourier transform.
The final example, shown in Plate X, illustrates the variation in bit rate.
The perceptual coding m ethod was used in which bits are allocated in
proportion to the estimate of the perceptual power spectrum. Note the change
in image quality as the bit compression is changed from 1 to 1, to 12 to 1, 24
to 1, and 48 to 1.
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6.6

Interframe Image Coding

The reproduction of natural m otion scenes by television is possible mainly
because of the persistance of the retinal receptors. Since the brain retains the
image of an illum ination pattern for about 0 . 1 sec after the source of
illumination has been removed from the eye, a m inimum of about 1 0
fram es/sec can simulate natural motion. To depict rapid motion smoothly,
about 25-30 fram es/sec are required. In many cases involving rapid motion,
a large fraction of the picture elements correspond to stationary background.
In extensive statistical measurements, Seyler (1965) showed that only about
1 0 % of the picture elements change more than 8 % in brightness from frame to
frame. Thus, both psychovisual properties and statistical correlations may be
exploited to develop interfram e coding techniques. Several combinations of
predictive and transform coding methods that have been applied to inter
frame coding will now be reviewed.
Interframe Transform Coding
Consider a three-dimensional digital image f ( x , y , t ) of gray level values,
where
x = 0 ,l,...,jV ,- l,
_y = 0 ,l,...,iV 2 - l ,
t = 0 , l , . . . , N 3- l .
The three-dimensional transform is given by
TV, — I 1V2 - 1

F (u ,v ,w )=

2
x = 0

2

JV3 - 1

2

y - 0

f( x ,y ,t ) K ( x ,u ,y ,v ,t ,w ) ,

r=0

where the kernel functions K (x ,u ,y ,v ,t,w ) represent the basis functions of the
expansion. For example, the kernel function for the discrete Fourier trans
form is
K (x, u ,y,v, t, w) = ( N lN 2N 3) ~ 1 exp [ —In jiu x / N x+ vy / N 2 + w t / N 3) ].
The Fourier kernel function is product separable; therefore, the three-dimen
sional transform may be com puted using only three one-dimensional trans
forms. For the Fourier transform, the one-dimensional transform is of the
form
N~ l
' —2mjux \
G {u)= -jr 2 g O )e x p (N
x = 0
V
where g(x) is the complex function resulting from the interm ediate trans
forms. F or the discrete cosine transform the one-dimensional transform is of
the form
G ( m) = - ^

2

q

S ( * ) cos

(2 x + 1 ) ^ ~

and g(x) and G(u) are real-valued functions.
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(c)

(d)

Figure 6.31 Three-dimensional cosine transform coding results of a 16-frame data base at 1
bit/pixel using 1 6 x 1 6 x 1 6 blocksize: (a) frame 1, (b) frame 2, (c) frame 8, and (d) frame 16.
[From Robinson and Roese (1975).]

An example of three-dimensional transform coding using the cosine trans
form is shown in Fig. 6.31 (Robinson and Roese, 1975). F our frames out of a
16-frame sequence are shown. The three-dimensional transform was com
puted on blocks of size 1 6 x 1 6 x 1 6 on 16 frames of size 256x256. The
average bit rate used was 1 . 0 bits/pixel.
Interframe D PC M Coding
Predictive coding techniques may also be used to decorrelate the samples
for interfram e coding. The DPCM im plementation requires the prediction of
each picture element using a set of previously scanned elements. One im
plem entation of the DPCM predictor may be written
f(x ,y ,

t)

= otf(x -

1

,/,

t) +

y -

1

, t) + y f ( x , y , t -

1 ).

The prediction param eters may be selected to minimize the m ean squared
prediction error
e2 = E { [ f ( x , y , t ) - f ( x , y , t ) ] 2}.

Assuming stationarity, the m ean squared error m ay be expressed in terms of
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the correlation values
R (i,j, k ) = E [ f ( x , y , t ) f ( x + i,y + j, t + k ) ],
'e2 = (1 + a 2+ p 2 + y 2)R (0 ,0,0) - 2aR ( 1,0,0) - 2 /^ (0 ,1 ,0 )
—2 y R (0 ,0, l) + 2a/3i?(l, 1,0)+ 2 a y i? (l,0 , l) + 2 p y R (0 ,1,1).
This error may be minimized by differentiating with respect to the param e
ters, which results in the following algebraic equations:
aR (0,0,0) + PR (1,1,0) + yR ( 1,0,1) = R (1,0,0),
a R ( 1,1,0) + p R (0 ,0,0) + y R (0 ,1,1) = R ( 0,1,0),
a /? ( l ,0 ,1) + P R (0 ,1, l) + rR (0 ,0 ,0 ) = R (0,0,1).
Given the correlation values, the param eters a, P, and y m ay be determined.
N ote that the correlation values may be estim ated from the correlation
coefficients from sample messages.
An example of interfram e D PC M coding is shown in Fig. 6.32 for frames 1,
2, 8 , and 16 of a 16-frame sequence (Robinson and Roese, 1975). F or the first
frame only spatial prediction was used. F or the remaining frames the three

(a)

(b)

(c)

(d)

Figure 6.32 Three-dimensional DPCM coding results at 1.0 bit/pixel: (a) frame 1, (b) frame
2, (c) frame 8, and (d) frame 16. [From Robinson and Roese (1975).]
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(b)

(c)
(d)
Figure 6.33 Hybrid cosine-cosine-DPCM coding results at 1.0 bit/pixel with 16 X 16 blocksize: (a) frame 1, (b) frame 2, (c) frame 8, and (d) frame 16. [From Robinson and Roese (1975).]

spatial and temporal elements were used to predict the present value. The
coding rate is 1 . 0 bits/pixel.
Hybrid Interframe Coding
A variety of com binations of coding techniques may be used for each of
the three dimensions of f ( x , y , t ) . H ybrid techniques offer the capability of
matching the image characteristics in each dimension. F or example, one may
consider transform techniques for the spatial dimensions and DPCM for the
tem poral dimension. Only a single frame of storage would be required for this
combination.
An example of hybrid interfram e coding using the two-dimensional cosine
transform for each fram e and D PC M for the tem poral dimension (Robinson
and Roese, 1975) is shown in Fig. 6.33. Again, frames 1, 2, 8 , and 16 from a
16-frame sequence are shown. The average bit rate used was 1.0 bits/pixel.
The normalized m ean squared error was 0.017%. The storage requirement
may be estimated as the product of the num ber of frames times the num ber
of pixels/fram e times the average num ber of bits/pixel. For this hybrid
technique, the total storage requirem ent is only 1 x 8 x 2 5 6 2 = 512 Kbits.
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PROBLEM S
6.1 Differential pulse code m odulation. Use single element prediction to
develop a DPCM coding system for the sample image given in Fig. 3.21a.
First, compute the horizontal difference image using line to line and top to
bottom wraparound. Then, com pute the histogram of the difference image.
(a) Using the histogram as an estimate of the first difference probability
density, determine a H uffm an code for the image. W hat is the compression
ratio?
(b) Estimate the single element correlation and implement the minimum
m ean squared error encoding and decoding systems.
6.2 Bit plane encoding. Investigate the efficiency of bit plane encoding for
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the image given in Fig. 3.21a. First, divide the image into 3 bit planes,
corresponding to the 3 bit or 8 gray level representation. T hen use run length
encoding for each line in the bit plane image. W hat is the compression ratio?
6.3 Transform coding. Use the full image transform coding m ethod de
scribed in Sec. 6.3.2 to encode the image of Fig. 3.21a. Use the single element
horizontal pixel correlation com puted on a line to line and bottom to top
w raparound basis for the model.
(a) Use the Fourier transform.
(b) Use the cosine transform.
(c) Use the H adam ard transform.
W hat are the m ean squared errors for (a), (b), and (c) for a rate of 1
bit/pixel?
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7

Scene Understanding

7.1

Introduction

The purpose of this chapter is to describe an approach to a problem of
great practical concern— describing physical objects in a scene from images
of the scene. Since m ost physical objects do not produce images that possess
a single measurable characteristic, the problem is very difficult. However, by
noting that objects are usually composed of com ponent parts that may
possess a uniform characteristic and that are arranged in a particular way, a
multistep subdivision of the problem may be devised. One possible set of
subdivisions is shown in Fig. 7.1. The first step is simply observing the scene
with imaging devices. The sensors could be sensitive to visible light, x rays,
distance to objects, radar reflectance, or any other property of the physical
world th at may be imaged. N o attem pt will be m ade here to describe the
sensors; rather, it will be assumed that at least one image function f ( x , y ) of
the scene may be recorded. The first processing step is to segment the image
into regions of com m on characteristics. Only in rare cases will this step result
in regions that correspond to objects. Therefore, one might next measure
certain properties of the segmented regions, such as gray level, size, shape,
etc. Also, the relations between regions m ust be considered. Thus, the next
step consists of a tabulation of binary relationships between regions. At this
point one has extracted a large am ount of inform ation about the scene.
However, to “understand” the scene, that is, be able to answer reasonable
questions about it, requires one further step. This step is called object
form ation in Fig. 7.1 and consists of assigning labels to particular structures
in the scene corresponding to physical objects. A simple example might
clarify the overall problem.
Suppose one w anted to “understand” a page of text from a book using a
TV imaging system. The first step might be to image the page and store it in a
memory for handy reference. N ext we might segment the image into dark and
light regions, and store the coordinates of each connected region. N ote that
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with text, connectedness would be an im portant property since most char
acters except lower case “i” and “j ” have only one connected region. At this
point we may have produced an edge image with ones at dark points and
zeros at light points. We could show this picture to a hum an who could
probably understand the inform ation; however, the com puter “knows” very
little at this point. F or example, we could not easily locate the character “A.”
The next step would attem pt to get us at least to the single character
recognition stage. We might for regional descriptions locate the coordinates
of each connected region and store these in a table. By searching this table
with a m atching set of character coordinates and proper normalization, we
should be able to locate most single characters. However we still are a long
way from understanding the page of text. We might next consider a binary
relationship such as “x is adjacent to y along a line.” We may then form
another table for each segmented region that tabulates the adjacencies.
A nother binary relationship such as “above” might also be tabulated to help
with the characters “i” and “j.” A t this point we could compress all the
m easurements into one large relational table that contains everything the
com puter “knows” about the scene. If “understanding” the scene is possible,
it m ust be done based upon the relational table. Could one locate a char
acter? Yes, a search of the table for the regions forming a character should be
possible. How about a word? Again, given the characters that form the word
and, of course, the adjacencies of the characters, one should be able to search
for all occurrences of it. How about the m eaning of a word? Sorry, this
requires inform ation not available in the scene, unless the text is a page from
a dictionary. However, a dictionary table could be added to our storage. N ote
that it would contain many more entries than the relational table that
contains one entry for each segmented region. How about a sentence? Given
the structure of a sentence, this should again be possible. How about what the
sentence means? Again, this m ay be possible— but not from the inform ation
in the scene, but only from the inform ation in the dictionary. Could we now
understand the scene? N ot in the way a hum an does, since we have not
incorporated past experience, and m any other factors. Have we built a useful
machine? Yes, because the m achine could answer several useful questions.
F or example, it could locate a character. This would permit scene matching, a
very im portant task that is described in C hapter 8 . It could also locate words
or objects composed of several primitive elements. It could answer questions
about relationships between characters or words. It could even determine
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spelling or syntax errors in sentences. Thus, even though this m achine is
limited in understanding, it is not limited in usefulness. The considerations
for building such machines, not for understanding text but for understanding
general physical scenes, are the main purpose of this chapter.

7.2
7.2.1

Segmentation

Overview

Segmentation consists of dividing an image into meaningful regions. Before
considering specific techniques for segmentation, it is interesting to look at
some broad notions in order to relate the problems to our visual experience.
First, it is readily observed that a single scene m ay produce an indefinite
variety of images. To simplify this variety, the concepts of subject and
intention are useful. Subjects of a general image may be divided into a few
types in photography such as the six categories listed below.
1. Objects. The objects, persons or things that constitute the m ain center
of interest in the image, for example, a picture of an object in a catalog.
2. Situations. The general situation or location in which the recognizable
objects in the picture will be seen, for example, a landscape whose prim ary
subject is occupied space.
3. Events. The event or events that are shown to be occurring in the
image, for example, a photograph of a meeting.
4. Emotions. The emotions or other interactions between the people or
objects that are displayed because of the events taking place; for example,
most newspaper photographs attem pt to show emotion.
5. Comments. The displayed opinion or attitude on any or all of the
above subjects, for example, a simple com m ent— this is the way the object
looks from this position and with this lighting— or an abstract com m ent— the
object is beautiful.
6 . Idea.
The idea which the originator is trying to express, for example, an
image of a sunset that conveys an idea of beauty.
The intention or reason for considering, creating, or analyzing a scene
should also be considered, since the global knowledge as well as a priori
inform ation for a scene description is usually determ ined by the intention or
purpose of the image. The intention of photography may be derived from the
Greek roots: photo— light, and graph— to describe. Most pictures are m ade to
visually describe a scene. All scenes may be visually described by providing a
set of images of the scene. However, some scenes can be described more
efficiently or effectively by words. The com bination of images and words is
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always more effective in com m unication than either alone; for example, one
may compare silent movies or radio with television.
M any im portant decisions m ay be based upon the inform ation contained
in images of scenes. Since m ost objects encountered in the physical world are
three-dimensional, a collection of these objects m ay be called a scene and a
two-dimensional picture may be generated by viewing an image of the scene.
The intensity at a given point in the image is affected by several variables
including the viewing geometry, spectral composition of the illumination
source, reflectance properties of the object surfaces, spectral characteristics,
processing, and nonlinearities of the sensor systems, and the scene content.
Consider a scene that is a collection of three-dimensional objects. The
content of the scene refers not only to the objects but also to their relation
ships in the three-dimensional environment. Since it is usually difficult or
impossible to present the physical scene to describe its content, a useful
approach is to construct a three-dimensional scale model that defines the
physical objects and their relationships to some degree of precision. The
three-dimensional model would thus define the scene content and permit
descriptions to be extracted from images produced under different viewing
conditions. The procedures for interpreting or describing the scene in terms of
the model from m easurements m ade from images of the scene is one of the
main tasks in scene content analysis.
F or some scenes, such as simple polyhedra, formal methods m ay be
developed that permit concise descriptions of the scene. Two-dimensional
images coupled with certain prior knowledge about the contents often perm it
a simple description of the scene. F or a general physical scene complex
models are required, and the description is difficult.
Given a three-dimensional scene, we would like to extract a complete
description of the objects that make up the scene. Complete knowledge is
likely to be unavailable or m ay require an unm anageably large num ber of
tests to determine. Therefore, it m ay be satisfactory to select a simplified
three-dimensional model, containing a finite num ber of objects that m ay be
defined by a finite num ber of points in three-dimensional space. Then, from
images of the scene, which are projections of the model onto an image plane,
one may determ ine the model whose projection best matches the image or set
of images. The problem of com puting the best m atch can be divided into two
subproblems: identifying corresponding regions between the model and the
image, and com puting the degree of m atch between these regions. The first
subproblem of identifying corresponding regions may be approached by
segmenting, or decomposing the images into separate components. The com 
ponents may then be used to define the objects or m atch the regions. For
example, inform ation about only six com ponents of a scene, the structural,
height, spectral, statistical, shadow, and specular components, from images of
the scene, should perm it a high degree of inference about the scene model
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and a concise description of the scene content. A n idealized example of scene
segmentation into these image components is shown in Fig. 7.2.
The mathem atical formulation for scene segmentation may be called
clustering. Clustering is defined as finding “natural grouping” in a set of
measurements {x}, where the m easurement vector x = ( x l, x 2, . . . , x n)' repre
sents properties or attributes of some underlying set of patterns. In contrast to
supervised pattern classification, the sample vectors are not labeled. There
fore, clustering is a form of unsupervised learning and consists of determining
both the num ber of clusters and the group membership of the samples.
Segmentation m ay be considered as a special type of clustering in which
some of the m easurement com ponents correspond to spatial locations. The
remaining components may correspond to point properties such as gray level
or spectral coordinates, or to regional properties such as edge measurements.
As an example, consider a sampled gray level image f ( x , y). One may
consider the picture elements as a set of three-dimensional samples,
■Xj X
y
x 2 x =
/.
X3
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A “natural grouping” in this data might be defined in several ways. Given
two points, x, and x2, we m ay consider the Euclidean distance between the
points as a measure of dissimilarity, i.e., the smaller this distance, the greater
the similarity in the three-dimensional space. The Euclidean distance between
two points x, and x 2 is
rf(xj, x2) = [ (x , - x 2f + O j - y 2)2 + ( / , - f 2f ] 1/2.
N ote that a normalization is required in order to com pare spatial distance to
gray level distance. If this problem can be overcome, the Euclidean distance
may provide a natural grouping into regions. Suppose we apply this distance
measure to the image of Fig. 7.3. N ote that the points in the dark region
would form a cluster. However, the background points in the white region
may not form a cluster even though they have the same gray level because
they are separated by a large spatial distance. Suppose we now construct a
histogram of the m easurem ent vectors throughout the image. An idealized
histogram for the x and / com ponents is shown in Fig. 7.3b. N ote that the

(a)

w h ite

d a rk i

(b )

(c)

Figure 7.3 Example of segmentation and clustering, (a) Original image, (b) two-dimensional
space, and (c) one-dimensional measurement space.
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object and background regions can be easily separated by a threshold or gray
level and that the object values form a com pact cluster in the two-dimen
sional space. However, the background values that do cluster along the gray
level dimension are uniformly distributed over the x coordinate values, which
provides no discrimination value. The centroid of each distribution is also
shown and a curve of constant Euclidean distance. This distance could easily
describe the object distribution but is not appropriate for the background
region in the given space. Finally, a histogram constructed only with the gray
level values is shown in Fig. 7.3c. The Euclidean distance about the centroid
is now seen to be an appropriate clustering measure.
This example illustrates that segmentation m ay be considered as a cluster
ing problem whose solution depends highly upon the measurements and
similarity criterion used. Although the purpose of segmentation is to locate
meaningful regions, the spatial locations of points may not always provide
discrimination for determ ining the regions. This also illustrates why segmen
tation is often approached as a two-pass or constrained clustering problem.
During the first pass, clusters of similar gray level or colors are determined. A
second operation is used to determ ine if these clusters form connected or
contiguous regions.
The recognition of segmentation as a special clustering problem permits
one to use, with some caution, the m athem atical techniques developed for
clustering. An excellent discussion of these techniques may be found in Tou
and Gonzalez (1974). A few of the major concepts will now be reviewed.
In some cases, a single measurem ent such as gray level will perm it ade
quate segmentation. However, in general, an H-dimensional m easurement
vector m ay be required. A notable example is multispectral images. In this
case each pixel is characterized by an n vector of spectral values and it
becomes possible to construct an /2-dimensional histogram. The concept of
thresholding a single variable now becomes one of finding clusters of points
in «-dimensional space. Suppose, for example, that we locate K significant
clusters of points in the histogram. The image can be segmented by assigning
a unique num ber or gray level to pixels whose spectral components are
nearest to one cluster center.
Clustering was defined as finding “natural groupings” in a set of data. To
define natural grouping, we m ust determine a m ethod to say that samples in
one cluster are more like one another than samples in another cluster. The
simplest measure of the similarity between two samples is the Euclidean
distance between them.
If this distance is a good measure, then we m ay say that two samples
belong to the same cluster if the distance between them is less than some
threshold d0. Obviously the choice of d0 is im portant.
If d0 is too large, then all samples will be placed in one cluster. If d0 is too
small, then each point will be placed in a singleton cluster. To obtain

7.2

Segmentation

375

“natural” clusters, d0 must be greater than the typical within-cluster distance
and less than the typical between cluster distance.
The use of Euclidean distance as a measure of dissimilarity implies that the
space is isotropic. Consequently, clusters defined by Euclidean distance will
be invariant to translations or rotations— rigid body motions of the data
points; however, they will not be invariant to linear transform ations in
general or to other transforms that distort the distance relationships. A simple
scaling of the axes can result in different groupings and clusters.
If clusters are to m ean something in general, they should be invariant to
transform ations natural to the problem. One way to achieve some invariance
is to normalize the data prior to clustering, i.e., to translate to zero mean, unit
variance to give invariance to translations or to rotate axes to correspond to
eigenvectors of the sample covariance matrix. However this may not work
well, especially for multicluster data. An alternative to normalizing the data
and using Euclidean distance is to use some kind of normalized distance such
as M ahalanobis distance. M ore generally, one may abandon the use of
distance and introduce a nonm etric similarity function 5(X, X,) to compare
two vectors X and X ,. Generally, we would want a symmetric function that is
large when X and X, are similar, e.g., the angle between the vectors may be
meaningful. The normalized inner product
S (X ,X 1 ) = X 'X 1 /||X || ||X,|| = cos0
is a nonm etric similarity function.
Criterion Functions fo r Clustering
Suppose we have a set x of n samples X , ,. .. , X„ and we w ant to partition x
into exactly C disjoint subsets Xi»---.Xc- Each subset is to represent a cluster,
with samples in the same cluster being somehow more similar than samples in
different clusters. To make this a well-defined problem, we m ust define a
criterion function that measures the quality of any partition.
The problem is then to find a partition that extremizes the criterion
function. An often used criterion is the sum of the squared error between the
samples and cluster centers. Let n, be the num ber of samples in x, and

Then the m inimization of the sum of squared errors
■/«=

2

2

<= i x e x ,

results in a minimum variance partition.

Iix-M ,il 2
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Hierarchical Clustering
Consider a sequence of partitions of n samples into C clusters. An exhaus
tive enum eration would show that there are

partitions of n items into C nonem pty sets (D uda and H art, 1973, p. 226).
This num ber is usually much too large to perm it an exhaustive search.
A special sequence of partitions of the possible subsets can be defined in
the following way: The first of the sequence is a partition into n clusters with
each cluster containing exactly one sample. The next is a partition into n — 1
clusters, the next a partition into n —2 , and so on until the nth step, in which
all samples form one cluster.
We shall say we are at level k in the sequence when the num ber of clusters
C is
C = n —k + 1;
thus k = 1 or level 1 corresponds to n clusters and level n corresponds to 1
cluster.
Given any two samples X and X,, at some level they will be grouped
together in the same cluster. If the sequence has the property that whenever
two samples are in the same cluster at level k, they rem ain together at all
higher levels, then the sequence is said to be hierarchical clustering.
F or every hierarchical clustering there is a corresponding tree, called a
dendrogram, that shows how the samples are grouped. In Fig. 7.4, a dendro
gram for six samples is shown. The grouping at levels 2,3,4,5 appears natural
while that at level 6 appears forced because of the large difference in
similarity values. A t level 2, samples X 3 and X 5 merge to form a cluster and
stay together for all higher levels. If it is possible to measure similarity
between clusters, then the dendrogram is drawn to scale to show the similar
ity. The similarity values are used to tell whether the grouping is forced.
Because of their conceptual simplicity, hierarchical clustering procedures are
am ong the best known methods.

50

£
.
Figure 7.4

—

100

Dendrogram for six samples.
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(b )

♦ C e n tro id
(c)

(d )

Figure 7.5 Measuring distance between clusters: (a) nearest neighbor, (b) farthest neighbor,
(c) average distance, and (d) mean distance.

The approaches to clustering can be divided into two distinct classes:
agglomerative, bottom -up or many-to-one; and divisive, top-down or one-tomany.
Agglomerative or bottom -up procedures start with C singleton clusters and
form the sequence by successively merging clusters. Divisive or top-down
procedures start with all samples in one cluster and form the sequence by
successively splitting clusters. The com putations are usually simpler for
bottom -up procedures; however, for segmentation the num ber of samples is
usually very large, and the desired num ber of clusters is small so that
top-down procedures may be more appropriate.
Let us now consider how to measure the distance between clusters. Any of
several possible criteria may be used. Some of the simpler criteria are shown
in Fig. 7.5 including the nearest neighbor distance, the farthest neighbor
distance, the average distance, and the m ean distance.
If the clusters are well separated, all of these yield the same results.
However, if the clusters are close to one another, quite different results can be
obtained.
Nearest Neighbor Algorithm
Consider the following procedure: If we think of the data points as being
nodes of a graph, with edges forming a path between nodes in the same
subset X,, then when dnn is used to measure distance between subsets, the
nearest neighbors determ ine the nearest subsets. The merging of two clusters
X, and Xj corresponds to adding an edge between the nearest nodes in X, and
Xj. Since edges linking clusters always go between distinct clusters the
resulting graph never has any closed loops or circuits. In graph theory this
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graph is called a tree. If the procedure is allowed to continue until all of the
subsets are linked, the result is called a spanning tree, i.e., a tree with a path
from any node to any other node. It can be shown that the sum of the edge
lengths of the spanning tree generated using dnn will not exceed the sum of
the edge lengths for any other spanning tree for that set of samples. Thus, the
bottom -up procedure using dnn becomes an algorithm for generating a
minimal spanning tree. Given a minimal spanning tree, a natural division
m ethod would be to break at the longest link.
Farthest Neighbor Algorithm
The use of ^fn tends to reduce the growth of elongated clusters. Application
of this procedure may be thought of as producing a graph in which edges
connect all of the nodes in a cluster. In the terminology of graph theory,
every cluster constitutes a complete subgraph. The distance between two
clusters is determined by the two most distant nodes in the cluster.
If we define the diameter of a cluster as the largest distance between points
in a cluster, then each iteration increases the diam eter as little as possible.
This is advantageous when the groups are com pact and about equal in size,
but if the groups are elongated it m ay result in meaningless groupings.
The distances dnn and ^fn represent two extremes in measuring the distance
between clusters; however, they tend to be oversensitive to “outliers.”
The use of averaging is an obvious way to ameliorate these problems, and
</ave and d mem are natural compromises.
7.2.2

Segmentation Using Point Properties

Brightness Thresholding
The simplest m easurem ent vector to use for segmentation is the picture
gray level or brightness. We shall attem pt to cluster picture points which have
similar brightness values independent of their position. F or example, consider
the simple scene f ( x , y ) shown in Fig. 7.6a. To segment the object from the
background we m ay first form a histogram as shown in Fig. 7.6b. N ote that
the histogram has only two peaks and that the height of each peak is
proportional to the area of the corresponding region in the scene. Also note
that a threshold gray level value T m ay easily be chosen that may be used to
segment the picture into two regions. We may indicate the position of the
regions by forming a new indicator scene g (x ,y ), whose gray level corre
sponds to the region number. The decision rule
f(x ,y )> T ,
f(x ,y )< T ,
applied to each point of f ( x , y ) would produce the indicator scene.
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Figure 7.6

Simple scene and histogram.

It is interesting to note the a priori inform ation assumed in this solution.
First, the num ber of gray level clusters was assumed known. Second, a single
threshold decision function was used. N ote that two threshold values could
also be used to define a cluster of an object on a background. Finally, it was
assumed that the gray level clusters would correspond to contiguous regions.
A random dot image with the same relative areas could have the same
histogram. If any of these factors are known a priori, the segmentation
problem may usually be simplified. However, in the general scene nothing is
known a priori, therefore, m aking these or other assumptions may restrict the
generality of the solution.
One approach to the first part of the general problem is to consider the
histogram as an estimate of a m ixture distribution.
The problems associated with mixture probability distributions are well
known in pattern recognition. To begin let us review some facts, assuming
that we know the complete probability structure for the problem with the
exception of a param eter vector.
We shall make the following assumptions:
1. The samples come from a known num ber of classes N .
2. The a priori probabilities for each class are known, P (u j),j= l,2 ,.-..,N .
3. The forms of the conditional probability densities />(X/«y; 0,) are known
for j = 1 , 2 ,
4. All that is unknown are the values for the N param eter vectors
®1 >®2 >•• •>
Samples are assumed to be obtained by selecting a state of nature to- with
probability P(co,) and then selecting an X according to the probability law
p (X / Uj; Oj). Thus, the probability density for the samples is given by
N

p ( X / e ) - ' S , p ( X / a J;9J)P iu j ) ,

where

0 = (0 „ 0 2,
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A density function of this form is called a mixture density. The conditional
densities p (X /U ji6 j) are called the component densities, and the a priori
probabilities P(uj) are called the mixing parameters. The mixing param eters
can also be assumed to be am ong the unknown parameters, but for the
mom ent we shall assume that only 0j is unknown.
Our basic goal will be to use samples drawn from this mixture density to
estimate the unknown param eter vector 0. Once we know 0, we can decom 
pose the mixture into its components, and the problem is solved.
Before seeking explicit solutions to this problem, let us ask whether or not
it is possible in principle to recover 0 from the mixture. We could use some
m ethod to determine the value of p (X /0 ) for every X. If there is only one
value of 0 that will produce the observed value of p (X /0 ), then a solution is
possible in principle. If there are several different values of 0 that produce the
same value for p (X /0 ), then there is no hope of obtaining a unique solution.
A density p (X /0 ) is said to be identifiable if 0=£0l implies that there exists
an X such that p(X /O )¥= p(X /0l).
Clearly the study of clustering is greatly simplified if we restrict ourselves to
identifiable mixtures. Fortunately, m ost mixture distributions encountered in
physical situations are identifiable. However, nonidentifiable examples are
easily produced. F or example, consider the discrete distribution, where x is a
binary random variable, and
P ( x / 0 ) = { 0 ^ i - e iy - x + \ e / ( i - 9 2y - x

U ( 0, + 02)

if

1 1 —\(8 \ + 92)

if * = 0.

X = l

If we know that P (x = 1/0) = 0.8 and hence P (x = 0 /0 ) = 0.2, then we know
P ( x /0 ); but we cannot determ ine 0 since
i(0 j + 02) = O.8,

l - i ( 0 , + 02) = O.2

is one equation in two unknowns. This mixture distribution is not identifiable,
and clustering is thus impossible in principle.
For the continuous case, the problems are less severe, although minor
problems can arise. F or example, the mixtures of two norm al densities are
usually identifiable; however, consider the following univariant distribution,
p (x /0 )= ^ p ^ -c x p
V lir

^ P (<*2)
H---------- exp
V27T

If P (u l)= P ( u 2), the mixture cannot be uniquely identified since
p { x / ( 0 l ,92) } = p { x / ( 0 2,0 l)}.
Assuming that the mixture densities encountered during segmentation are
identifiable, there are several approaches to determining the com ponent dis
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tributions. M aximum likelihood estimation, Bayes estimation, and stochastic
approxim ation theories may be used as guidelines for com ponent estimation.
However, heuristic techniques are often used in practice as illustrated in the
following examples.
Example. In some cases it may be known or assumed a priori that a
picture contains only two principal brightness values, light and dark. This
would be true for an image of text or for some x-ray images that show only
two density levels. The histogram of such a picture may be considered as an
estimate of the mixture probability density function. If the com ponent densi
ties are assumed to be Gaussian or approxim ated by unim odal Gaussian
densities, then the problem is to separate the mixture into the Gaussian
com ponent densities. An im portant observation is that for a fixed region size,
the a priori probabilities or mixing param eters are proportional to the relative
area of each brightness in the region. If these mixing param eters are not
equal, the mixture distribution is identifiable and it should be possible to
determine the components. If the com ponents can be determined, it should
be possible to determ ine a threshold for segmenting the image into light and
dark points and perhaps regions.
If the picture brightness x consists of two brightness levels, ft, and /x2
combined with G aussian noise with variances a 2 and a 2, respectively, the
mixture probability density function is given by
p ( x ) = P xp x{x) + P2p 2(x ),
where

This mixture density has five unknown param eters, d = ( i i l ,n 2,o l,o2,P l). If
these param eters could be determined, then a threshold T that minimizes the
error for segmenting the brightness into light and dark values could be
determined. Suppose that all points with brightness less than the threshold are
called dark and all points with brightness greater than the threshold light. The
probability of error in classifying a light point as dark is
e i(r ) = f p 2(x )d x .
J—
—nn
OO
Similarly, the probability of classifying a dark point as light is

To determine the threshold value that minimizes the average error, we may
simply differentiate e(7’) with respect to T (using Leibnitz’s rule) and equate
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the result to zero. The well-known result is
P lP]( T) = P2p 2(T).
Applying this condition to the Gaussian densities, taking logarithms, and
simplifying gives the quadratic equation
A T 2+ B T + C =

0,

where
A = o 2 —a22,

B = 2( [i\02 —n2o 2)

C = a 2n22- o 22ix2 + a l2a2 \n(alP l/ a 2P2)
If the variances are equal, a 2 = a2 = a 2, then a single threshold value is
indicated:
T=t^

+ - ^ — H P 2 /P l) .
Mi

l

n

If the variances are not equal, then two threshold values are required to
define the regions. A similar solution for the optim um threshold may be
developed for other unimodal densities known parametrically.
The above solution depends upon knowing the param eters of the mixture
density. To estimate these param eters from a histogram of the picture, one
may use a minimum m ean squared error approach. The m ean squared error
between the mixture density p ( x ) and the experimental histogram h(x) is
given by
«2 = - 7 7 2

[ P { x ) - h ( x , ) ] 2,

i= i
where an TV-point histogram is used. One may now substitute the expression
for p (x ) and obtain the m ean squared error in terms of the five unknown
param eters. However, the straightforward com putation of equating the partial
derivatives with respect to the param eters to zero leads to a set of sim ulta
neous transcendental equations that can be solved only by iterative numerical
procedures. Since the gradient is easily computed, the conjugate gradient or
Newton’s m ethod for simultaneous nonlinear equations may be used to
minimize the m ean squared error. W ith either of the m ethods starting values
must be specified. Assuming the a priori probabilities to be equal may be
sufficient. If two modes can be determined in the histogram, these would be
excellent starting values for the means. Local variances about the means
could be used to estimate the variances. If modes cannot be detected, the
histogram range can be divided arbitrarily into two parts an d the m ean and
variance of each part used for the starting value.
The previously described procedure was developed by Chow and Kaneko
(1972) for outlining boundaries of the left ventricle in cardioangiograms (i.e.,
x-ray pictures of a heart that has been injected with a dye).
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Figure 7.7 A cineangiogram of the heart before and after processing. [From Chow and
Kaneko (1972).]

Before thresholding, the images were first preprocessed by (1) taking the
logarithm of every pixel to invert the exponential effects caused by radioac
tive absorption, (2 ) subtracting two images that were obtained before and
after the dye agent was applied in order to remove the spinal column present
in both images, and (3) averaging several angiograms to remove noise. Figure
7.7 shows a cardioangiogram before and after preprocessing (the regions
m arked A and B are explained below).
In order to com pute the optim um thresholds, each preprocessed image was
subdivided into 7 x 7 regions (the original images were of size 256 X 256) with
50% overlap. Each of the 49 resulting regions contained 6 4 x 6 4 pixels.
Figures 7.8a and 7.8b are the histograms of the regions m arked A and B in
Fig. 7.7b. It is noted that the histogram for region A is very clearly bimodal,
indicating the presence of a boundary. The histogram for region B, on the
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Figure 7.8 Histograms (black dots) of regions A and B in Fig. 7.7(b). [From Chow and
Kaneko (1972).]

other hand, is unimodal, indicating the absence of two markedly distinct
regions.
After all 49 histograms were computed, a test of bimodality was perform ed
to reject the unim odal histograms. The remaining histograms were then fitted
by bim odal Gaussian density curves using a conjugate gradient hill-climbing
m ethod to minimize the m ean squared error function. The xs in Fig. 7.8a
represent a fit to the histogram shown in black dots. The optimum thresholds
were then obtained.
A t this stage of the process, only the regions with bim odal histograms were
assigned thresholds. The thresholds for the remaining regions were obtained
by interpolating the original thresholds. After this was done, a second
interpolation was carried out in a point-by-point m anner using neighboring
threshold values so that, at the end of the procedure, every point in the image
was assigned a threshold. Finally, a binary decision was carried out for each
pixel using the rule

/ (*,,)= (■
1 0

if
otherwise,

where Txy was the threshold com puted at location ( x ,y ) in the image.
Boundaries were then obtained by taking the gradient of the binary picture.
The results are shown in Fig. 7.9, in which the boundary was superimposed.
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Figure 7.9 A cineangiogram showing superimposed boundaries. [From Chow and Kaneko
(1972).]

Multivariate Histogram Technique
In the previous example, the one-dimensional histogram of a region has
been used to provide a m ethod for segmentation into two regions. Although
the m ethod could be extended to search for several thresholds in a multi
modal histogram, consider the picture shown in Fig. 7.10, which contains four
objects on a background. The one-dimensional histogram might be as shown
in Fig. 7.10b, in which only four peaks are indicated. Even if the four modes
of this histogram could be detected, the red and blue objects could not be
distinguished. A two-dimensional histogram of both intensity and hue is
shown in Fig. 7.10c. N ote that the blue and red objects could now be
distinguished using the histogram modes. Risem an and A rbib (1975) devel
oped such a two-dimensional histogram technique. The im portant point is
that the two-dimensional joint probability density function as estim ated from
the histogram permits features to be distinguished that could not be dis
tinguished from univariate densities alone.
The m ethod could also be extended to three or more dimensions. For
example, if a color picture of a scene were available, then a three-dimensional
analysis using the red, green, and blue com ponent images could be made. If
both a monochrom e image and an image depicting the distance or range to
objects were available, then one might expect that a two-dimensional histo
gram analysis would perm it superior segmentation. Even if only a m ono
chrome image were available, a m ultidimensional technique could be used,
perhaps with an edge gradient and local texture variance as additional
images. Although the com putational complexity of the multidimensional
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Figure 7.10 Comparison of one- and two-dimensional histograms for segmenting a simple
scene: (a) simple scene, (b) one-dimensional histogram, (c) two-dimensional histogram.

technique is greater than that of the one-dimensional technique, superior
segmentation results often justify the extra cost. Some simple examples will
now be presented to illustrate the method. In these examples the images are
assumed to be perfectly registered; if not, then the geometric transform ation
techniques previously described should be used first.
Consider the three images of the same scene shown in Fig. 7.11, which
consist of a visible band image, a radar image, and a range image. A
one-dimensional segmentation technique was used in an attem pt to isolate the
east wall of the building from each original image. The results of this
thresholding operation are shown in Fig. 7.12. N ote that each obtains a rough
outline of the wall with different noise regions in each attem pt. A three-
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R ange Im age
(c)

Figure 7.11

Original multispectral images.

dimensional histogram segmentation using 16-level visual, radar, and range
com ponents was used to locate objects in the Fig. 7.11 scene. Three slices
from the 1 6 x 1 6 x 1 6 histogram are shown in Fig. 7.13 with peak locations
indicated. A list of the peak locations and the num ber of pixels in each is
shown in Fig. 7.14. Each of these peaks corresponds to a m ajor region. The
results of this analysis for locating the east wall, the tower, and the airstrip are
shown in Fig. 7.15. The autom atic results shown on the left could be
im proved only slightly by a further interactive step. N ote that these results are
considerably better than those of the one-dimensional analysis.
As another example consider the segmentation of a color image using the
registered red, green, and blue com ponents shown in Fig. 7.16. The procedure
involved first quantizing the intensity inform ation of three red, green, and
blue com ponent pictures into 16 levels. A three-dimensional histogram was
then computed. Thus, a cube of 4096 locations is formed. A t each location,
the num ber of pixels is indicated, thereby forming an estimate of the threedimensional joint probability density function.
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R ange
(c)

Figure 7.12

One-dimensional histogram segmentations of east wall of building.

Once the histogram is com puted, the detection of peaks in the histogram is
the next step. One solution to the problem was im plemented in the program
and is explained as follows: Consider the detection of a peak along one
dimension or axis of the histogram. To verify that this is a valid peak requires
the observance of surrounding points in the remaining dimensions. For
example, if red, green, and blue represent the sensors employed and a peak is
detected along the red axis, then points along the blue axis and green axis on
either side of the peak m ust be equal to or smaller than the peak on the red
axis. Only the four surrounding points were examined.
Having located all the peaks, a classification procedure for each pixel must
be introduced. A t this point the results may be verified by displaying a
picture of just the points corresponding to the location of peaks in the
histogram. A threshold was arbitrarily set at 100 pixels (i.e., if at each peak in
the histogram the pixel count was less than 100, this peak was ignored). This
allowed the largest peaks to be viewed. Two segmented regions using this
m ethod are shown in Fig. 7.17. As a further refinement, the transform ation
from the original com ponents to the U*, V*, W* space described in C hapter 2
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was implemented. This transform ation should improve the com parison of
detected to visually observed regions. The results of segmentation after the
visual transform ation are shown in Fig. 7.18 and are improved.
7.2.3

Region-Dependent Techniques

The previous segmentation methods have partitioned an image into subsets
based upon point properties or predicates. In general, local regional proper
ties may also be used for segmentation. The local region surrounding a point
may be called the context of the point. Thus, the inclusion of regional
properties is an attem pt to account for the image context. Edge location is the
most common example of a region dependent technique, since to define an
edge transition at least two points m ust be used. Texture, which is often
defined as a global repetition of a local pattern, is another regionally
dependent concept. Other properties, which depend on a set of point offset
conditions, such as a red point followed by a green point are also included.
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Figure 7.15 Segmented regions of building: (a) east wall, automatic, (b) east wall, interactive, (c)
tower, automatic, (d) tower, interactive, (e) airstrip, automatic, (f) airstrip, interactive.

Edge inform ation is im portant for both hum an and machine perception
and a considerable am ount of research has been done in attem pts to extract
edge inform ation from pictures. Roberts (1965) in his pioneering work in
machine perception extracted edges by com puting a diagonal approxim ation
to the local gradient and thresholding the result. Three different approaches
to the location of edge inform ation are shown in Fig. 7.19. The first method,

(c)
Figure 7.17 Segmented regions using three-dimensional histogram.
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(c)
Segmented regions following visual system transformation.

shown in Fig. 7.19a, involves edge enhancem ent followed by a threshold
operation. It is characteristic of the gradient methods used by Roberts (1965),
Kirsch (1971), and many others. The resulting edge images often produce
excellent representations of the edge inform ation; however, steps for thinning
wide edges or connecting broken edges are often required. A similar m ethod
is shown in Fig. 7.19b and consists of edge detection followed by a threshold
operation. This m ethod may be called a correlation or tem plate m atching
approach, since an edge tem plate is m atched to the image and the resulting
correlation value is thresholded. A recent unification of this approach was
developed by Frei and Chen (1977), which encompasses m ost of the previ
ously developed edge templates for 3 by 3 regions. The results of the
correlation approach may also require thinning and connection in order to
produce reliable edge inform ation. The third method, shown in Fig. 7.19c,
may be called the region approach and is based on the fact that two adjacent
regions of different properties define an edge at the adjacent boundary. The
m ethod involves two steps— region segmentation and boundary location. If
properly implemented, the resulting edges will be thinned, connected, and
closed.
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(b)

R egion
S e g m e n ta tio n
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B o u n d a ry
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g (x ,y )

(c)

Figure 7.19 Edge location approaches: (a) gradient or filtering approach, (b) correlation or
detection approach, and (c) region approach.

Gradient or Filtering Approach
The creation of an edge picture can be considered as a process of trans
forming the original gray scale image into a binary-valued image. Let <3> be
the operator of the transform ation; then
g ( x ,y ) = $ f ( x , y ) ,
where f ( x , y ) is the intensity level of picture element ( x ,y ) of the original
image and g ( x ,y ) is the intensity level of the picture element ( x ,y ) of the
transform ed image. An im portant class of operators has the general form
a2
92
V2= — + — ,
dx
dy

<D= a + /3 2V2,

where a and fl are constants and V2 is the Laplacian operator. Because of the
physical results of its application, the operator is called the contour enhance
ment operator. Applying the above equation yields

The simplest operator of the class takes the form
$ = / ? 2 |V2|.
The transform ed image from the application of this operator is
g2= P 2
Because g2 is the square of the absolute magnitude of the gradient vector,
its numerical value is invariant under translation and rotation. An edge image
can be created by thresholding g2 to create an image g3,
1

if

g2> T

7.2

Segmentation

395

where g3 is the resulting edge image and T is a selected threshold.
The gradient vector may also be used for edge detection. Let V/, with its
directional cosines m ,n ,l, be expressed as
1/2 V
ax’
■1 / 2 y
n=

-

1 /2

dy’

Since V / is a function of two variables, the occurrence of its maximum
gradient can be calculated by requiring the following conditions to be
satisfied:
92
9x 2

|V /|2<0,

92
dy2
-|v / | 2
9r

9x dy

> 0.

|V /|2

The maximum gradient and m agnitude | V /|max and | V/ 1 m ay also be used for
creating a binary-valued edge picture using the operations
if 1V /| = max
if IV /l^ m a x ,

1
0
1

if

V2/ < 0

0

if

v 2/ > 0,

where g 4 is the transform ed black and white picture, and g3 is the transform ed
edge picture. The edges of g 3 so created will have varying thickness. However,
the edges can be m ade constant in thickness through the use of edge thinning
techniques as described in Shirai and Tsuji (1972) and Sakai et al. (1972).
Various digital filters have been proposed to approxim ate the previously
described operators. The com putation of the gradient involves a nonlinear
com bination of approxim ations of 9 / ( x ,y ) / d x and 9 /( x ,y ) /3 y to the partial
derivatives in orthogonal directions.
The simplest filters of size 2 x 2 become
df(*,y) _

9x

1
.0

9f ( x , y ) _

- 1

o

dy

1

-

1

O'
.

0

A better estimate can be realized by fitting a quadratic surface over a 3 X 3
neighborhood by least squares and then computing the gradient for the fitted
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Figure 7.20

(d )

Directional gradient filters: (a) 45°, (b) 135°, (c) 225°, (d) 315°.

surface. These filters become
V(x,y) _
dx

0

- 1

0

- 1

0

- 1

1

1

0

0

-1

-1

9/Cx ,y )
dy

The operations can be extended to extract the edge gradient along the
diagonal directions. Filters that perform these operations are shown in Fig.
7.20.
Edge Detection Approach
The concept of template matching has found wide acceptance in segmenta
tion applications because of its simplicity. In terms of a digital image, a
template (also called a mask or window) is an array designed to detect some
regional property. Examples of some possible templates are shown in Fig.
7.21.
Let wx,w2,...,w N represent the weights in an N = n X n mask, and let
x l ,x 2, . . . , x N be the gray levels of the pixels inside the mask. Template

L ine

Figure 7.21

R egion

Examples of templates.
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m atching may be considered as taking the inner product of the vectors
w,

*i
x2

W2

w=

and

x=
xN

WN

where, for example, the first n elements of w are the elements in the first row
of the template, the next n elements are from the second row, and so on. The
inner product of w and x, defined as
w'x=vv1x 1+ w2x 2+ • • • + w ArxAf,
is seen to be identical to the sum of products discussed above. We may say
that an edge has been detected by tem plate w if
w x> T,
where T is a specified threshold.
Point detection is a fairly straightforw ard procedure. The next level of
complexity involves the detection of lines in an image. Directional masks m ay
be established by noting that the preferred direction of each template is
weighted with a larger coefficient than other possible directions.
Let w,, w2, w3, and w4 be ^-dim ensional vectors formed from the entries of
the four directional templates. The individual responses of the line templates
at any point in the image are given by w'x for i = 1,2,3,4. As before, x is the
vector formed from the N image pixels inside the tem plate area. Given a
particular x, suppose that we wish to determine the closest m atch between the
region in question and one of the four line templates. We say that x is closest
to the /th template if the response of this template is the largest, in other
words, if
w'x > w'x
for all values of j , excluding j = i. If, for example, w',x were greater than w'x,
j = 2 ,3,4, we would conclude that the region represented by x is characterized
by a horizontal line since this is the feature to which the first template is most
responsive.
The development of templates for edge detection follows essentially the
same reasoning as above, with the exception that we are now interested in
detecting transitions between regions. One approach often used for determ in
ing such transitions is to implement some form of two-dimensional derivative
function. The following discussion considers the gradient concept for tem 
plates of size 3 x 3 .
Let Gx and Gy be the directional discrete gradients in the x and y
directions, respectively. The gradient at point p is then defined as
G = [ G 2 + G 2} ' / 2.
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Figure 7.22

Gradient templates.

An alternative definition, using absolute values, is given by
G = \Gx \ + \Gy \.
Im plem entation of the last equation simply requires a sum of the absolute
values of the responses of the two templates. It is also im portant to note that
edge detection can be expressed in vector form in exactly the same m anner
as discussed for line templates. Thus if x represents the image region in
question, we have
Gx = w'[X
and
Gy = W2x,
where
and w2 are the vectors for the two masks shown in Fig. 7.22. The
formulations given above for the gradient then become
G — [(w',x ) 2 + (w2x ) 2 ] ' /2

and

G = |w'1 x| + |w/2x|.

The vector form ulation for the detection of points, lines, and edges has the
im portant advantage that it can be used to detect com binations of these
features using a technique developed by Frei and Chen (1977). In order to see
how this can be accomplished, let us consider two hypothetical templates with
only three components. In this case, we would have two vectors w, and w2,
which are three dimensional. Assuming that w, and w2 are orthogonal and
normalized so that they have unit m agnitude, we have that the terms w^x and
w2x are equal to the projections of x onto the vectors w, and w2, respectively.
This follows from the fact that for w,
wix = ||w,|| ||x|| cos 0 ,
where 9 is the angle between the two vectors. Since ||w,|| = 1,
||x ||c o s 0 = w'1 x,
which is the projection of x onto Wj. Similar comments hold for w2.
Now suppose that we have three orthogonal vectors of unit magnitudes
w,,w 2 ,w3, corresponding to three 3-point templates. The products w',x, w2x,
and WjX represent the projections of x onto the vectors w,, w2, and w3.
According to our earlier discussion, these products also represent the individ
ual responses of the three templates. Suppose that templates 1 and 2 are for
lines and template 3 is for points. A reasonable question to ask is: Is the
region represented by x more like a line or more like a point? Since there are
two templates representing lines, and we are only interested in the line
properties of x, and not on w hat type of line is present, we could answer the
question by projecting x onto the subspace of w, and w2 (which in this case is
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Figure 7.23 Projection of x onto unit vector w,. (Reproduced from “Digital Image Processing
and Recognition,” 1977, by Rafael C. Gonzalez and Paul Wintz, with the permission of
Addison-Wesley, Reading, Massachusetts.)

W 3

Figure 7.24 Projection of jc onto subspace determined by w, and w2 and onto w3. (Repro
duced from “Digital Image Processing and Recognition,” 1977, by Rafael C. Gonzalez and Paul
Wintz, with the permission of Addison-Wesley, Reading, Massachusetts.)

a plane) and also onto w3. The angle between x and each of these two
projections would tell us whether x is closer to the line or the point subspace.
This can be seen from the geometrical arrangem ent shown in Figs. 7.23 and
7.24. The m agnitude of the projection of x onto the plane determ ined by w,
and w2 is given by the quantity [(w'1 x ) 2 + (w2x)2] 1/2, while the m agnitude (i.e.,
norm) of x is
||x|| = [(w ix ) 2 + K x

)2 +

K x ) 2] 1/2.

The angle between x and its projection is then
'
6 = cos

1

1/2

2
2

«•-i

|w;x|2

/IW I

A similar development would yield the angle of projection onto the w3
subspace,
<?>= cos“ 1 ( K x |/ ||x ||) .
Thus if #<</>, we say that the region represented by x is closer to the
characteristics of a line than of a point.
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Figure 7.25 Orthogonal templates. [From Frei and Chen (1977).]

If we now consider 3 x 3 masks, the problem becomes nine dimensional,
but the above concepts are still valid. We need, however, nine nine-dimensional orthogonal vectors to form a complete basis. The templates proposed
by Frei and Chen (1977) shown in Fig. 7.25 satisfy this condition. The first
four masks are suitable for detection of edges; the second set of four masks
represents templates suitable for line detection; and the last template (added
to complete the basis) is proportional to the average of the pixels in the region
at which the mask is located in an image.
Given a 3 x 3 region represented by x, and assuming that the vectors w,-,
/ = 1 , 2 , ...,9 , have been normalized, we have from the above discussion that
1 /2

1/2

2

;= i

(w'x ) 2

P ,=

2

(w; * ) 2

and

/ >a=|w^x|,

i= 5

where Pe,
and Pa are the magnitudes of the projection of x onto the edge,
line, and average subspaces, respectively.
Similarly, we have that
1 /2
8
\ 1/2
9\ —cos~
9 = co s'
2 K x ) 2J
llxll ; = 5
llxll

2 K *):

•v
'
*

Figure 7.26 (a) Original image, (b)-(f) projections onto W|,W2, w3, w4, and w5 subspaces, respectively, (g)-(j) projections onto w6, w7, wg, and w,
subspaces, (k) magnitude of projection onto edge subspace, and (1) magnitude of projection onto line subspace.

• ,v~'M
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(c)
Figure 7.27 (a) Original 128 X 128 Kodak girl image, (b) magnitude of the discrete gray level
gradient, and (c) thresholded edge image at 10% threshold. (Courtesy of David L. Davies, Dept,
of Electrical Engineering, University of Tennessee.)

and
9 = cos

" (isK4

where 9e, 9X, and 0a are the angles between x and its projections onto the
edge, line, and average subspaces, respectively. These concepts are, of course,
directly extendable to other bases and dimensions, as long as the basis vectors
are orthogonal.
Example. The image shown in Fig. 7.26a is a 256x256 aerial photograph
of a football stadium site. Figure 7.26b-j gives the m agnitudes of the
projections along the individual basis vectors obtained by using each of the
masks in Fig. 7.25 and, for each position of the /th mask, computing a pixel
value equal to |w,'x|. Figure 7.26k shows the m agnitude of the projections onto
the edge subspace, and Fig. 7.261 was formed from the magnitudes of
projections onto the line subspace. In this example, the best results were
obtained with the edge subspace projections, thus indicating a strong edge
content in the original image.
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Comparison of Local Edge Operators
An illustrated com parison of ten local edge detection procedures will now
be given. The first four m ethods operate on only a 2 by 2 region of pixels at
each point. The next three operators are linear operators with a 3 by 3
convolution mask. The final three operators also use a 3 by 3 region but
require a more complex calculation. These include the F rei-C hen system, the
Sobel operator, and the Davies m ethod. Both the edge enhanced and edge
detected results will be presented. For comparison, a single threshold was set
for each edge image that would produce 1 0 % of the detected image points to
be displayed as edge points. The picture selected for comparison was a 128 by
128 version of the K odak girl shown in Fig. 7.27a.
Estimates of the magnitude of the picture gradient over a 2 by 2 region are
perhaps the simplest edge operators. A direct estim ation is the discrete gray
level gradient D given by the square root of the squared average differences,

D = \ ( d \ x + d 2 x f + ( d \y + d 2 y ) 2 \ '

■

The m agnitude image is shown in Fig. 7.27b. The result of thresholding the
edge enhanced image at the 10% threshold is shown in Fig. 7.27c.
A nother well known m ethod for estimating the gradient is the Roberts’s
magnitude operator R x, which estimates the derivatives diagonally, i.e.,

The results of the Roberts m agnitude operator are shown in Fig. 7.28a, b.
A com putationally simpler operator is the Roberts absolute value estimate
R 2 of the gradient given by
^ 2 ~ l^ll +

1^ 1

which avoids the square root com putation. The results of this operator are
shown in Figs. 7.28c, d.
An alternative to the gradient estimates on a four-pixel group is the
maximum difference operator M , which is defined as the difference between
the maximum and minimum gray levels in a 2 by 2 region. Let
Jm+ \,n+ l h
f m n i f m + \,n> fm ,n+ 1

Cn+ l,n+ l)’

Then
M=B-S.
Although this procedure is slightly more complex than the gradient estimates,
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(e)

(f)

Figure 7.28 (a) Enhanced image using Robert’s magnitude operator, (b) thresholded image of
magnitude operator, (c) enhanced image using Robert’s absolute value operator, (d) thresholded
image of absolute value operator, (e) enhanced image using maximum difference operator, and
(f) thresholded image of maximum difference method. (Courtesy of David L. Davies, Dept, of
Electrical Engineering, University of Tennessee.)

it is also more sensitive. F or example, if
fm . n

f m + l,r t+ 1

+ 1, n ' = f m ,n + 1’

then the Roberts operators will yield a result of zero while the maximum
difference m ethod will result in
which is greater than zero. The results of the m aximum difference operator
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are shown in Fig. 7.28e, f. N ote that, in general, the maximum difference
operator yields more continuous edges.
The next set of operators m ay be considered as Laplacian estimates. Since
these operators use second derivative estimates, a 3 by 3 region is required.
Several methods m ay be used to estimate the second derivatives. A second
derivative may be estim ated by the differences of the first differences, i.e.,
d 2f

2

dx2

( fm , n

fm + l,n )

f m + 2 ,n ) ’

(X n+l,n

which simplifies to
f m . n — 2 f m + 1,n ~ ^ fm + 2 ,n-

These estimates may be com puted across the diagonals of a 3 by 3 region and
summed to provide the Laplacian estimate. The mask shown in Fig. 7.29a is
the equivalent convolution operator for this procedure.
If the derivative estimates were m ade both along the diagonals and the
horizontal and vertical central elements and averaged, the negative of the
mask shown in Fig. 7.29b would result. The negative mask is used to illustrate
the similarity with the unsharp masking procedure. A final mask shown in
Fig. 7.29c is derived by averaging the three horizontal an d three vertical
second derivative estimates.
The enhanced and 10% thresholded images resulting from the Laplacian
masks are shown in Fig. 7.30. N ote that a characteristic of the Laplacian is
that it is zero at the locations at which the gradient is maximum or minimum.
Therefore, points detected as gradient edges would generally not be detected
as edge points with the Laplacian operator. A nother characteristic of the
Laplacian operators is that a single gray level transition m ay produce two
distinct peaks, one positive and one negative in the Laplacian. These peaks
may be offset from the gradient edge location. F or example, this phenom enon
is apparent in Fig. 7.30a, b, in which double edges are detected at the right
shoulder of the girl.
The set of F rei-C h en basis vectors permit the representation of any 3 by 3
pattern. For edge detection, the four edge basis vectors are convolved with an
image. The magnitude of the resulting vectors is estimated by the sum of the
absolute values of the convolution results to produce an edge enhanced
image. The magnitude and thresholded edge images are shown in Figs. 7.31a,
b.
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Figure 7.30 Edge detection using Laplacian masks, (a) enhanced image using diagonal mask,
(b) thresholded image using diagonal mask, (c) enhanced image using unsharp mask, (d)
thresholded unsharp mask image, (e) enhanced image using averaged derivative mask, and (f)
thresholded averaged mask image. (Courtesy of David L. Davies, Dept, of Electrical Engineering,
University of Tennessee.)

The Sobel operator is a nonlinear com putation of the edge magnitude at
(m ,n) defined by
S (m , n) = (dx2 + dy2) l/29
where
^x

d m — \,n — 1

^f m , n — 1

f m + 1,/t — l )

dy

( f m + \,n — 1

^ f m + \,n

f m + \,n + l )

( f m —1 ,« + 1

^ fm ,n + 1

f m + \,n +

l)?

f m — \,n + \) '
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(c)

(d)

(e)

(f)

Figure 7.31 (a) Frei-C hen magnitude image, (b) Frei-C hen thresholded image, (c) Sobel
magnitude image, (d) Sobel thresholded image, (e) Davies magnitude image, and (f) Davies
thresholded image. (Courtesy of David L. Davies, Dept, of Electrical Engineering, University of
Tennessee.)

N ote that the Sobel operator does not make use of the value of f m n. Edge
m agnitude and thresholded results of the Sobel operator are shown in Fig.
7.31c, d.
The Davies operator was designed to perm it edge detection between
regions of constant gray level and irregular texture, a pattern that occurs
quite often in natural scenes. F or example, the boundary of a river and forest
in an aerial photograph might produce this pattern. The operator explicitly
considers the regularity of gray levels of each side of a possible edge— by
performing the following calculations. First, the average gray level of three
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Figure 7.32 Example of region growing using known starting point: (a) original array, (b)
segmentation result using distance less than 3, and (c) segmentation result using distance less
than 4.

contiguous pixels is calculated. Next, the sum of the deviations from the
m ean is determ ined for both the three pixels used to generate the m ean and
separately for the three opposite pixels. The absolute value of the difference
between the deviation sums is used as the edge estimate at that particular
orientation. The final edge estimate is the m aximum of the absolute deviation
differences for all eight orientations.
Consider the procedure for a single orientation. One m ay hypothesize that
an edge exists between a region of constant gray level in the upper right and a
texture region in the lower left of a 3 by 3 region. Therefore, the average gray
level of the contiguous region is first determ ined as
3 ( X n ,n — 1

fm + l,n —1

f m + l,n )*
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Next the sums of the deviation of the opposite regions are determined:

° 2 = \ f m , n + 1 “ H + \ f m - l , n + l ~ MI +

“

H '

The edge estimate at this orientation is therefore |tr, —a2\. The results of this
process, using all eight orientations, are shown in Fig. 7.3 le, f.
Region Growing
A direct approach to the problem of segmenting an image into regions that
satisfy a similarity criterion is to start at a point within a region and “grow” a
region by grouping all neighboring points that possess a similar property. If
the num ber of regions, the location of a point within each region, and a
similarity criterion are known a priori, then the region growing m ethod results
in a simple segmentation algorithm.
A numerical example of region growing is shown in Fig. 7.32. Based on
gray level values and the gray level histogram, the original image shown in
Fig. 7.32a may be assumed to consist of two regions. Starting points of (3,2)
and (3,4), respectively, are assumed for the two regions. The segmentation
results, using a Euclidean distance less than 3, are shown in Fig. 7.32b. The
segmentation resulted in two regions, as expected, and the same segmentation
would have resulted from any other starting point in the region. The segmen
tation results using the same starting points but grouping points with distance
less than 4 is shown in Fig. 7.32c. N ote the sensitivity to the similarity
threshold.
Region Clustering
The region clustering problem applies directly to image segmentation, and
differs from general clustering only by the requirem ent that points within a
cluster m ust be contiguous in the image plane as well as similar in properties.
This requirement m ay also be used to define contiguous image points with
similar properties, as distinguished from a cluster, which is simply a set of
points with similar properties. The general procedure of region clustering is to
first examine the set of image m easurements to determ ine the num ber and
location of clusters in m easurem ent space, then apply these cluster definitions
to the image to obtain region clusters. Criteria m ay be applied to both the
clustering procedure and to the region clustering. Different criteria may be
required at each step. F or example, a color random dot image would provide
clusters in the three-dimensional color space, but would not provide regional
clusters.
The following procedure is illustrative of a region clustering technique. The
reader should be aware, however, that cluster seeking is a m ajor area of
autom atic inform ation processing and, as such, can only be introduced in our
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present discussion. The interested reader can consult, for example, the book
by Tou and Gonzalez (1974) for additional details and references on this
topic.
A partition of a set X is any collection of sets { R l,R 2, . . . , R n} such that the
union of the sets Rk is exactly X and the pairwise intersection of the Rk is null
unless the two sets are identical. If we define some equivalence relation on the
picture— a simple example is P (i,j) is equivalent to P (k, 1) if their values are
equal— then this relation induces a natural equivalence relation on the grid of
points, given by ( i j ) is equivalent to (k , 1) if and only if P ( ij) is equivalent to
P (k, 1).
Any equivalence relation on the grid of points yields a partition of the grid
into equivalence classes. F or example, if the values of P (i,j) range from 0 to
63, then 64 equivalence class masks could be produced whose values would
be equal to 1 if the relation were satisfied and 0 otherwise. The m ask images
would be pairwise disjoint and the union of the 64 masks would fill the entire
grid.
The equivalence classes can be further subdivided into maximally con
nected subsets called connected components. Connectedness may be defined in
terms of the neighbors of a points (i,j). The 4-connected neighbors o f a point
are the four nondiagonally adjacent neighbors. The 8-connected neighbors are
the eight surrounding neighbor points. Using 4-connectedness, we say that
two points p l and p2 belonging to a subset R of the grid are connected if there
exists a sequence of points in R , the first of which is p x and the last of which
is p 2, such that consecutive points are 4-connected neighbors. W ith this
definition of connected points, we m ay define a region as a subset of R in
which any pair of points is connected with respect to R . The equivalence
masks m ay be divided into maximally connected regions (sometimes called
atomic regions). These can then be used as building blocks to form regions
that respond to natural, m eaningful segmentations.
A m ethod for representing a region during segmentation, developed by
Brice and Fennem a (1970), is as follows. One m ay consider the picture grid G
to be a subgrid of a larger grid S. In particular, if G is an n X m grid, then let
S be a (In + 1) X (2m + 1) grid in which the points (i,j) of G are placed on the
points (2i + l,2y'+ 1) of S. The points in the picture correspond to points of S
in which each subscript is odd, and the remaining points may be used to
represent the boundaries of regions.
Representing regions in this m anner yields a simple algorithm for finding
atomic regions of a picture. Each point of G, except for its edges, is com pared
with the one above it and the one to its right. If a difference in gray scale is
encountered, the boundary segment is inserted between them. After each
picture point is considered, the grid has been partitioned into regions. An
example is shown in Fig. 7.33. N ote that the equal gray levels along the
diagonal produce separate regions because a connectedness of 4 was used for
the equivalence relation.
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( a)

(b)
Figure 7.33 Example of Brice and Fennema segmentation method: (a) 3 x 3 array with gray
level and grid values shown, (b) The 7 x 7 supergrid with gray levels placed on odd subscripted
points and resulting segmentation.

Since the atomic regions produced in the previous step m ay not correspond
to physical or visible boundaries, merging or splitting of regions may be
necessary. If the region boundaries are assumed to be oriented so that the
region always lies to the left of the boundary, then the operation of merging
two regions into one may be accomplished by adding the boundaries. An
example is shown in Fig. 7.34.
Segmentation may either be edge based or region based. The edge-based
m ethod works well but is sensitive to local noise. The global m ethod is more
stable since it considers the overall characteristics of the image, but often
false regions may also be detected. F or a perfect region segmentation, the
global region boundaries should coincide with the local edges. A m ethod
called global-local edge coincidence (GLEC) segm entation has been devel
oped by (Hwang e ta l., 1979), which detects the coincidence of the region
boundaries (or global edges) and local edges. Since the global edges are
obtained from the global characteristics of the image, for instance, the
histogram of the intensity of the image, the local noise edges will not be
detected in the global edge m ap; however, perfect region segmentation is
hardly obtained by using only intensity inform ation. Basically, G LEC is a
merge-oriented region segmentation method. Two regions are merged if the
common boundary between these regions does not m atch the local edges. An
example of this technique is shown in Fig. 7.35. Figure 7.35a shows a picture
of an original scene containing several solid objects. Figure 7.35c shows the
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Figure 7.34 (a) Two regions with a common boundary and (b) result of merging by adding
the directed boundary segments.

local edge-segmented scene using the Sobel operator. Figure 7.35b shows the
global region boundaries obtained using the intensity histogram segmenta
tion. Figure 7.35d shows the segmented picture using GLEC. Figure 7.35e
shows the region boundaries of the GLEC segmented picture. N ote that the
resulting regions are m uch more meaningful than the original regions.
7.3

Description of Regions

The next step following the segmentation of a scene into regions, as shown
in Fig. 7.1, is to develop regional descriptions. Since the results of segmenta
tion may be either edge boundaries or regions, the types of descriptors are
quite varied. It is usually desirable to choose descriptors that are invariant to
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(e )

Figure 7.35 Segmentation result using global-local edge coincidence: (a) original scene, (b)
region boundaries resulting from histogram segmentation, (c) edge boundaries resulting from
Sobel operator, (d) segmentation after merging based on global-local edge coincidence, and (e)
region boundaries of (d).

the norm al variations in the scene. Invariance to translation, rotation, scale,
and perspective might be desirable. Other desirable criteria might be the
ability to discriminate between regions, com putational simplicity, or data
reduction.
7.3.1

Boundary Description

Given the boundary of a primitive or region, it is often desirable to extract
measurements that characterize the length, direction, or shape of the region.
Several methods, including linear and nonlinear curve fitting, chain coding,
and Fourier boundary descriptors are available.

7 Scene Understanding

414

Curve Fitting Using Linear and Nonlinear Least Squares
It is often possible to describe boundary properties by a curve such as a
line, parabola, or ellipse. If the curve is specified parametrically, then linear
or nonlinear least squares provides a m ethod for determ ining the param eters.
Suppose that a set of edge points {(jc,-,>»,•), / = 1 ,2 ,...,« } are given. These
points represent a discrete boundary function y t = / (x,) with dom ain
T = { x l, x 2, . . . , x n).
Let g (x ,p x,p2, ...,p M) be an M -param eter family of curves of a particular
form whose dom ain includes all x in T. The discrete function / m ay be
considered as a point in Euclidean H-space,

The desired solution is also a point in E n,
g = [ g ( x i) ,g ( x 2) ,...,g ( x k)]',
which minimizes the distance
f

1/2

n

£(p)=lly-g|| = | 2 |>*-s(**)]2j

•

For each param eter vector p, there is a corresponding point g in E " so that
the set of all points (g: p E £ M} is an M dimensional surface S in E n. If y lies
in S, then for some p, Z>(p) = 0. If y does not lie in S, then there m ay be one
or more places on the surface S that are closest to y.
Suppose that g (x,p) is differentiable in all its variables. Then D( p) is also
differentiable with respect to p. If Z)(p*) <Z)(p), then
9£>(p*) _ 9Z>(p»)
dpj

dp2

3Z?(p») _ Q
3pM

This leads to the system of equations:

k= i

H t)- t

k= 1

F ,W = i
k=i

°p i

[ y *-«<*„)]

°P 2

°Pm

-°,
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This is a system of equations of the form
^ i (p )
F(p) =

f 2(p )
=

0.

Fm( P)
If g is a linear function of p v p 2, ...,p M, then the system of equations is
linear and may be written in the form
g ( x ,p )= p i* g i(x )+ p 2*g2(x )+ ■■■ + p M*gM(x ),
and we define the vectors
M
e = y - 2 gjPj7=1

The solution may be written in the form
M

g /y - 2 g.'gjPj= °>
7=1

for i = \ , 2 , . . . , M or g'e = 0, which illustrates that the error vector is orthogo
nal to each of the vectors g,.
If g(x,p) is nonlinear in p, then F(p) is a system of nonlinear equations and
one may use N ew ton’s m ethod or steepest descent to find a p that minimizes
Z>(p). If F(p) is differentiable in p and has a nonsingular Jacobian m atrix near
the solution p* and if a sufficiently good approxim ation p° to p* m ay be
made, then N ewton’s m ethod provides rapid convergence to a solution.
N ew ton’s m ethod for finding p* is an iterative process defined by
F [ pw ] [p(* +!) - pw ] = - F [ pw ],
where F' is the M X M Jacobian matrix of partial derivatives
dF,
9.Pi

dF,
3p 2

3Fm
9/71

3Fm
dp2

dF,
3]Pm

F'(P) =
3Fm
dPM

To use N ewton’s method, we begin with k = 0 and the starting point p°. At
each iteration evaluate the vector function F(pw ) and the Jacobian matrix
F'(p(A:)). Then solve the linear system
F '(pW)AW = F(pW)
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Figure 7.36

Example of nonlinear least squares fit of points to a circle.

for the increment vector A <<0. Then set
p(*+i) = p(*) + A(*)
and iterate again or stop with p * ~ p (*+ 1). A reasonable stopping criterion in
many applications is to evaluate the distance function D(p(k+[)) and stop
when the distance is no longer decreasing. For example, iterate until D(p(k+ 1J)
>0.99Z)(pw ).
An example of the use of the least squares for fitting points to a circle is
shown in Fig. 7.36.
Fourier Descriptors
It is shown in this section that the discrete Fourier transform (D FT) can be
used for obtaining a set of regional descriptors.
Suppose that M points on the boundary of a region are available. We may
view the region as being in the complex plane, with the ordinate being the
imaginary axis and the abscissa being the real axis, as shown in Fig. 7.37. The
x - y coordinates of each point in the contour to be analyzed become complex
num bers x + jy . Starting at an arbitrary point on the contour, and tracing
once around it, yields a sequence of complex numbers. The D F T of this
sequence will be referred to in the following discussion as the Fourier
descriptor (FD) of the contour.
Since the D F T is a reversible linear transform ation, there is no inform ation
gained or lost by this process. However, certain simple m anipulations of this

^

•

#

Po in ts O n Region
Boundary

Region

Real Axis

Figure 7.37 Representation of a region boundary in the complex plane. (Reproduced from
“Digital Image Processing and Recognition,” 1977, by Rafael C. Gonzalez and Paul Wintz, with
permission of Addison-Wesley, Reading, Massachusetts.)
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frequency dom ain representation of shape can eliminate dependence on
position, size, and orientation. Given an arbitrary FD, several successive steps
can normalize it so that it can be m atched to a test set of FD s regardless of its
original size, position, and orientation.
Normalization
The frequency dom ain operations that affect the size, orientation, and
starting point of the contour follow directly from properties of the D F T (see
Sec. 3.3). To change the size of the contour, the com ponents of the F D are
simply multiplied by a constant. Due to linearity, the inverse transform will
have its coordinates multiplied by the same constant.
To rotate the contour in the spatial dom ain simply requires multiplying
each coordinate by exp(y'0), where 9 is the angle of rotation. Again, by
linearity, the constant exp(jO) has the same effect when the frequency
dom ain coefficients are m ultiplied by it.
To see how the contour starting point can be moved in the frequency
domain, recall the periodicity property of the D FT. The finite sequence of
num bers in the spatial dom ain actually represents one cycle of a periodic
function. The D F T coefficients are actually coefficients of the Fourier series
representation of this periodic function. Remembering these facts, it is easy to
see that shifting the starting point of the contour in the spatial dom ain
corresponds to multiplying the &th frequency coefficient in the frequency
dom ain by ex p (jkT ), where T is the fraction of a period through which the
starting point is shifted. (As T goes from 0 to 2 it , the starting point traverses
the whole contour once.)
Given the F D of an arbitrary contour, the norm alization procedure re
quires performing the norm alization operations so that the contour has a
standard size, orientation, and starting point. A standard size is easily defined
by requiring the Fourier com ponent F (\) to have unit magnitude. If the
contour is a simple closed figure, and it is traced in the counterclockwise
direction, this coefficient will be the largest.
The orientation and starting point operations affect only the phases of the
F D coefficients. Since there are two allowable operations, the definition of
standard position and orientation m ust involve the phases of at least two
coefficients. Let us denote the F D array of length M by { F (—\ M + 1),
...,F ( — 1), F(0), F ( \) ,...,F ( \M ) } . One obvious coefficient to use is F (l),
already normalized to have unit magnitude. If we start by requiring the phase
of F (\) to be some value, say zero, it can be shown that if the /cth coefficient
is also required to have zero phase, there are (k — 1 ) possible starting p o in torientation com binations that satisfy these restrictions.
The obvious procedure is to require F (l) and F(2) to have phases equal to
some specified value, thereby achieving a unique standard normalization.
This sounds like a solution to the problem, but while F (l) is guaranteed to
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have unit magnitude after normalizing the F D for size, there is no such
guarantee for F(2). A consistent solution to this problem can be obtained by
selecting a nonzero coefficient to use for normalization, and then using a
third coefficient to resolve the ambiguity that may be caused by the multiple
norm alization effect.
Practical Considerations
The practical im plementation of this procedure requires paying attention to
a few details not m entioned above. Theoretically, the procedure involves an
exact representation of a contour that is sampled at uniform spacing. While
nonuniform spacing can result in a frequency dom ain representation that
converges faster, there are some serious difficulties involved in attem pting to
define a standard sampling strategy using nonuniform spacing.
Remembering that the F F T algorithm requires an input array whose length
is an integer power of 2 , it is clear that the length of an arbitrary chain
representation m ust be adjusted before the F F T can be used. A procedure for
doing this is to compute the perim eter of the contour, divide it by the desired
length (desired power of 2 ), and starting at one point, trace around the
contour saving the coordinates of appropriately spaced points. The desired
power of 2 might be the smallest power of 2 larger than the length of the
chain.
Practically, the input to the shape analysis algorithm will be a contour
taken from a sampled picture. The perimeter of this contour will be an
approxim ation to the actual perim eter of the contour. While it can be argued
that, for high enough sampling density in the original picture, the chain is an
arbitrarily good approxim ation to the contour, this argum ent breaks down if
one considers the density of points around the approxim ate contour versus
the exact contour.
Consider an equilateral right triangle oriented so that the legs line up with
the x and y axes, with the hypotenuse at 45°. The “length” of the contour, if
an ordinary four neighbor chain is used, will be four times the length of one
leg; the hypotenuse will be as long as both legs combined. Obviously, the
density of points on the hypotenuse will depart from the proper value by a
factor of V2 . This error will cause the normalized Fourier descriptors
(N FD s) of simple figures such as triangles to differ substantially, and render
the algorithm virtually useless.
One solution to this problem is to use an 8 -neighbor chain code, in which
the four diagonal neighbors of a point can also be the next point in the chain.
In the example just considered, this eliminates the point density error. Of
course, for different orientations, there will still be a certain am ount of error
due to the chain code approximation, but this is reduced from a m aximum of
about 40% to a maximum of about 8 %. Experimental results using the
8 -neighbor chain code confirm that this error is tolerable. If a picture is
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contoured using a 4-neighbor chain code and it is desired to process the
contours using the F D method, the four chain codes can be easily converted
to approximate eight chain codes that are suitable for analysis.
Other practical considerations involve the norm alization process. While,
theoretically, any nonzero coefficient can be used with F(X) to define stan
dard orientation and starting point as outlined above, practical contours show
the effects of noise and quantization error. This noise perturbs the phases of
the F D coefficients so that the coefficients of lower am plitude can be
substantially affected. It can be shown that the mean squared error in the
frequency dom ain corresponds to the point-by-point mean squared error in
the spatial domain. It follows from this result that slight shifts in orientation
a n d /o r starting point due to noise can have drastic effects on classification of
shapes m ade using this criterion. One way to minimize this effect is to choose
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Figure 7.38 Shapes obtained by using Fourier descriptors. (Courtesy of T. Wallace, Electrical
Engineering Dept., Purdue University.)
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the largest magnitude coefficients as norm alization coefficients. F (l) is
already the largest, so the second largest is chosen to accom pany F (l).
Generally a third coefficient will be required to decide which of the allowable
normalizations is optimum, as explained above. This coefficient can be
chosen to be the largest remaining coefficient suitable for resolving the
ambiguity.
The norm alization procedure tends to reduce the proportion of the infor
m ation contained in the phase, as com pared to that contained in the m agni
tudes. Also, it can be shown that if the contour under analysis has bilateral
symmetry, the resulting N F D will have phases equal to either the norm aliza
tion phase (phase to which the norm alization coefficients are constrained), or
that value plus 180°. In view of these results classification using only the
magnitudes of the N F D seems like a reasonable procedure. In this case the
norm alization procedure consists of simply dividing each coefficient by the
m agnitude of F (\).
As an illustration of the use of Fourier descriptors for shape analysis,
consider the region boundaries shown in Fig. 7.38a. Each region was first
described by a shape profile or radial distance from the centroid to the
boundary sampled in 512 equal intervals. The Fourier transform of each
profile was then com puted and only the 32 lowest frequency components
were retained. The inverse Fourier transform was then com puted and used to
reconstruct the region boundaries, which are shown in Fig. 7.38b. N ote that
although the boundaries are somewhat distorted, the essential shapes have
been retained, while the data has been compressed by a factor of 8 .
7.3.2

Region Description Using Moments

The Fourier descriptions discussed in the previous section are based on the
assumption that a set of boundary points is available. Sometimes a region
may be given in the form of interior points and, as indicated earlier, one may
be interested in finding descriptors that are invariant to variations in transla
tion, rotation, and size. The m om ent approach discussed below is often used
for this purpose.
Given a two-dimensional continuous function f ( x , y ) we define the mo
ment of order p + q by the relation

/

OO

/• OO

I

x py j ( x , y ) d x d y

—o o * 7 — OO

fo rp ,q = 0 , l , 2 , . . . .
A uniqueness theorem (Papoulis, 1968) states that if f ( x , y ) is piecewise
continuous and has nonzero values only in a finite part of the x - y plane, then
moments of all orders exist and the mom ent sequence (mpq) is uniquely
determ ined by f ( x , y ) and, conversely, (mpq) uniquely determines / (x ,y ). The

7.3

421

Description o f Regions

central moments can be expressed as
OO
r OO
I ( x - x ) p( y - y ) qf ( x , y ) d x d y ,
- OO*7- OO

/

where x = m xJ m00, y = mQJ m ^ .
For a digital image the above equation becomes
V-pq= 2 ' S i x - x ) p( y - y ) 9f ( x , y ) .
x

y

The central moments of order 3 are as follows:

2

Mio=

x

1 l ( x - x ) \ y - y ) 0f ( x , y ) = m w - ^ - ( m 00) = 0 ,
y

m oo

- 2x 2y ( * - i)'(^ ~ y ) lf ( x , y ) -

m 0o

t o - 2 2 (X - JfO - - J )°/(*,>) ■- -to ■- ^
X

y

m 00

f
^

- -to ■- ^

m 00

,

m 00

M02=2
2(*-^)°(>’-y )2/(*,j) = ™02-—
’
x 7
moo
/%>= 2 2 ( ^ - ^ ) 3(>’-y )0/(^>;)=W30-3^"J20+ 2w10^2.
Mi2= 2x 2y (* “ *)Cx -y )2/(^ ^ ) = mu-2ymu M21= 2 2
M03=

2
x

2

- ^)2(>l —/ ) 1/ ( JI(:»>’) = w2i—2x/mu —yw20+ 2x2m01,
(•* —-xOCv —.V)3/(*> / ) =

w 03 —3ym 02 +

2 y2m 0].

y

In summary
Hoo= m oo>

Vu = m\r M o .

^,o = 0 ,

/i30 = m 30 ~ 3xw 20 + 2 m l0x 2,

/x0i = 0 ,

iiu = m l2- 2 y m u - x m 02 + 2 y 2m w,

lho= m 2 o ~ x m w,

[i2l = w 21 - 2 x m u - y m 20 + 2 x 2m0l,

M02 = w o2 - y w 01,

/x03 = m 03 - 3y m 02 + 2y 2m ox,

The normalized central moments, denoted by r\pq, are defined as
VP9 = ^ q/^oo,

where

y = \( p + q )+ \

for p + q = 2 ,3 ,....

From the second and third moments, a set of seven invariant moments can
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Figure 7.39
Hall (1978).]

Images used to demonstrate invariant moment properties. [From Sadjadi and

be derived. They are given by
01 = V20~^Vo2’
0 2 = ( T? 2 O - 7?O 2)2 + 4 l ? n >

03

=

(^ 3 0

- 3V u )2 +

0 4 = ( 173O+ 1 ) l 2 ) 2 +

(3ij2i -
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+

T7o3)2-

Voi)2,
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Moment invariants for the images in Fig. 7.39a-e. [From Sadjadi and Hall
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This set of moments has been shown to be invariant to translation, rotation,
and scale change by Hu (1962).
Example. The image shown in Fig. 7.39a was reduced to half size (Fig.
7.39b), m irror imaged (Fig. 7.39c), and rotated by 2 and 45°, as shown in Fig.
7.39d, e. The seven-moment invariants given in the above equations were then
com puted for each of these images, and the logarithm of the results taken to
reduce the dynamic range. As shown in Fig. 7.40, the results for Fig. 7.39b-e
are in reasonable agreement with the invariants com puted for the original
image. The major cause of error can be attributed to the digital nature of the
data.
7.3.3

Topological Description

Topological properties are useful for global descriptions of regions in the
image plane. Simply defined, topology is the study of properties of a figure
that are unaffected by any deform ation without tearing or joining. Consider,
for example, the region shown in Fig. 7.41. If we define as a topological
descriptor the num ber of holes in the region, it is evident that this property
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Figure 7.42

A region with three connected components.

will not be affected by a stretching or rotation transform ation. However, the
num ber of holes will, in general, change if we tear or fold the region. N ote
that since stretching affects distance, topological properties do not depend on
any notion of distance or any properties that are implicitly based on the
concept of a distance measure.
A nother topological property useful for region description is the num ber of
connected components. A connected com ponent of a set is a subset of
maximal size such that any two of its points can be joined by a connected
curve lying entirely within the subset. Fig. 7.42 shows a region with three
connected components.
The num ber of holes H and connected com ponents C in a figure can be
used to define the Euler num ber E as
E = C — H.
The Euler num ber is also a topological property. The regions shown in Fig.
7.43, for example, have Euler num bers equal to 0 and —1, respectively, since
Fig. 7.43a has one connected com ponent and one hole and Fig. 7.43b has one
connected com ponent but two holes.
Regions represented by straight line segments (referred to as polygonal
networks) have a particularly simple interpretation in terms of the Euler
number. A polygonal network is shown in Fig. 7.44. It is often im portant to
classify interior regions of such a network into faces and holes. If we denote
the num ber of vertices by V, the num ber of edges by Q, and the num ber
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Figure 7.43 Regions with Euler numbers equal to 0 and —1, respectively. (Reproduced from
“Digital Image Processing and Recognition,” 1977, by Rafael C. Gonzalez and Paul Wintz, with
permission of Addison-Wesley, Reading, Massachusetts.)

Figure 7.44 A region containing a polygonal network. Vertices, V — 15; edges, Q = 17; faces,
F= 3; connected regions, C = 3; holes, H = 2. Euler number E — V — Q+ F = C —H = 1.

of faces by F, we have the relationship, called the Euler formula,
V -Q + F=C-H,
which, in view of the previous equation, is related to the Euler number,
W - Q+F=C-H=E.
The network shown in Fig. 7.44 has 15 vertices, 17 edges, 3 faces, 3 connected
regions, and 2 holes; thus,
£ ■ = 1 5 -1 7 + 3 = 3 - 2 = 1 .
Although topological concepts are rather general, they provide an addi
tional feature that is often useful in characterizing regions in a scene.
7.4
7.4.1

Relationships between Regions

Relational Representations

If an image or scene has been segmented into regions or primitive compo
nents, the next step or level of complexity in scene understanding is to
determ ine the im portant relations and structure in the scene and to organize
these relations in a meaningful way. Although a unified theory for relating
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regions or components of a scene has yet to be developed, several im portant
general concepts for using a relational representation will be introduced in
this section.
The concept of the relational table was explicitly stated by Codd (1970,
1972) in order to establish a model that would allow a user to specify
nontrivial operations on and with the data, yet not require the user to know
all the details about how the data are actually organized in the computer. A
relational model of a scene exists independently of the applications programs
that operate on it.
In comparison with earlier models, C odd’s concept overcomes problems
like ordering dependency (many earlier models required data elements to be
stored in a total ordering associated with the hardware-determ ined ordering
of addresses) and access path dependency (many earlier systems employed
tree-structured files or something similar, around which the applications
programs had to be developed). Recent applications of the relational table
approach for the representation of scenes may be found in Kunii et al. (1978)
and Thom ason et al. (1978).
Since we may consider a scene to be composed of a set of discrete objects
and a picture to be composed of a set of discrete regions, we shall first review
some elements of discrete m athem atics (Liu, 1977).
An im portant concept is that of a relation. Although relations are often
referred to by descriptive nam es such as “color,” “above,” “inside,” etc., a
formal definition is necessary. Let A and B be two sets. The Cartesian product
of A and B, which will be denoted A X B is the set of ordered pairs of the
form (a ,b ), where a ElA and Z>E B. A binary relation from A to B is a subset
of A X B. The binary relation is simply a formalism for the intuitive notion
that some of the elements in A are related to some of the elements in B. In
fact if the ordered pair (a ,b) is in the subset that defines the relation R, then
we may say that a is related to b. A binary relation may be represented in
several ways. The most direct m ethod is to simply list the set of ordered pairs
that are in R. This list is one type of relational table. As an example, consider
the simple picture shown in Fig. 7.45a, which is segmented into three regions
labeled e, f , and g. The set A = {e,f,g} = B. The relation “larger than” is a
subset of A X A consisting of the ordered pairs listed in the relational table
shown in Fig. 7.45b. A nother representation of the binary relation is by a
relational matrix corresponding to the Cartesian product space with indicators
such as Is for the ordered pairs that are in the relation. An example is shown
in Fig. 7.45c. The binary relation may also be indicated graphically by a
relational diagram that consists of two sets of nodes corresponding to the
elements of the sets A and B and directed lines from the elements of A to the
elements of B that form the subset. A n example is shown in Fig. 7.45d.
Binary relations describe relationships between pairs of objects. We may
also define ternary relations for ordered triples of objects, quaternary rela
tions for ordered quadruples of objects, etc. A ternary relation may be defined
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Figure 7.45 (a) Picture segmented into three regions, (b) relational table for relation “larger
than,” (c) relational matrix, and (d) relational diagram.

in terms of ordered pairs of the form [(a ,b ),c] where the first com ponent is an
ordered pair. This could also be considered as an ordered triple; however, the
previous definition permits us to consider only binary relations. Formally, a
ternary relation among three sets A , B, and C is defined as a subset of the
Cartesian product (A X B ) X C . Similarly, a quarternary relation among four
sets A, B, C, and D is a subset of [(A X B ) X C ] X D. In general an ordered
/j-tuple may be considered as an ordered pair whose first com ponent is an
ordered (« —l)-tuple and an n-ary relation among the sets A VA 2,...,A „ is
defined as a subset of [(Al X A 2) X A 3]X ■• ■ X A J . Thus, we may concentrate
on the properties of binary relations.
A binary relation R from A to B is said to be
(i)
(ii)
(iii)

reflexive if (a,a) is in R for every a in A;
symmetric if (a,b ) in R implies that (b,a) is in R;
transitive if whenever (a, b) and (b ,c) are in R, then (a,c) is also in R.

F or ternary and higher-order relations, the simplest representation is a
relational table that contains the list of ordered n-tuples. Let A l,A 2, . . . , A n be
n (not necessarily distinct) sets. The sets A I,A 2, . . . , A n are called the domains
of the relational table and n is called the degree of the table. Each dom ain
m ay be given a name. These names are called attributes. A dom ain or
attribute is called a primary key if its value in an ordered «-tuple uniquely
identifies the ordered H-tuple in the table. A table may not contain a prim ary
key. A composite primary key is the Cartesian product of the minimal num ber
of dom ains or attributes such that its value uniquely identifies the ordered
n-tuple in the table. Since, by definition of the Cartesian product, all w-tuples
are distinct, at least one composite prim ary key exists for every table.
The relational table may be organized with N rows with each row corre
sponding to an element, entry, or primitive and n columns corresponding to
the attributes. Attributes that are included in at least one composite prim ary
key of R are called prime attributes. Other attributes are called nonprim e
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attributes. An attribute A , of a relation R is said to be functionally dependent
on attribute A- if and only if for each value of A t in R there is a unique value
of attribute A j also in R. A functional dependence may be defined between
n-tuples in a similar manner.
Three im portant forms of a relational table were proposed by Codd (1971).
The first normal form requires that no dom ain of the relational table have
relations as elements. A relation that also satisfies the condition that the
nonprim e attributes are fully functionally dependent on each composite key
is said to be in the second normal form. If in addition, a relation has all
nonprim e attributes independent of each other, it is said to be in the third
normal form. A relational table in third normal form has a high degree of
m achine independence since nonprim e attributes may be independently up
dated, and n-tuples may be added or deleted independently of one another.
Codd’s original form ulation also introduced the concept of a “world
model,” which is assumed to be commonly agreed upon among users of the
relational data. The world model might describe the functional dependencies
and other characteristics of the relational table. The world model m ay depend
upon the scene analysis application; however, two generally agreed upon
facts are that the physical world of structures in space is three dimensional
and that images are two dimensional. An example will now be given that
illustrates the im portance of a world model and other im portant features of a
relational table representation for scenes and images.
Consider the three-dimensional object illustrated in Fig. 7.46. The object
may be considered as consisting of the connected surfaces of a unit cube
floating in space. This object, which we call a cube, may be represented in
several ways. The surfaces enclose a volume. Each surface is a portion of a
plane. Each planar surface is enclosed by edges. Each edge is a line between
two vertex points. Thus, the natural dimensionality hierarchy of volume,
surface, line, and point provides a variety of representations. It is interesting
to examine the relational table representations at the various levels such as
surface, edge, and vertex to attem pt to determine if one level is perhaps better
than the others. We shall now consider some of the possible representations
in a top-down manner.
Six surfaces define the cube. If the surfaces are considered continuous, then
enum erating the points on the surface is not possible. If the surfaces are
considered sampled, then a finite list of the coordinates (x,,_y,,z,) is possible.
A list of the unit cube surface points with a coarse sampling interval of \ in
each direction is shown in Fig. 7.47. Note that even with coarse sampling the
list is rather long. The list may be considered as a quarternary relation that
might be called “surface and surface points of the unit cube.” The num ber of
elements or size of the relational table is im portant for storage considerations;
however, for representating scenes several other features are also im portant.
Suppose we wished to reconstruct the object or its projection from the
relational table. Assuming a hidden surface algorithm to be used, the recon
struction from the table for this example would appear as shown in Fig. 7.48.
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Figure 7.46 A three-dimensional object—a unit cube— with vertices, edges, and surfaces
labeled for reference.
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Figure 7.47 Enumeration of sampled points on the surface of the unit cube considered as the
relation “surface point.”
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(b)
Figure 7.48 A three-dimensional cube and its representation by surface points, (a) Original
cube and (b) sampled points.

N ote the considerable difference from the cube as reconstructed from this
relational table and the original object. Thus accuracy of reconstruction is
another im portant consideration. Accuracy is difficult to define but might be
m easured as the m ean squared error between the original and reconstructed
objects. An accurate representation could be obtained by interpolating a
continuous surface between the sample points on each surface of the cube.
This would require extra com putation and brings up the question of how
much inform ation m ust be stored in the table versus how much inform ation
can be derived from the table. The ability and ease of accurate reconstruction
would therefore be another consideration in the design of a relational table.
The object surfaces could also be described by six intersecting planes. Each
plane may be described by a polynomial of the form
5 , = w'x = wnx + wa y + wi3z + vv,4 = 0,
where i = 1,2,.. . , 6 and Yi = (wn ,wa ,wn ,wiJ)',x = ( x ,y , z, 1)'. A relational table
containing the polynomial coefficients and inform ation about the intersec
tions is shown in Fig. 7.49. In terms of size this relational table is about the
same size as for the coarsely sampled grid. However, the accuracy and
efficiency of this representation are clearly superior to those of the enu
merated table. N ote that in addition to the coefficients of the plane, a
relational matrix for the intersecting planes has also been included. This
inform ation may be considered redundant since one may determine which
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Figure 7.49 (a) Surface-based relational table and (b) intersection matrix.

planar surfaces are parallel and therefore would not intersect from the
coefficients. However, by storing the matrix, this processing would not be
required.
A lower level of representation is in terms of lines. Since the edges of the
cube are straight lines, the problem of curves can be avoided temporarily. A
set of 12 lines defines the stick figure of the cube. Each line m ay be
represented by an equation of the form

L,:«V, + (1 —«)Vfc,
where Vy. and Y k are two points on the line and a is a param eter proportional
to the distance along the line. A relational table based upon the edges is
shown in Fig. 7.50. The vertices have been used as the starting and ending
points of the lines. A relational m atrix that indicates the connection of lines is
also included. This matrix may also be considered as redundant. A relational
matrix indicating the surfaces is also given. This matrix is not redundant but
necessary for obtaining the correct set of surfaces for the unit cube. For
example, diagonal planes are not included.
If the edges are represented by discrete sample points, a relational table
containing the sequence and coordinates of the edge points could be con
structed. The connection inform ation for the edges can also be stored as a
pointer to the com m on vertex. The enum eration of edge points could be
interpolated to obtain lines that m ust also be processed to obtain the surfaces
of the object.
The final level to be considered is the vertex or point level. A relational
table containing the eight vertices and the connection m atrix is shown in Fig.
7.51. The conciseness of this table is readily apparent. Since lines may be
drawn between the connected vertices, it is also possible to obtain the line
representation from the table. To define planes additional inform ation must
be added, as shown in the higher level table of Fig. 7.51. Also, the planes are
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Figure 7.50 (a) Line-based relational table, (b) line connections, and (c) line to surface
connections.

related and form a solid as shown in the still higher level representation. Note
that the vertex-based table starts at the lowest level and includes relations up
to the highest level.
Projections
Now consider two-dimensional projections of the object as shown in Fig.
7.52. It is interesting to consider which of the relational tables is affected the
least by projection of the object onto an image plane. F or the isometric
projection, three of the six surfaces are visible, nine of the twelve lines, and
seven of the eight vertices. Thus, in this isometric projection, for a surfacebased relational table only 50% of the prime attributes are visible. F or the
line-based table 75% of the prime attributes are visible. However, for the

V e rtic e s

V,
V,
V3
V4
V,
V„
V,
V8

X
0
0
0
0
1
1
1
1

C o n n e c tio n s

y

7.

0
0
l
l
0
0
l
i

0
1
0
1
0
1
0
1

V
VI V 2 V 3 V 4
1 1 1
1 1
1
1
1
1
1 1 1
1
1
1
1

V5
1

V6

V7

v„8

1
1
1
1
1
1

1

1
1
1

1
1 1
1 1

(a)

V,
V2
V3

L|
1
1

L2

L4
1

1

Ls

L8
1

L9

1

1

1

1

1 1
1

L 10 L,

1

1

V4
V5
V 6

L3

Lines
L6 L7

1

1

1

V,

1

V,

1

1

1

1
(b)
Surfaces

s,
V,

v2

s2

s,

s4

I

s5

1

1

I

1

I

V3

1

1

1

V4

1

1

1

V,
V6
V,
V,

1

1

I

1
1
1

s6

1
1

1
1

1
1

(c)

Figure 7.51 (a) Vertex-based relational table and vertex connections, (b) vertex to line
connections, and (c) vertex to surface connections.

Figure 7.52

Projections of the unit cube, (a) Isometric, (b) orthographic, and (c) perspective.
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vertex-based table 87.5% of the prime attributes are visible. Perhaps the worst
case projection would be an orthographic projection parallel to a surface,
which would show one surface, four lines, and four vertices. The percentages
of visible prime attributes would then be 16.7, 33.3, and 50% for the surface-,
line-, and vertex-based tables. N ote that the same ordering of percentages
would occur for perspective projections as well. Therefore, we may conclude
that, at least for this example, the vertex-based relational table would provide
the greatest percentage of visible prime attributes when the scene is projected
onto an image plane. This would be an im portant feature for any object
recognition, scene matching, or scene understanding system.
Extension to Multiple Objects
F or consideration of physical scenes, the relational table representation
must be extended to multiple objects of various shapes, colors, textures, etc. A
distinct table could be prepared for each three-dimensional object using
prismatic solids or other approximations.
The projection of multiple objects also introduces the problem of superimposition or occlusion, in which portions of an object are hidden by other
objects. Again the relational table representation that is least affected by
projection is a vertex-based table.
Another interesting feature introduced by projection of multiple objects is
that if a camera or observer position is given, a range or distance from the
observer may be com puted and used to order the objects.
The extension of this example to a more-complex object representation
including relations of color, material, or other properties of the surfaces could
be made by adding these relations to the previous tables. Further extensions
and research are required in order to fully develop this m ethod of scene
representation. The relational representation appears to be a natural step
between complex physical scenes and images and the formal syntactic de
scription methods.
A second example of scene representation will now be considered in which
the only inform ation given is a single image of the scene (Hwang and Hall,
1978). The representation will be based upon the relation of adjacency of
regions, as represented by a relational matrix called the adjacency matrix, and
shape descriptors. Each region is described by the shape of its boundary. To
determ ine the accuracy of the representation, the relational representation is
used to reconstruct the major attributes of the scene. D ata compression ratios
of 1 0 : 1 were achieved, com paring the relational representation to the original
boundary points. This ratio is much higher if the num ber of points in the
representation is com pared to the original image.
The technique presented illustrates that simple methods may be used to
concisely represent a complex image of a scene. Certain portions of the
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representation such as the adjacency matrix may be used as invariant features
of the scene or as a basis for further analysis.
Some basic definitions from graph theory that will be used in this section
will be briefly reviewed. M ore complete descriptions may be found in H arary
(1969) and Pavlidis (1977).
A graph G = ( V , B ) consists of a set of nodes V together with a set B, whose
members are unordered pairs of nodes, the branches of G. Two nodes of a
graph are said to be adjacent if there is a branch between them. A graph G
can be represented by an adjacency matrix whose iy'th element is set to one if
there is a branch from node i to node j .
A weighted graph is a graph with a real num ber or weight W (i,j) assigned to
the branch
A chain in G is a sequence V l,b l,V 2,b 2, . . . , V l,b ,,V t +l ,
where t > 0, each V{ is a node, and each Z>, is the branch (V t, Vi+l). A chain is
called simple if all the Vi are distinct and closed if Vl+ l= V x. The length of a
chain is the num ber of branches in it. A simple closed chain is a circuit. A
graph G is complete if for every V ^ V j , ( V-, Vj )G B. T hat is, G is complete if
all possible branches of G are in G.
Consider a scene represented by a structural model in which the regions of
the scene are the elements. A scene descriptor thus consists of a set of
relational graphs and a set of property descriptors of the regions. A relational
graph can be constructed by a specified binary relation. One of the im portant
properties used to characterize a region is a shape description. There are
various methods of shape description: the polygon approxim ation used by
Pavlidis and Ali (1975), chain encoding and centroidal profiles used by
Freem an (1961, 1977), and the Fourier descriptor used by Persoon and Fu
(1977). All are successful in m any aspects. In order to reduce the com putation
time and simplify the representation of a shape a relaxation description
technique is used. The shape of the region is first approxim ated by a sequence
of sampled points that are obtained by sampling the boundary of the region
in some angular interval. The vector connecting the centroid with the
boundary point of the region with maximum distance has been chosen as the
reference axis. The sampled boundary points are then ordered clockwise
following the same sequence as the original boundary points. Then the shapes
of the regions can be described by a set of shape variation profiles and
angular variation profiles. They can also be represented by graphical circuits.
Adjacency is an im portant binary relationship in scene description. All the
eight neighboring points of a point f ( x , y ) may be considered adjacent to
f ( x , y ) , as shown in Fig. 7.53. Two regions in a scene are considered adjacent
if at least one pair of boundary points p pp j is adjacent, Pi £ Pbi,Pj &p hJ, where
pbi and pbj are the boundary point sets of regions i and j . Using the adjacency
relation a region adjacency graph may be obtained from the boundary point
sets. For example, a simple scene consisting of a block, a pyramid, and a
cylinder is shown in Fig. 7.54. The scene is segmented into regions using only
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/ ( x + 1. y + 1)

/ ( x - 1, y)

/( x , y)
•

f(x+ l.y)
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f(x + l . y - 1)

Figure 7.53 Adjacent neighbors of point j ( x , y ) . [From Hwang and Hall (1978).]

Figure 7.54 Scene consisting of block, pyramid, and cylinder. [From Hwang and Hall
(1978).]

Figure 7.55
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Scene segmented into regions. [From Hwang and Hall (1978).]
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Figure 7.56 Thresholded image. [From Hwang and Hall (1978).]

Figure 7.57

Resulting 11 regions and boundaries. [From Hwang and Hall (1978).]

histogram segmentation, as shown in Fig. 7.55. By thresholding the smaller
regions that are less than 30 pixels, the boundary points of each region are
then traced and stored. Figure 7.56 shows the thresholded image. Figure 7.57
shows the resulting 11 regions and their boundaries. R x denotes the back
ground region. R 2 and R 3 are two adjacent regions of the cylinder. R s, R 6,
and R w are three adjacent regions corresponding to the block. R 5, R 1, R s, and
R g are the adjacent regions corresponding to the pyramid. R u is an isolated
region. The adjacency graph is constructed by connecting the centroids of the
adjacent regions. The region adjacency graph is shown superimposed on Fig.
7.58. The adjacency matrix is shown in Fig. 7.59. Notice that the background
region R { is adjacent to all the regions; therefore all the entries in the first
row of the matrix are Is. R t is the only region to which R n is adjacent;
therefore R u is an isolated region. The geometric inform ation can also be
represented in the relational graph by using a weighted relational graph. The
degree of adjacency between two regions may be defined as the reciprocal of
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Figure 7.58

Connections of centroids of regions. [From Hwang and Hall (1978).]

the Euclidean distance between the centroids: the shorter the distance, the
more adjacent the regions. Define the weight of each branch in the weighted
adjacency graph by W( R i, R j ) = dmiLX/ d ( R i,R j ), where d(R t, R j) is the
Euclidean distance between two adjacent regions R : and Rj, and dmiLX=
m ax d (R i,R J) for all adjacent regions. The weighted adjacency m atrix of the
scene is shown in Fig. 7.60. The weighted relational graph is shown in Fig.
7.61. Since the weighted relational graph is normalized with respect to dmax, it
is invariant under rotation and translation of the scene.
To describe the shape, consider a simply connected boundary of a region
as shown in Fig. 7.62. Let (Bmx,B my) be a boundary point with maximum
distance to the centroid (Cx ,C y). The vector connecting (Cx, C y) and
(Bmx,B my) is chosen as the reference axis for angular boundary sampling. If n
samples are taken in the 2 77 radius, the angular sampling interval is 6 = 2'rr/n.
The slope of the reference axis can be calculated by
M = ( B my- C y) / ( B mx- C x).
The slope of any straight line connecting the boundary point (Bx ,By) and the
o—
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Figure 7.60 The weighted adjacency matrix of the scene. [From Hwang and Hall (1978).]

R6

Figure 7.61

The weighted adjacency graph of the scene. [From Hwang and Hall (1978).]

Figure 7.62

Sampling a boundary at angular increments. [From Hwang and Hall (1978).]
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centroid is given by
M h = ( By - C y) / ( B x - C x).
Then the sampled boundary point at 9 must satisfy the sampling line equation
Bmy- C y

By - C y \ / t

Bmy — Cy By — Cy

Bmx~ C x

Bx — Cx ) / \

Bmx —Cx Bx —Cx

- tan 9 = 0

and
(B x - Cx)(B my - C y) - ( B y - Cy)(B mx ~ Cx) > 0 ,

for 9<ir,

( Bx - Cx)(B my - C y) - ( B y - Cy)(B mx - Cx) < 0,

for 9 >■*.

Since the boundaries of the regions are not continuous curves but are
quantized, the point that satisfies the equation m ay not be a boundary point.
Therefore, a point in the boundary point set with minimum distance to the
sampling line equation is chosen as the sampled boundary point at 9. F or a
region with a spiral boundary, as shown in Fig. 7.63, the nonadjacent
boundary points are chosen as the sampled boundary points if the distance
from these points to the sampling line is less than 1 / V 2 times the unit pixel
scale. If two adjacent boundary points satisfy the above criterion, the one
with the smallest distance is chosen.
Since all the boundary points are ordered clockwise sequentially, the
sampled boundary points can also be ordered by following the sequential
order of the original boundary point set. F or example, assume that the
boundary point sequence in Fig. 7.63 is abcdefghijklmna, and Cta is the
reference axis. If samples are taken for 0,
and
rad, the sampled
boundary points will be abigfkhdm. If one then compares the sampled
boundary points with the original boundary point set, the ordered boundary
point sequence abdfghikma is obtained. A piecewise linear approxim ation

Figure 7.63 Sampling a region with spiral boundary. [From Hwang and Hall (1978).]
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Figure 7.64 (a) Sampling discrete boundary requires selection of nearest neighbor and (b)
sampling at discrete angles can introduce more information at some angles than others. [From
Hwang and Hall (1978).]

shape m ay then be obtained by connecting the consecutive sampled
boundary points.
Notice that the boundary points are quantized since for sampling interval
0, the num ber of sampled boundary points n might be larger than 2 w/ 6 but
smaller than the total num ber of the boundary points N , that is, 2 tt/ 0 < n<
N . This is illustrated by Fig. 7.64a. F or a sampling line S at 6, four sampled
boundary points abed may be obtained by this sampling. The point e is not a
sampled boundary point, since e is adjacent to b but b is closer to the
sampling line. F or n = 2 tr/0 the sampling points are adequate only when the
shape of the region is convex and the angular sampling interval is reasonably
large. Figure 7.64b illustrates another characteristic of the sampled boundary
point. F or the sampling lines S, at 0, and S 2 at 02 the sampled boundary
point is the same point f, since f is the m inim um distance point to both 5,
and S 2. One may also argue that more inform ation has been lost in some
sampling intervals than in others. The basic problem involves techniques for
adaptive sampling of the region boundary.
Figure 7.65 shows the reference axis of sampling for the scene of Fig. 7.54.
Figure 7.66 shows the boundary of the background region. Figure 7.67 shows
the piecewise linear approxim ation of the background region if the sampling
interval is 5°. The total num ber of sampling points required to draw Fig. 7.67
was 293. The num ber of boundaiy points for the background region of Fig.
7.66 was 1011; therefore, the data compression ratio is approximately
Figure 7.68 shows the piecewise linear approxim ated region boundary of the

Figure 7.65

Reference axes selected for segmented regions. [From Hwang and Hall (1978).]

Figure 7.66

Boundary of background region. [From Hwang and Hall (1978).]

Figure 7.67 Sampled boundary of background region sampled at 5° intervals. [From Hwang
and Hall (1978).]
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Figure 7.68 Piecewise-linear approximated region boundaries sampled at 30° intervals.
[From Hwang and Hall (1978).]

Figure 7.69

Sampled boundaries for 15° intervals. [From Hwang and Hall (1978).]

Figure 7.70 Sampled boundaries for 5° intervals. [From Hwang and Hall (1978).]
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scene for the sampling interval of 30°. Figure 7.69 is the sampled boundary
scene for 15° and Fig. 7.70 for 5° sampling interval, which shows that the
sampled boundaries do give a good approximation. A com parison of the
sampled boundary points used is shown in Fig. 7.71. The average data
compression ratio for 5° sampling was 0.47, for 15° sampling 0.19, and for
30° sampling 0.10.
As discussed previously, the boundaries of the regions in a scene can be
piecewise linearly approxim ated by a sampled shape. The inform ation of the
shape of a region of a scene is stored in a sequence of sampled boundary
points. Consider the sampled boundary points as the primitive elements of a
shape descriptor. If the sam pled boundary points are consecutively labeled,
the graphic representation can be used to describe the sampled shape of a
region. F or example, given the region boundary shown in Fig. 7.72a, if the
boundary is sampled every 30°, 12 sampled boundary points are obtained.
Since
Ct V l = m ax( Ct F;.),

i

Ct V 1 is chosen as the reference axis. The 12 sampled boundary points are
then labeled V1,V 2, .. ., V l2 clockwise. Since all the line segments between two
nodes carry the geometric inform ation of the shape of a region, one may
assume that all the nodes are related to one another. Therefore, a complete
graph corresponding to the twelve nodes V 1,V 2, . . . , V I2 can be drawn as
shown in Fig. 7.72b. Assume the weight of the relationship to be
d mJ d ( V t,V j), where
4na*= max d{ Vi, Vj);
‘j
then a weighted adjacency m atrix can be constructed. The sampled region
boundary is then a circuit of Vv B x( Vx, V2), V2,B 2(V 2, V3) , . . . , V I2, B l2( V 12, F,),
v x.
F or example, the weighted adjacency m atrix of region 2 of Fig. 7.60 for 30°
sampling is shown in Fig. 7.72c. The circuit of F 1?3.70, F 2,4.76, F 3 ,5.88, F 4 ,5,
F 5,4.76. F6,4.76, F 7 ,3.7, F 8,4.76, F 9,5.88, F 10 ,5, F u ,5, F 12,3.85, represents the
sampled boundary of region 2 .
The sampled shapes of the regions can also be described by sampled shape
variation profiles and angular variation profiles, which originated from
Freem an’s centroidal profile (Freem an, 1961). The shape variation profile is
simply a normalized plot of the distance from the sampled boundary points to
the centroid of the region versus angle. The angular variation profile is a plot
of the angle between the lines connecting the sampled boundary points to the
centroid and the reference axis. For example, the sampled shape variation
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Figure 7.72 (a) Region boundary sampled every 30°, (b) complete graph for the 12 sampled
points, and (c) weighted adjacency matrix of R 2 for 30° sampling. [From Hwang and Hall
(1978).]
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n
(b)

Figure 7.73 (a) Radial shape profile and (b) angular variation profile for region shown in Fig.
7.72a. [From Hwang and Hall (1978).]

profile and angular variation profile of the shapes in Fig. 7.72a are shown in
Fig. 7.73a, b, where k is the sampling sequence num ber and n is the total
num ber of sampled boundary points. Notice that the angular variation profile
in Fig. 7.73 is linear. However, in the practical case, a linear profile would
rarely happen since the boundary points are quantized. Exceptions might be a
circular shape or a sampling interval so large that only one sampled boundary
point is obtained at each sampling. The sampled shape variation profile and
angular variation profile of the scene are shown in Fig. 7.74a-d for 30 and 5°
sampling.
It is easy to find that R 2 is the region whose angular plot is linear, since its
shape is regular. The variation of the sampled shape profile and angular
variation profile can also indicate the irregularity of the shapes of a region.
One may also see that the angular variation profile of
crosses 180° four
times, whereas the profile of R 2 crosses only once. The sampled shape profile
of R , also has more peaks than that of R 2. Hence, the shape of
is more
irregular than that of R 2. In addition, the sampled shapes’ variation profiles
and angular variation profiles are normalized plots and are therefore in
variant under translation and rotation.
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(a)

(b)

Figure 7.74 (a) The shape variation profiles of regions R t, R 2, and R 3 for 30° sampling, and
(b) the shape variation profiles of regions R t, R 2, and R 3 for 5° sampling.

7.4.2

Syntactic Description

As previously indicated, natural scenes may be described in terms of
hierarchical structures such as the scene-object-surface-boundary-point
hierarchy, in which each pattern is described in terms of simpler patterns
until a terminal level is reached. The formal approach to these methods of
pattern composition is often called syntactic or structural description and
recognition. The techniques are analogous to those used in the study of
language, such as parsing a sentence into phrases that are built up of words
that are composed of characters. The typical parsing result is a tree structure
that may be used to describe the sentence or verify its correctness with
respect to a set of gramm atical rules or grammar.
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<c)

(d)

Figure 7.74 (c) the angular variation profiles of regions R v R 2, and R 3 for 30° sampling, and
(d) the angular variation profiles of regions R {, R 2, and R 3 for 5° sampling. [From Hwang and
Hall (1978).]

The syntactic approach to scene analysis offers a possibility for describing
a large set of complex patterns using small sets of simple pattern primitives
and structural rules. An introduction to this approach will be described in this
section. Excellent starting points for a more complete study may be found in
the books by Fu (1974) and Gonzalez and Thom ason (1978). Since many of
the concepts have been adapted from m athem atical language theory some
im portant definitions will be briefly reviewed.
As an example of a large class of patterns that are commonly recognized
syntactically consider F o r t r a n programs. Each statem ent in a program is a
string of characters; only a small num ber of the possible strings are valid and
these m ust be distinguished from invalid ones. The F o r t r a n compiler may
therefore be called a structural pattern recognizer. M ost images do not consist
of character strings; however, certain pictorial patterns such as chromosome
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images, bubble chamber images, and many com puter graphics images can be
made to fit the string model. Generalizations of the relationships from
“concatenating characters” to more general types have resulted in more
powerful syntactic methods.
Syntactic description is m ost easily applied to scenes or images that have
the following properties:
(a) They can be decomposed into a relatively small num ber of unique
elements called primitives, such as vertices or line segments.
(b) The primitives must be recognizable by an autom atic procedure.
(c) The scenes must have an underlying structure.
An alphabet V, is any finite set of symbols. A sentence, string, or word over
an alphabet V is any string of finite length composed of symbols from the
alphabet. For example, given the alphabet V = { 0 , 1}, the following are valid
sentences: 0 , 1 , 0 0 , 0 1 , 1 0 , 1 1 , 0 0 0 , 0 1 1 , . . . .
The sentence with no symbols is called the empty sentence, which we shall
denote by A. For an alphabet V, we shall use V* to denote the set of all
sentences composed of symbols from V, including the em pty sentence. The
symbol V + will denote the set of sentences V * —X. For example, given the
alphabet V = {a, b), we have V* = {A, a, b, aa, ab, ba, . . . } and V + =
{ a ,b ,a a ,a b ,b a ,...}. A language is any set (not necessarily finite) of sentences
over an alphabet. F or example, the F o r t r a n language consists of a set of
sentences, each constructed according to a set of rules. As is true in natural
languages, a serious study of formal language theory m ust be focused on
grammars and their properties.
We define a form al string grammar (or simply, grammar) as the 4-tuple
G = (N ,? ,,P ,S ), where N is a set of nonterminals (variables), 2 a set of
terminals (constants), P a set of productions or rewriting rules, and S is the
start or root symbol. It is assumed that S belongs to the set N , that N and 2
are disjoint sets, and that N , X, and P are finite sets. The alphabet V is the
union of N and 2.
The language generated by G, denoted by L (G ), is the set of strings that
satisfy two conditions: ( 1 ) each string is composed only of terminals (i.e.,
each string is a terminal sentence), and (2) each string can be derived from S
by suitable applications of productions from the set P.
The following notation will be used throughout this section: Nonterm inals
will be denoted by capital letters: S , A , B , C , . . . . Lower-case letters at the
beginning of the alphabet will be used for terminals: a ,b ,c ,.... Strings of
terminals will be denoted by lower-case letters toward the end of the alpha
bet: v, w, x , . . . . Strings of mixed terminals and nonterm inals will be repre
sented by lowercase Greek letters: a ,fi,y ,8 , —
The set P of productions consists of expressions of the form
where a
is a string in V + and /? is a string in V*. In other words, the symbol -»
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indicates replacement of the string a by the string /?. The symbol => will be
G

used to indicate operations of the form yaS => yj8S in the gram m ar G; that is,
G

=> indicates the replacem ent of a by fi by means of the production

y

G

and S being left unchanged. It is custom ary to drop the G and simply use the
symbol => when it is clear which gram m ar is being considered. Also, if a is a
string, a " is a written n times. The length of a string is denoted |a|.
The production rules are an integral part of the definition of the grammar.
Also, note that a production rule may have either a term inal or nonterm inal
symbol or string on the right, but it never has an isolated terminal symbol on
the left. To generate a valid sentence according to the rules, we begin with a
string consisting of a single symbol and then use the rules to make replace
ments. Any symbol occurring in the string and on the left side of a produc
tion rule may be replaced within the string by the corresponding right side of
the rule. Conversely, a set of rules may be used to recognize a string as a valid
sentence if it is possible to make replacements of the right sides of production
rules with their corresponding left sides until the resulting string is a single
symbol sentence.
Gram m ars may be categorized into four types depending on the type of
restriction placed on the production rules. A gram m ar in which the produc
tions have the general form ot—>[l is called a phrase structure grammar.
A gramm ar in which the general form of productions
(a in V + and fi
in V*) is allowed is called an unrestricted grammar.
A context-sensitive grammar has productions of the form a xA a 2- ^ a l (3a2,
where a , and a 2 are in V*, f3 is in V +, and A is in N . This gram m ar allows
replacement of the nonterm inal A by the string ft only when A appears in the
context a xA a 2 of strings a , and a 2.
A context-free grammar has productions of the form A->/3, where A is in N
and /? is in V +. The name “context free” arises from the fact that the variable
A may be replaced by a string (i regardless of the context in which A appears.
Finally, a regular (or finite-state) grammar is one with productions of the
form A —>aB or A —>a, where A and B are variables in N and a is a term inal in
2 . Alternative valid productions are A —>Ba and A —>a. However, once one of
the two types has been chosen, the other set m ust be excluded.
These grammars are sometimes called type 0, 1, 2, and 3 grammars,
respectively. It is interesting to note that all regular grammars are context
free, all context-free grammars are context sensitive, and all context-sensitive
grammars are unrestricted.
Although unrestricted grammars are considerably more powerful than the
other three types, their generality presents some serious difficulties from both
a theoretical and a practical point of view. To a large extent, this is also true
of context-sensitive grammars. For these reasons, most of the work dealing
with the use of gramm atical concepts for image description and pattern
recognition has been limited to context-free and regular grammars.
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Figure 7.75

Derivation tree corresponding to the production abba.

Any derivation in a context-free gram m ar may be described by the use of a
derivation tree. A derivation or parse tree may be constructed by the following
procedure:
(1) The root of the tree has the label S.
(2) Every node of the tree has a label that is a symbol in N or 2.
(3) If a node labeled A has at least one descendant other than itself, then
A is an element of N.
(4) If nodes n x,n 2, ...,n k are the direct descendants of node n with label A
ordered, from left to right, with labels A l , A 2, . . . , A k , respectively, then A —>
A lA 2 - • ■A k must be a production in P.
As an example consider the context-free gram m ar that generates strings
consisting of an equal num ber of as and bs (Fu, 1977):
G=(N,I,,P,S),

where

N = {S , A,B],

2 = {a, b)

(5) A - * a ,
(6) B->bS,

(7) B->aBB,
( 8 ) B -*b.

and productions P:
(1) S —>aB,
(2 )S -* b A ,

(3)A - * a S ,
(4) A —>bAA,

Typical generations or derivations of sentences may be generated by starting
with S and applying the production rules. For examples, the application of
productions (1), (6 ), (2), (5) gives
S=$-aB=>abS^> abbA =^abba.
The derivation tree corresponding to this production is shown in Fig. 7.75.
N ote that an infinite num ber of productions with corresponding derivation
trees could be generated by the simple grammar.
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Figure 7.76 (a) Primitives of a chromosome grammar, (b) submedian chromosome, and (c)
telocentric chromosome. [From Ledley et al. (1965). Reprinted from “Optical and Electro-Optical
Information Processing,” edited by J. T. Tippett et al., by permission of The MIT Press,
Cambridge, Massachusetts. Copyright © 1965 by the MIT Press.]

The use of a string gram m ar restricts the relations between subpattem s or
primitives to one-dimensional concatenation, that is, each subpattern can be
connected to another only at the left or right. Since images and scenes are
inherently two- and three-dimensional, one m ust either reduce the scene
patterns to strings or generalize the types of relations permitted, to apply
syntactic methods to scene analysis. Both approaches will now be illustrated.
An interesting illustration of image description by boundary tracking is the
gramm ar proposed by Ledley (1964; Ledley et al., 1965) to characterize
subm edian and telocentric chromosomes. Typical subm edian and telocentric
chromosome shapes are shown in Fig. 7.76b, c, along with the string repre
sentation obtained by tracking the boundary of each chromosome. This
gram m ar utilizes the primitive elements shown in Fig. 7.76a, which are
detected as a chromosome boundary is tracked in a clockwise direction. The
complete gramm ar is given by G = (N ,'S,,P ,S), where 2 = { a ,b ,c ,d ,e } ,N =
{ S , T , A , B , C , D , E , F } , where S equals S or T and
S’
T
A
B

subm edian chromosome,
telocentric chromosome,
arm,
bottom ,

C
R
L
M

side,
right part,
left part,
arm pair.

The productions are P:
(1)
(2)
(3)
(4 )
(5)

S^M-M,
T-+B M,
M - ^ M C,
M -+ A-R,

(6 )
(7)
(8)
(9)

M -* L -A ,
L ^ A c,
R —>c-A,
B ^b -B ,

(10) B ^ B b,
(11 ) B - + e ,

( 1 2 ) C ^ b C,
(13) C ^ C b,
(14) C ^ b ,

(15) C ^ d ,
(16 )A -+ b-A ,
(17) A —>A-b,
(18 )A -> a.
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h(-a) = t(a)
t (-a) = h(a)
h(a + b) = h (b )
t( a + b ) = t(b)
a + b

h( a - b) = h(a)
t(a - b ) = t(a)

a-b
(b)

a x b

h (a x b ) = h(b )
t(a x b) = t(b)

h(a * b) = h(a)
t(a * b) = t(a)

(c)

(e +( -se)) * ne
(d)

Figure 7.77 Steps in the construction of a picture description language. (Note the connec
tions of heads and tails in the composite structures.) (a) primitives, (b) negative, operators h(a)
and t(a) indicate head and tail of directed primitives, (c) binary operators, (d) a PDL expression.

The operator
is used to describe simple connectivity of the terms in a
production as the boundary is tracked in a clockwise direction.
The above gram m ar is in reality a com bination of two grammars with
starting symbols S and T, respectively. Thus, starting with S' allows genera
tion of structures that correspond to subm edian chromosomes, and T pro
duces structures that correspond to telocentric chromosomes.
A nother interesting example of a gramm ar that uses a different form of
concatenation is the picture description language (PDL) developed by Shaw
(1970) for describing objects using a directed line or curve primitive and four
binary operators for defining concatenation relations between the primitives.
The primitives of a PD L is the directed line segments shown in Fig. 7.77a.
For disconnected subpatterns, the “blank” primitive is also used. Five basic
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operations, as shown in Fig. 7.77b, c, are also used. Each line-type pictorial
pattern is then represented by a labeled branch-oriented graph in which the
branches represent primitives. A sample construction is shown in Fig. 7.77d.
The gramm ar that generates the PDL expressions in the PD L is a contextfree grammar
G = (N,2,P,S),
where the nonterm inal set is
W={S,L},
and the set of terminals is
2 = { Z > } u { + , X , —, / , ( , ) } u { / } ,
where b may be any primitive, including a “blank” primitive, that is useful in
describing disconnected subpatterns. The blank primitive is considered to
have an identical tail and head.
The productions of the PD L are
S -* b
L —*Sl
<t>->+
S —>(S<j>S)
L-^(L(j>L)
<f>—»X
S ~ > (~ S )
L - K —L)
<*.->S^L
L - K /L )
<t>->*,
S -* /L
where I is a label designator that is used to perm it cross reference to the
expressions within a description, and / is an operator that is used to enable
the head and tail of an expression to be arbitrarily located.

Higher-Dimensional Grammars
The types of gramm ars previously discussed have related primitives only by
a type of concatenation, that is, the collections of symbols have been
inherently ordered by their position in a string. Since there is no natural
ordering for two- or higher-dimensional space, more complex relations are
required for image and scene analysis. For example, a line in a picture has
not only a “value” such as “straight line”, but also a set of coordinates that
describe its location and extent in two or three dimensions. Tree, web, and
graph grammars will now be described briefly to illustrate the generalizations
that have been developed. M ore complete discussions m ay be found in
Gonzalez and Thom ason (1978) and Fu (1977).
A tree T is a finite set of one or more nodes such that
( 1 ) there is a unique node designated the root;
(2) the remaining nodes are partitioned into m disjoint sets, T x, . . . , T m,
each of which in turn is a tree called a subtree of T.
The tree frontier is the set of nodes at the bottom of the tree (the leaves),
taken in order from left to right. F or example, the tree shown in Fig. 7.78 has
root $ and frontier x y .
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Figure 7.78 Tree with root $ and frontier xy.

Generally, two types of inform ation in a tree are im portant, the inform a
tion about a node stored as a set of words describing the node, and the
inform ation relating the node to its neighbors stored as a set of pointers to
those neighbors. As used in image descriptions, the first type of inform ation
identifies a pattern primitive, while the second type defines the physical
relationship of the primitive to other substructures.
The structure shown in Fig. 7.79a can be represented by a tree by using the
relationship “inside of.” Thus, denoting the root of the tree by the symbol $,
we see from Fig. 7.79a that the first level of complexity involves a and c
inside $. This produces two branches em anating from the root, as shown in
Fig. 7.79b. The next level involves b inside a and d and e inside c. Finally, we
complete the tree by noting t h a t / i s inside e.
A tree grammar is defined as a 5-tuple G = (N ,1 .,P ,r,S ), where N and 2
are, as before, sets of nonterm inals and terminals, respectively; S is the start
symbol, which can, in general, be a tree; P is a set of productions of the form
where Q and ’J' are trees; and r is a ranking function, which denotes the
num ber of direct descendants of a node whose label is a terminal in the
grammar.
The form of production 12—►'I' is analogous to that given for unrestricted
string gramm ars and, as such, is usually too general to be of much practical
use. A type of production that has found wide acceptance in the study of tree
systems is an expansive production, which is shown in Fig. 7.80, where
A , A l , A 2, -. - , An are nonterm inals and a is a terminal. A tree gram m ar that has
only productions of this form is called an expansive tree grammar.

Figure 7.79 (a) A simple composite region and (b) tree representation obtained by using the
relation “inside of.” (Reproduced from “Digital Image Processing and Recognition,” 1977, by
Rafael C. Gonzalez and Paul Wintz, with permission of Addison-Wesley, Reading, Massachu
setts.)
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Figure 7.80 Expansive production. (Reproduced from “Syntactic Pattern Recognition,” 1978,
by Rafael C. Gonzalez and Michael G. Thomason, with permission of Addison-Wesley, Reading,
Massachusetts.)

Web Grammars
As illustrated in Fig. 7.81, webs are undirected graph structures whose
nodes are labeled. W hen used for image description, webs allow representa
tions at a level considerably more abstract than that afforded by string or tree
formalisms.
In a conventional phrase-structure string gram m ar rewriting rules of the
form a —»/? are used to replace one string by another. Such a rule is
completely specified by specifying strings a and /?; any string yaS that
contains a as a substring can be immediately rewritten as y/38. Similarly, the
productions of expansive tree grammars are interpreted without difficulty.
The definition of rewriting rules involving webs, however, is m uch more
complicated. Thus, if we want to replace a subweb a of the web u by another
subweb j8, it is necessary to specify how to embed fi m u in place of a. As will
be seen below, this can be done by using embedding rules. An im portant
point, however, is that the definition of an em bedding rule must not depend
on the “host web” because we want to be able to replace a by fi in any web
containing a as a subweb.
Let V be a set of labels and N a and N(j the set of nodes of webs a and fi,
respectively. Based on the above concepts we define a web rewriting rule as a
triple (a , /?,<#>), where <f> is a function from Np X N a into 2 V (the set of subsets
of labels). This function specifies the embedding of fi in place of a; that is, it
specifies how to jo in to nodes of fi to the neighbors of each node of the
removed subweb a. Since (f> is a function from the set of ordered pairs
Np X Na, its argum ent is of the form (n ,m ), for n in Np, and m in N a. The
values of <p(n,m) specify the allowed connections of n to the neighbors of m.
F or example, <f>(B,A) = [ C , D ] m eans “join node B (in fi) to the neighbors of
node A (in a) whose labels are either C or D." W e shall om it the embedding
specification and instead use the term “norm al” to denote situations in which
there is no ambiguity in a rewriting rule.

Figure 7.81 Some simple webs. (Reproduced from “Syntactic Pattern Recognition,” 1978, by
Rafael C. Gonzalez and Michael G. Thomason, with permission of Addison-Wesley, Reading,
Massachusetts.)
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A web grammar is defined as a 4-tuple G = ( N, H, P, S) , where N is the
nonterm inal vocabulary, 2 the terminal vocabulary, P a set of web produc
tions, and S the set of starting webs. As usual, 5 is in N, and the vocabulary
V is the union of N and 2.
The above definition of a web gramm ar is analogous to that of an
unrestricted string grammar, and as such is too broad to be of much practical
use. As in the case of string grammars, however, it is possible to define
restricted types of web grammars by limiting the generality of the produc
tions.
We shall call a web rewriting rule (a,/3,<p) context sensitive if there exists a
nonterm inal point A of a such that (a —A ) is a subweb of ft. In this case the
rule rewrites only a single point of a, regardless of how complex a is. If a
contains a single point, we shall call (a,j8,<t>) a context-free rule. It is noted
that this is a special case of a context-sensitive rule since (a —A ) is empty
when a contains a single point. By representing strings as webs (e.g., the
string aA b c... m ay be expressed as the web a =>A =>Z>=>c ■• •) it may be
shown that the above rewriting rules are analogous to context-sensitive and
context-free string productions.
If the terminal vocabulary of a web gramm ar consists of a single symbol,
every point of every web generated by the gram m ar will have the same label.
In this case we can ignore the labels and identify the webs by their underlying
graphs. This special type of web gramm ar is sometimes referred to as a graph
grammar.
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PROBLEM S
7.1 Compute an edge enhanced image for Fig. 3.21a using
(a) the Roberts m agnitude operator,
(b) The F rei-C h en m agnitude operator, and
(c) the Sobel operator.
Select a threshold that produces 10% of the picture points as edge points and
produce edge images for each method. W hich m ethod produces the most
continuous boundary?
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7.2 Use the B rice-Fennem a threshold m ethod to segment the image of Fig.
3.21a. Merging and splitting of regions is not required. Perform a least
squares fit to a circle for the boundary point between gray levels 4 and 5.
7.3 Use the picture description language (PDL) shown in Fig. 7.77 to
construct an expression for the image shown in Fig. 7.44. Use a “blank”
primitive for the disconnected patterns.
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8

Scene Matching
and Recognition

8.1

Introduction

M any im portant decisions may be m ade based upon the inform ation
contained in images of scenes. Most objects encountered in the physical
world are three-dimensional structures. A collection of these objects may be
called a scene and the two-dimensional picture generated by viewing the
scene, an image. The intensity at a given point in the image is affected by
several variables, including
(a) viewing geometry: distance and angle of object surfaces with respect
to the illumination source,
(b) spectral composition of the illumination source,
(c) reflectance properties of the object surfaces,
(d) spectral characteristics, processing, and nonlinearities of the sensor
systems,
(e) scene content.
The desire to make a decision based upon inform ation contained in a scene
leads us directly into the study of pattern recognition. Pattern recognition is a
well-developed m athem atical discipline concerned with models and methods
for decision processes. These m ethods will be applied to the problem of scene
m atching and provide guidelines not only for technique development but also
for perform ance evaluation.
In the previous chapter, we considered segmentation, regional descriptions,
and relational descriptions that apply directly to scenes containing objects.
Techniques that also apply to scenes in which objects m ay be indistinct or
irrelevant to the pattern of the scene will now be discussed. For example,
consider the scene shown in Fig. 8.1, which is a derived population distribu
tion map. This scene shows a situation rather than distinct objects. Even in
scenes of this complexity, some very interesting problems m ay be solved. One
general class of problems is called scene matching: Given a pictorial descrip468
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Figure 8.1 Typical image encountered in scene matching, population distribution in eastern
United States. (From the US Bureau of the Census, US Maps, GE-70, No. 1. Courtesy of J. R.
Carter.)

tion of a region of a scene, determ ine which region in another image is
similar. The m ethod used to solve this problem is, in its simplest form, called
template matching. An image of a template is given, and it is desired to
determine all locations of the tem plate in another image. The general problem
may involve geometrical and sensor variations. F or example, given a region
from the image shown in Fig. 8.1, determ ine the corresponding region in the
image shown in Fig. 8.2. N ote that if corresponding regions could be
determined, then the images could be accurately registered, corresponding
objects located, and perhaps the relations between the objects in the scene
could be described.
The basic approaches to scene matching will now be considered. The
correlation and template m atching techniques will first be reviewed. Then
methods of sequential similarity will be described. Finally, a new approach
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Figure 8.2 Typical image corresponding to Fig. 8.1, satellite image taken at night of the
eastern US and Canada showing lights of the urban areas and moonlight reflected from clouds
and snow. (From the USAF Air Weather Service photograph for March 1972. Courtesy of J. R.
Carter.)

involving hierarchical search techniques will be described and several exam
ples given. M ethods for com paring the perform ance of scene matching
techniques will be described and illustrated.
8.1.1

Recognition Models Used in Scene Matching

Before considering the specific problems of scene recognition, it is im
portant to review several pattern recognition models. Each of these models
will later be applied to scene recognition; however, the models are of a very
general nature and apply to nonpictorial as well as pictorial patterns.
The first model to be considered is the decision process called the basic
recognition model: Given a m easurem ent vector x, determ ine to which of
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several classes C, the m easurem ent belongs. In the statistical recognition
formulation, an optim um decision may be m ade if sufficient inform ation
about the joint probability function is known. Often only a set of training
samples is given. If these samples are labeled according to membership, this
problem may be called supervised classification. If the samples are not
labeled, the problem may be called unsupervised classification or clustering.
The supervised pattern recognition problem m ay be form ulated as follows.
Consider a group of objects G = {Oi), each belonging to one of K classes
C „ C 2, ..., CK.
It is desired to be able to decide which object belongs to which class.
The inform ation available for solving this problem m ay consist of a set of
measurements {x} m ade from some objects from G that are labeled with their
true classification. This set of measurements is called the training set. The
training sample matrix is shown in Table 8.1.

Table 8.1
Training Sample
Class c t:

x l ,x 2, . . . , x Ll

Class c2:

xLl^ , x Ll^ , . . . , x Ll + Ll

C lasscK\

xLx i+i , x Lk 2+ 2 , . . . , x Lk i +Lk

Ordinarily, the training set is an extremely small subset of G. Typically, the
training set is finite, whereas G is infinite. By examining a few examples
provided by the training set, the pattern recognizer m ust formulate a rule for
classifying all the objects in G. It is often assumed that all the objects in G are
distinguishable with respect to their observable characteristics. It m ay also be
assumed that all the training samples are correctly labeled. A decision rule
must be formulated in terms of these observable characteristics.
The pattern recognition solution consists of a rule for determining the class
membership for each object in G. Perform ance may be m easured by the
percentage of correct classification for each group, an average classification,
or by a cost analysis.
Pattern recognition is a fundam ental com ponent of intelligent behavior.
Pattern recognition in general may be considered as the classification of
objects based upon characterization knowledge and m ay be roughly sep
arated into four phases:
(1)
(2 )
(3)
(4)

observing the attributes or characteristics of the objects,
selecting useful features from the set of characteristics,
making the classification decision, and
evaluating the classification performance.
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A pattern classifier m ust accordingly be equipped with receptors or sensors
with which the pertinent inform ation may be observed. The characteristics
observed by the receptors m ay be expressed as numbers, either naturally or
artificially. For example, the presence or absence of some attribute m ay be
coded as 0 or 1, respectively. In general, the num bers obtained from the
receptors are called measurements.
Although it is possible to m ake the classification decision on the basis of
the measurements provided by the receptors, frequently these measurements
are operated upon to produce another set of numbers, called features.
W hereas measurements and features are both num bers used to characterize
the objects to be classified, features are m eant to be more directly relevant to
the intended classification. Each object is characterized by its measurem ent
values and thus by an ordered set of numbers. This ordered set of num bers is
called the measurement vector. Similarly, the feature values constitute the
feature vector. The classification rule is a m apping of the pattern space into the
set of classification decisions.
A t present, there is no standard terminology in the field of pattern
recognition, and variations m ay be encountered from publication to publica
tion. The following definitions from W ebster’s New W orld Dictionary [1960]
are, however, relevant.
Recognize:
Pattern:

To perceive or identify from past experience or knowledge,
or by some detail.
A representative sample of a class or type.

Three distinct, but not necessarily independent, aspects of a pattern recog
nition problem m ay be identified.
(1) Characterization is that aspect of the problem that involves the specifi
cation of the m easurem ent vector. Insufficient characterization will preclude
a good recognition solution while superfluous characterization will over
burden limited recognition capabilities. The characterization problem is also
called measurement selection ox feature extraction.
(2) Abstraction is that aspect that involves the form ulation of a classifica
tion rule once the feature extraction has been completed. From the total
inform ation provided by the pattern vector, the classification inform ation
must be abstracted. The majority of the pattern recognition literature has
dealt with this aspect.
(3) Generalization is that aspect that deals with evaluating a proposed
solution. The capability of a classification rule to generalize beyond the
training set to the entire pattern population m ust be assessed. Often, this
involves obtaining another set of patterns called the testing sample, with
known classification, and applying a proposed classification rule to this
testing set.
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An underlying tendency in pattern recognition is the law of parsimony.
Traditionally, scientists have had a strong faith in the ultim ate simplicity of
the basic laws. Hawkins, the editor of Bongard’s book “Pattern Recognition”
stressed the idea that the simplest explanation of the known facts m ay greatly
reduce the effort that others m ust expend to understand these facts. “Society
rightly recognizes the im portance of simplicity, and applauds labor saving
insights and devices” (Bongard, 1970, p. 53).
Einstein chose the simplest set of tensor equations for his theory of
gravitation with complete confidence and rem arked to John Kemeny that
G od would not have passed up an opportunity to make nature that
simple.
N ewton also believed in simplicity.
N ature is pleased with simplicity and affects not the pom p of superfluous
causes.
The block diagram of the basic pattern recognition system is shown in Fig.
8.3. The set of objects may be considered as the pattern space. M easurements
sensed from some property of the objects, after suitable preprocessing, form
the m easurem ent space. By selecting the relevant inform ation and excluding
irrelevant data, the feature vector is formed. The set of feature vectors forms
the feature space. The decision maker, or classifier, uses the feature vector to
make a decision about the object. The classification space is simply a set of
discrete points corresponding to the set of possible decisions.
All realistic pattern recognition problems m ay be considered as statistical
in nature. The principal statistic upon which a decision m ay be based is the
likelihood ratio. F or any two classes oj, and u>j, the likelihood ratio
is
defined by
\ l j = p ( x / u i) / p ( x / u j ),
where p ( x / co,) is the conditional probability of the feature vector x given that
it came from class w, . If
> 1, then the conditional probability or likelihood
of the m easurement vector belonging to class «, is greater than the likelihood
that it belongs to class w I f the classes are not equally probable, the
likelihood ratio may be weighted by the a priori class probabilities to form a
Pattern
Space
Objects
belonging
to
classes

M e asu re m e n t
Space

Featu re
Space

Figure 8.3 Pattern recognition system.

C la ssific a tio n
Space
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total probability ratio. Since
/ >(x,w,.)=jp ( x /« ,) i,(w,.),
the weighted ratio m ay be used to determ ine which class is most probable. If
A y > P ( « , ■ ) / /> (« ,) ,

then class «, is the most probable class. A further generalization m ay be
useful if the costs of correct or incorrect decisions are not equal. Let G, and Gj
represent the gains obtained from correct decisions about class to, and toy,
respectively. Then the likelihood ratio may be com pared to the threshold
T = P ( u i) G j / P ( u i)G,

to determ ine which decision will produce the greatest gain or least cost. If
Ajj > T, then choosing class w, should produce the greatest gain.
In the previous model we have supposed that all N features are observed by
the classifier at one stage. However, the cost of feature measurem ent may
preclude this formulation. An insufficient num ber of features will not give
satisfactory correct classification results. An arbitrarily large num ber of
features is impractical in data collection cost and in analysis. If the cost of
taking features is high, or if the problem is sequential in nature, the ap
propriate formulation is in terms of sequential decision procedures.
Examples of high cost for feature m easurement are found in industrial
processes when elaborate equipm ent must be shut down to make a measure
ment, or in risky diagnostic medical procedures.
There is a balance that m ust be established between the inform ation
provided by the measurements and the cost of taking it.
Furtherm ore, a trade-off between the recognition error and the measure
m ent cost or num ber of features m ust be made. The sequential procedure
takes features sequentially, term inating the process and making a decision
when an acceptable accuracy of classification can be achieved. If the feature
measurements are to be taken sequentially, the order of the features to be
m easured is im portant. The features should be ordered so that the m easure
ments taken will produce the earliest terminal decision.
If there are two pattern classes, then W ald’s sequential probability ratio test
(SPRT) can be applied directly (Fu, 1968). At the «th stage of the sequential
process, i.e., when the «th measurem ent has been taken, the classifier com 
putes the sequential probability ratio

where pn(x/uj), i= 1 , 2 , is the m ultivariate conditional probability density of
the ^-dimensional pattern vector x for class «,. The likelihood ratio \ is then
com pared with two stopping boundaries A and B.
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If

\„ > A , a decision xGco, is made;
\ < B , a decision x 6 u 2 is made.
If B < \ < A , then an additional feature is taken and the process proceeds
to the (n + l)th stage.
The two stopping boundaries are related to the recognition errors e2X and
e l2 by
A = ( 1- e 2i ) / e i2’
B = e2 i / ( 1~ e I2),
where etJ is the probability of deciding xGw, when actually x £ u - is true.
Following W ald’s sequential analysis, it has been shown that a classifier
using the SPRT has an optimal property for the two-class problem. That is,
for a given eX2 and <?21 there is no other procedure with lower error probability
or expected risk with a smaller average num ber of features.
F or more than two classes, the generalized sequential probability ratio test
may be used. In the generalized test the pattern classes are rejected sequen
tially until only one is left that is accepted as the recognized class. This
rejection criterion is somewhat conservative but will usually lead to a high
percentage of correct recognition because only the classes that are the most
unlikely to be true are rejected.
The sequential test partitions the feature space into three regions. The
decision boundaries in a sequential process vary with the num ber of features
n in both dimensionality and surface characteristics.
For example, suppose that x l, x 2, ... are independent feature measurements
with densities p ( x / co,); j = 1 ,2 ,...; / = 1,2 which form a univariate Gaussian
density with mean m, and com m on variance a 2. F or com putational simplicity,
lo g \, is computed rather than \ . After the first feature x x is measured,
logi\, = [ ( » ! , - m2) x x- |( w , 2- m 22 ) ] / a 2.
Compare logA, with log A and logfl, i.e., let

and
q

T2

2

= —— — !og B + - ( m l + m 2)2,
if Ij
~2.

then if
x x> T x,

then x,Gco,,

x x < T 2,

then x xE:u2;

and if
T2

<^ T X,

then another m easurem ent x 2 will be taken and the process proceeds to the
second stage.
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After the second feature is measured,
»(x/co,)
log A2 = log —— — r .
p ( x / u 2)

and

x=

However,

therefore
logA 2 = [ (m , - m 2) / a 2] [ x x+ x 2 - (m , + m 2) ];
thus, as before, let
T x = [ a2/ ( m x- m2)] log A + (m, + m 2)
and
T2= [ o 2/ ( m \ - m 2)] l o g B + ( m l + m2),
and if
x x + x 2 > T x,

then xG w ,,

x x + x 2 < T 2,

then x E « 2;

and if
T2 < x x +

x2 <

T x,

then m easurement x 3 will be made.
At the nth stage of the process, the log likelihood ratio is
p(x,./<o j)
l o g \ ,=

2

m I- i

1
2

log

/
(w i + w 2)

and if the thresholds are
T x = [o 2/ ( m l - m 2)] \o g A + j n ( m l + m 2),
T2 = [ a 2 / ( m , —m2)] \o g B + ± n (m x+ m 2),
then x G w2.
The classification procedure is if
n

2 x i ^ T x,
j= i

then

xGw,,

x i ^ T 2,

then

x£u2

2

i= 1
and if

7’2 < 2

i= 1

then take measurem ent jc„ + ,.

xi < T x,
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A pattern classifier using a standard sequential decision process may be
unsatisfactory because
( 1 ) an individual classification m ay require more feature measurements
than can be obtained; and
(2 ) the average num ber of feature measurements m ay become extremely
large if the e; -s are chosen to be very small.
In practical situations, it m ay become necessary to interrupt the standard
procedure at a finite stage and resolve the various courses of action. This can
be achieved by truncating the sequential process at n = N. F or example, one
may carry out the regular SPRT until either a term inal decision is m ade or
stage n = N is reached. At n = N, the input pattern is classified as belonging to
the class with the largest generalized sequential probability ratio. U nder the
truncated procedure, the process m ust term inate with no m ore than N stages.
Truncation is a compromise between an entirely sequential m ethod and a
classical fixed-sample-size decision procedure.
Structural and Syntactic Models
The models previously considered apply directly to object location and
pattern classification, which are am ong the easiest problems encountered in
visual recognition. In fact, locating objects is so elementary for a hum an that
the difficulty of machine object detection is alm ost always underestimated.
Also, the classification problem actually models only a few elem entary
situations encountered in visual experiences. W hat does a hum an do with the
wealth of visual inform ation im pinging upon his retinas? H e not only locates
objects and classifies patterns, but also notes the relationships between them.
The properties and relationships of visual elements provide the basis for
describing pictures, scenes, or situations. The image description problem
models a large portion of visual experiences. Again, some of the problems
considered as examples of machine description m ay appear tediously elemen
tary, simply because the task is so readily solved by a hum an. Nonetheless,
the general image description problem is im portant, simply because it serves
as a model for many visual situations.
The most common approach to the description problem may be called
syntactic recognition. Given a set of symbols or primitive elements and
relationships defining acceptable com binations of the primitives, one can
generate an infinite set of configurations. Furtherm ore, one may test a given
configuration to determ ine the specific relationships involved, and from this
knowledge, describe or answer questions about the configuration. We shall
now consider the syntactic problem and its application to scene matching.
The syntactic approach to scene m atching m ay be contrasted to an estima
tion approach in which a param eter vector is the desired result, or to a
recognition approach in which a set of classifications is the desired result.
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Figure 8.4 Illustration that a syntactic model may be required for scene recognition.
(Courtesy of R. C. Gonzalez.). (Careful study is required to recognize this picture of a cow.)

An example m ay clarify the relationship of the syntactic approach to the
previous models. Consider the scene recorded by the image shown in Fig. 8.4.
Suppose that it is desired to first characterize the content of the scene so that
a set of similar scenes could be generated or a new scene tested for similarity.
A structural description of the objects and the relationships between the
major objects is shown in Fig. 8.5. The overall scene as inferred from the
image consists of a cow in front of a fence in a grassy field. Thus, the scene
can be divided into two m ajor regions, each of which contains a physical
object and system noise. N ote also that since the cow is in front of the
background, a range image would aid greatly in characterizing the scene.
Each “in front of” relation indicates the usefulness of range inform ation in
segmenting the scene. Each node in the graph represents a physical object
that could be further characterized by measurements. A structure outline in
three dimensions could characterize each object. Measurements of spectral
reflectance characteristics, such as in a color image, would easily distinguish
between the grass, sky, and cow. Textural measurements could be used to

8.1

Introduction

479

distinguish certain regions such as the edge boundary at the left side of the
face. Shadows in the upper right portion of the image tend to obscure the
right ear boundary from the background, and if detected, could be used to
define this boundary. Finally, specular reflectances occur at the intersection
of the fence wires and give rise to the highest intensities in the scene. These
specular reflectances could perhaps be predicted and thus eliminated if the
viewing geometry param eters were determ ined from the image.
This structural model along with appropriate measurements of the objects
could easily be used to generate a set of similar scenes. F or example, one
could vary the object characteristics, viewing parameters, or noise level. Also,
a new scene could be examined to determ ine a similarity to the entire graph
or a subgraph.
It is also interesting to consider certain problems encountered in scene
m atching in the context of this description. Suppose that we would like to
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determ ine a unique region to use as a reference region for m atching a similar
image. In the image shown m any of the prom inent features are caused by
noise and not by a m ajor physical object. Obviously, these would not be good
reference regions, as indicated by the m odel— not the image. Principal nodes
in the structural description should be used as reference regions. N ote that
the num ber of nodes to be considered is much smaller than the num ber of
possible subregions in a digital picture. This example presents only a brief
structural description, but hopefully illustrates that the syntactic model is
com plementary rather than competitive to the other recognition models.
8.1.2

Template Matching and Correlation Techniques

The simplest approach to scene matching is called template matching. Given
a tem plate of a scene, determ ine the location of this template in another
scene. The elements of this m ethod will be illustrated by the example shown
in Fig. 8 .6 . Suppose the letter “T ” shown in Fig. 8 .6 a is the template. It is
desired to determine the location of this template in the larger image shown
in Fig. 8 .6 b. The upper left-hand corner of the tem plate and large image will
be taken as the two reference coordinate systems. The location of the
template may then be specified by two translation param eters with respect to
the large image coordinate system. For example, it may be observed that if
the template is first placed at the ( 1 , 1 ) location in the larger image then
translated 2 units in the x and 6 units in the y directions, then the two letters
will superimpose exactly. Also note that the template cannot be superimposed
at each location in the large image. The dotted line in Fig. 8 .6 b defines the
limits of possible overlap comparison.
In order to develop a program that will determ ine the translation offset
param eters, we m ust first decide upon a measure of similarity at each test
location. One could insist that each template location exactly equal the
corresponding location in the large image. Since the template is a 7 by 5
array, 35 decision conditions could be used. A simpler approach is to count
the matching locations. If both “ 1” and “0” matches are counted then the
position of exact m atch would result in a count of 35 and all mismatch
locations would produce a count less than 35. The count values for all
possible match locations may be ordered in another image corresponding to
the x and y offset values used to determ ine the count value. This “count”
image is shown in Fig. 8 .6 c. N ote that the count value of 35 does indeed
occur at offset locations (2,6) and indicates the correct m atch position. If
only the m atching Is had been counted, the count image shown in Fig. 8 .6 d
would have resulted. N ote that although the peak value of 11 would still have
indicated the correct location, the magnitude of this value relative to the
m ismatching count values would have been less; therefore, the first procedure
would indicate the correct offset with a greater confidence.
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Figure 8.6 Basic template matching: (a) template pattern, (b) search picture, (c) results of
counting “ 1” and “0” matches at each offset location, and (d) result of counting only “ 1”
matches at each offset location.

A pictorial example of this procedure is shown in Fig. 8.7. Note that the
offset position is indicated by the peak in the count image. It will be shown
that several generalizations of this procedure are required in order to improve
the detection performance, reduce sensitivity to distortions and noise, and
reduce the num ber of computations.
In order to generalize the m ethod to gray level rather than binary images, it
is im portant to introduce the concept of cross-correlation and the C auchySchwarz inequality.
Given a template image vector W, we wish to determ ine by the use of a
digital computer whether the same image appears in an image S.
Some of the characteristic m ethods that have been developed for detecting
similar regions and scene m atching are the basic correlator, the statistical
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U M C

Figure 8.7

Correlation of letters UMC.

correlator, the sequential similarity comparison, and hierarchical matching. In
the following sections, each of these methods will be described.
The basic correlator m ethod consists of forming a correlation measure
between two picture functions and determining the location of correspon
dence by finding the location of the maximum correlation (Wong, 1976). In
applying this technique, the correlation measure R(u,v) at the reference
location (u, v) is defined as
’Z f = l 2 Ji = l S ( i , j ) W ( i - u , j - v )

,

R (u ,v ) =

[ 2 * . , 2 f = , S 2( i , j ) ] 1 / 2 [ 2 j L , 2 f _ , W 2( i - u J - v ) ]

1/2

The Cauchy-Schw arz inequality states that —1 < R (u,v) < 1. F or a given
window W, the term 2 2 W 2( i —u,j — v) is a constant. Therefore the com 
putation can be reduced to
2 f = , 2 f = , S(i,j) W (i - u,j - «)
R (u ,v ) =

1 /2

[ 2 f . 1 2 f . 1 S 2 (« J)]
To determine the location of maximum correlation, R (u ,v ) must be com
puted at each location (u,v), 1 < U < ( M —J + 1), 1 <v < ( N — K + 1). N o
decision can be m ade until the correlation array R (u ,v ) is com puted for all
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values of u and v. The perform ance of this correlator can be described as
follows:
(1) This m ethod is relatively sensitive to image noise (Wong et al., 1977).
In the presence of image noise, the correlation function produces a relatively
broad peak, thus m aking a selection of a correlation peak difficult.
(2) A great am ount of com putation m ust be perform ed since the window
and search areas are usually large in an actual photograph. W ith this
technique, no decision can be m ade until the correlation array R (u ,v) is
com puted for all u,v.
To overcome the first difficulty m entioned in the previous m ethod, the
statistical knowledge of the spatial relationships of picture elements within
each image may be used in this statistical correlation (Pratt, 1974). The
statistical correlation measure R s(u,v) is:
R

S jL !

i Fs( i , j ) F j i - u j - v )

where Fs(i,j) and Fw(i,j) are obtained by spatially convolving the images
S(i,j) and W(i,j) with spatial filter functions Ds(i,j) and Dw(i,j),
Fs(i,j) = S ( i,j) (* )D s(iJ ),

F J J J ) = W ( i J ) ( * ) D w(iJ).

The spatial filter functions Ds(i,j) and Dw(i,j) are chosen to maximize the
correlation peak. The first step in the spatial filter design is to decorrelate or
whiten the images as follows:
A = Hj_ 1S,

B = H “ 1W,

where S and W are column vector representations of the images S(i,j) and
W (i,j) obtained by column scanning the images. H, and Hw are obtained by a
factorization of the image covariance matrices K, and K w:
Kv = H,Hjt ,

Kw= Hw» J .

Ht and Hw may be form ulated in terms of the eigenvectors an d eigenvalues of

Ks and Kw as follows:
Ks =

E A E / = (E A )1/2(E A )i/2 = H ,H /,

K„ = EWA WE J = (EwAw) 1 / 2 (EWA J 1/2 = HWHWT.

The correlation operation is perform ed on the whitened vectors A and B to
yield the statistical correlation measure
R s(u,v) = At B /(A t A) 1 / 2 (Bt B) 1/2
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or
( kt) - ’s tw

R s(u ,v) =

1/2

where
(KT) ‘ =

'.

If the image elements are assumed to be samples of a M arkov process, then
(k t ) _ 1 = k - *
- 1
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( 1
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where p = (correlation between adjacent image elements), and
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0

Multiplying S by the (KT) 1 is equivalent to convolving the image S(i,j)
with the spatial filter function D(i,j),

D (iJ) =

0

0

0

0

p2

- p ( l + p 2)

p

0

- p ( l + p 2)

( 1 + p 2) 2

0

p2

- p ( l + p 2)

p

0

0

0

0

0

0

p ( l + p 2)

u
0

Therefore, the filtered image functions are
Fs(i,j) = S (i,j) * D (iJ ),

Fw(i,j) = W ( iJ ) * D ( iJ ) .

The perform ance of this correlator on selected images indicated that the
statistical m ethod does provide better perform ance in terms of providing a
sharper peak at the location of image matching. In order for the m ethod to be
used, some knowledge of the picture statistics is required.
It is anticipated that perform ance of this correlator would be worse than
that of the basic correlator if the statistics of the input data differ from
statistics used in the design of the correlator.
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Sequential D ecision Techniques

A com m on criticism of both the basic and statistical correlators is the great
am ount of com putation that m ust be performed. A m ethod of sequential
correlation has been proposed (B am ea and Silverman, 1972) to reduce the
com putation time. The form of this algorithm is similar to the sequential
pattern recognition formulation. The feature vector is com pared to the
reference feature vector, one com ponent at a time. An error function for the
com parison may be defined as follows:
e (u ,v )=

2

2

|S ( i , j ) - W ( i - u , j - v ) \ .

j = 1 < •=!

Instead of testing all of the elements in the window area, elements of the
region are selected in some order. An easy to implement order is a random
arrangement. The error is accum ulated as each of the elements are compared.
If the error exceeds a predeterm ined threshold value before all the elements in
the window area are tested, the window location (u,v) is rejected and a new
window is tested. The test procedure is depicted in Fig. 8 .8 . Curves A, B, and
C depict the cumulative errors for three different reference points. A and B
accum ulate errors rapidly and the tests term inate early. Curve C, however,
accumulates error more slowly. It is, therefore, much more likely to be a
candidate for a m atching point. Theoretical analyses and simulation tests
(Barnea and Silverman, 1972) indicated that a saving of com putation time is
possible.
Extending the basic concept described above, a more com plicated sequen
tial detecting m ethod was developed by Ram apriyan (1976). A set of tem 
plates was m atched to a given image. Instead of matching each tem plate of
the set to an image at every location, the templates are partitioned and a
representative tem plate is defined for each of the partitions. Several levels of

Number of tests, n

Figure 8.8

Cumulative error curves for three reference regions.
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partitions are defined. Elimination of mismatching locations and term ination
of com putation can take place at each level of detection. Each level of testing
is over a more restricted subset of template class than the previous level. The
m atching process terminates when the cumulative template m atching error
exceeds a threshold level. A location that has gone through successive levels
of m atching without rejection is declared a likely candidate. The perform ance
of the sequential tem plate matching m ethod indicates that com putation time
is reduced com pared to basic correlation. However, several levels of templates
may be needed; thus the task of template selection is difficult.
8.1.4

Hierarchical Search Techniques

The previous approaches to scene matching required the com parison levels
of derived features of the reference region with the tem plate at each possible
shift position of the sensed image as the possible m atch location. Since a
template of size M X M can be shifted into (N —M + l ) 2 possible positions in
an N X N image, as shown in Fig. 8.9, the num ber of correlation com puta
tions can be extremely large. F ast Fourier transform techniques for correla
tion and edge correlation techniques decrease the correlation time at each
shift position; however, these methods still require a com putation at each of
the (TV—M + l ) 2 positions. In this section, hierarchical search techniques will
be described that are logarithmically efficient, and reduce the num ber of
search positions to K \o g (N —M + 1).
Several advantages of a structured approach are apparent. First, it is not
necessary to examine each pixel in a high-resolution image to locate a region
!

N-M

N

1

R efe re n ce
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S ensed S cene

N -M

N

Figure 8.9
N XN.

Template matching positions of reference region size M X M in several regions of
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at high resolution. The selectivity of the hierarchical techniques, especially
coarse-fine search methods, is similar to the perceptual operation of the
efficient hum an visual system. Also, the m ethod in which a match region is
obtained at different levels is extendable to other problems such as edge or
object location. The m ethod also provides a high degree of precision in
locating a region, which is limited only by the highest resolution size and the
uniqueness of the m atch region. Finally, the m ethod permits an efficient
decomposition of the sensed scene into “informative” and “irrelevant” re
gions.
8.2
8.2.1

Sequential Decision Rules for Hierarchical Search

Coarse-Fine Search

In the hierarchical technique a structured set of pictures at different
resolutions is used, as illustrated in Fig. 8.10. The high-resolution sensed
scene is denoted f L{i,j). The index L is called the level o f the search. The
reference region at level L, gL(i,j) is assumed to be smaller than the sensed
scene. The agglomerative rule by which the level-AT scene is reduced to a

256x256

1 2 8 x 128

64x 64

O p tic a l Im age
S te p 2

F ig u re 8 .1 0

Hierarchical search technique.

S te p 3
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level K — 1 scene is simple four-point averaging, i.e.,
f K- l(i,j) = L
4 { f K( 2 i,2 j) + fK(2 i,2 j+ \ ) + f K( 2 i + l , 2 i ) + f K(2i+ 1 , 2 / + 1 )}
for i j = 0 , 1 ,2 ,...,2 K ~ 1 —1. O ther methods could also be used. The reference
image region size varies with the level and is an im portant consideration.
Obviously, objects present at one level may not be recognizable at a lower
level. However, allowing the reference image size to change with the level
alleviates this problem. W hen looking for a forest one need not look at the
leaves. A reference m atch region m ust be selected for each level and the
perform ance of the algorithm depends upon the uniqueness of these reference
regions.
A m atching rule m ust also be specified to guide the search from level K — 1
to level K. Several possible m atch functions, such as correlation m ay be used.
The m atch function x —y, for vectors x and y should have certain properties,
such as
( 1 ) identity: x —x;
(2 ) symmetry: if x —y, then y ~ x ;
(3) shift invariance: if x ~ y , then x + a ~ y + a, where a is a constant
vector;
(4) scale invariance: if x ~ y , then Ax—Ay, where A is a scalar;
(5) rotation invariance: if x ~ y , then Tx —y, where T is a rotational
matrix;
(6 ) sensor invariance: if x ~ y , then r(x )~ y , where r is the sensor trans
formation.
The vectors x and y may be the gray level values or derived measurements
from corresponding sensed and reference regions. N ote that normalized
correlation satisfies properties 1-4 but not 5 and 6 . Invariant measurements
such as mom ent invariants used with normalized correlation satisfy properties
1-5. Certain derived functions such as edges or sensor corrected images used
with invariant measurem ents and normalized correlation m ay satisfy all the
properties. Also, note that other properties such as invariance to natural or
even man-m ade changes may be desirable.
A process may be developed to create a set of images that are decreasingly
lower in resolution and smaller in size. This procedure results in a quadrant
subdivision as shown in Fig. 8.11. Two sets of these images are created, one
for the window and the other for the search region. The low spatial frequen
cies preserved in the low-resolution pictures are utilized to find the scene of
interest at considerably lower cost. At the lowest level of resolution the
num ber of possible test locations is reduced to [ (N — M + 1 )/2 L+ l]2, where L
is the search level. This may be com pared to the num ber of possible test
locations of ( N —M + l )2 at the highest resolution, when L = 0 . There is a
reduction of almost 21L in possible locations where com putations must be
made.
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Quadrant subdivision for coarse-fine search.

M atching rules are used to guide the search from search level L = K to
search level L = K — 1. The rules are used to select the m ost promising test
locations at level K. At level K — 1, only the locations selected in level K
needed to be tested. Therefore, this search technique is logarithmically
efficient, i.e., the num ber of search positions is reduced to K \ o g ( N —M + l)2,
where K is a constant.
At each test location, an ordering algorithm is used to order the (M / 2 L)2
window point pairs. An algorithm similar to the one previously described
(Bam ea and Silverman, 1972) can be used to select the window point pairs in
a random, nonrepeating sequence, or the ordering may be adopted in a
data-dependent fashion. F or example, for the m atching of edge pictures,
ordering may be done along the edge gradient. An error measure is estab
lished and the errors of the window pairs are accum ulated at each test
location. A t the ATth window pair com putation, the accum ulated error is
com pared to a predeterm ined threshold Tk . If the accum ulated error is equal
to or greater than Tk, the com putation term inates and the test location is
eliminated. If all window pairs are exhausted and the accum ulated error is
less than TK, the test location is recorded for further consideration at the next
higher resolution level. It can be seen that for a properly chosen Tk, many
fewer than ( M / 2 L)2 window pairs are needed to eliminate the test locations
that do not match.
A t each search level K, except for the highest level at the lowest resolution,
a search is made only at test locations recorded in the previous (A" -I- l)th
level. As the search level decreases or the resolution of the image increases,
increasingly fewer test locations need be considered. This is due to the fact
that as the search advances, the distances separating the true location from
the other test locations increase, and the threshold sequence { TK) is designed
to eliminate those test locations that are furthest away from the true matching
point. By this technique, only the m ost promising or probable test locations
are examined at the higher resolutions.
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Fk(x.y)

F 0 (x ,y )/
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Figure 8.12 Model of resolution reduction. S (x ,y ) = ~ 2 . ° ° _ _ 00S ( x - j l2 A x , y —j 2^y),
S ( x , y ) = sample function at i of sample rate of level k —\.

In the hierarchical search technique, a structured set of pictures at different
resolutions is created. The process of creating a lower-resolution picture at
the £th search level may be accomplished by two-dimensional low-pass
filtering of the picture data of the ( k — l)th level, then sampling of the filtered
data at one-half the sampling rate of that of the (A: —l)th level. Unless the
low-pass filter is ideal, spurious low-spatial-frequency components are in
troduced due to the effect of aliasing. In this section, the hierarchical
structure is modeled mathem atically and analyzed to select the proper filter
ing characteristics to minimize aliasing errors.
Figure 8.12 shows the m athem atical model. An image at the ( k — l)th level,
f k ~ i ( x ,y ) with Fourier spectrum Fk _ t(u,v) is linearly filtered by a low-pass
filter h (x ,y ) with the transfer function H(u,v). The filtered image is then
spatially sampled at the spatial distances twice those of the image at the k — 1
level. The resulting data f k(x, y ) represent the picture function at the search
level k,
fo(x >y) = f k - i(x ,y ) * h ( x , y ) ,
where * is the convolution operation. The frequency dom ain relation is
F0(u ,v ) = Fk_ l(u ,v )H (u ,v ).
The sampling signal s ( x ,y ) is
OO
OO
s(x ,y ) = 2
2

8 ( x - j x2 A x ,y —j 22Ay),

j , = - oo j 2 = - o°

where Ax and Ay are the sampling intervals at the ( k — l)th level. The Fourier
spectrum of ■s(x,j') is
,
TT1
£
£
J
2-777,
277/2 \
S(u ,v) = - — —
y.
° \ u ~ w r ~ ’v ~
■
v ’ AxAy h ±L
I
2 Ax
2 Ay)
The Fourier spectrum of the sampled image field is
Fk(u,v) = F0(u,v)*d(u,v)
-n2

v

V

v

I

^2 \

The transfer function of one form of the low-pass filter can be expressed as
//(« ,! ))= [cos(w / 2 ) c o s ( u / 2 )]".
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Spatial frequency

Figure 8.13

Low-pass filter characteristics.

The numerical value of n is determ ined by the higher frequency attenuation
rate of the filter. Figure 8.13 shows the spectral characteristics H (u ,v) for
n = 1, 2, 4, and 8 . F or n = 1, a considerable am ount of high-frequency energy
will pass through the filter, resulting in large aliasing error. This effect is
shown in Fig. 8.14, in which the spectral distribution of Fk(u,v) is sketched in
one dimension. This figure shows a large am ount of spectral overlap resulting
in a large aliasing error. F or n = 8 , the high-frequency energy is greatly
attenuated. As shown in Fig. 8.15, the am ount of spectral overlap is small,

Figure 8.14 Spectral distribution for small value of n.
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resulting in a smaller aliasing error. The use of a filter with large n also has
the effect of further blurring the image, thus further reducing the resolution of
the picture.
Noise in an image generally has a higher spatial frequency content than the
norm al image components. Therefore, low-pass filtering has the effect of
noise smoothing. Experiments perform ed on edge extraction indicated that a
considerably better edge picture is obtained from the lower-resolution picture
than is obtained from the high-resolution picture. Figure 8.16 shows the
spectrum of Fk(u,v) as a two-dimensional function. Let the spectral energy
passed through a low-pass filter be E R

/

OO

f

OO

I
-o o

Fk_ l(u ,v )H (u ,v )d u d v .

— oo

V

Figure 8.16 Spectral overlap and aliasing error.
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n
Figure 8.17

Aliasing error as a function of n.

For an ideal filter with an infinitely sharp cutoff and bandw idth U and V,
the output of the filter becomes
E 0= f

f

^ Fk_ l( u ,v )H (u ,v )d u d v .

J - U /2 J - V /2

The aliasing error energy, as shown by the shaded regions of Fig. 8.16, is
E a = E r — E 0.
An aliasing error can be defined as
£a = ( E r —E q) / E r Figure 8.17 shows a plot of the aliasing error eA for a low-pass filter having
various values of n. In this calculation, Fk _ t(u,v) was assumed to have an
am plitude of one in the passband of the filter.
f 0 . 5 f 0 .5

eA = I

I

J 0 .2 5 J 0.25

(co s v u cos ttv) d u d v
'

/ r 0 .5

r 0.5

I

I

0

J0

( costtucosttv) dudv.

Figure 8.18 shows various implementations of digital low-pass filters. The
coefficients of the filters are included to normalize the filters to unit weighting
so that the low-pass filtering process does not introduce a brightness bias in
the processed image. Figure 8.18 a -c represents filters having an approxim ate
value of « = 4 . Figure 8.18d has an approxim ate value of « = 8 .
A digital version of the sampled image can be written by letting
f k - i ( n i>n2) = input image array,
/ t (ff!„m 2) = output image array,
h ( l t,/2) = low-pass filter.
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Digital low-pass filter.

Then
my —1+ 1 m2—/ + 1
f k{ m x,m 2) =

2
ri\ = m\

2

f k - M v n2)h ( n l - m l + \ ,n 2- m 2+ \ )

n2 —m2

for h corresponding to a four-point average, and the above equation becomes
mi+l m2+ 1
f k{ m v m 2) =

8.2.2

2
2
f k - i ( n l,n2)h ( n i nj = m , « j = m 2

m l + l,n 2- m 2+ l ) .

Location M atrix

A t each resolution level, the most promising test locations are selected for
further testing at the next higher resolution level. The selection of the most
promising test locations can be considered as a clustering problem. This
problem is equivalent to maximizing the distance measures between the set of
most promising test locations and the set of all other test locations. At the
final level of testing, the problem is to maximize the distance measures
between the true m atch location and all other test locations.
In the derivation of the decision rules the cumulative error at each test
location is used as the distance measure. The maximization of this distance is
perform ed in terms of deriving a threshold sequence such that
(a) it maximizes the probability of a match, i.e., it maximizes the probabil
ity that the true m atched location remains below the threshold;
(b) it minimizes the false alarm probability, i.e., it minimizes the probabil
ity that a test location other than the true m atched location remains under the
threshold as long as the true m atched location.
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Let the window and search region be scanned row-by-row in a m anner
such that S corresponds to the search region of size N X N ,
S — (si,s2,..- ,s NXN) ,
and W corresponds to a reference window of size M x M ,

Then the test location m ap Qk is of size ( N — M + l)2, and test location value
Qk(u,v) corresponds to the value when the top left com er of the window is
located at (u,v) in the search region.
Let e kv( . b e the error measure of the ith window pair of test location
(u,v) at the resolution level k. The cum ulated error after j window pair
com putations becomes
J

E k{u,v) = 2 eu J Sr w,)Let Nk be a set of (u,v ) locations such that
Nk = {{u,v)\Ejk < T k, j = \ , . . . , M 2}.
Now generate a (2 N —2 M + l ) 2 matrix Gk _ x such that

All other entries to Gk_ l are set to zero. M atrix Gk_ , is used as the test
location m ap at the search level k — 1 and is used as a guide in the search for
the m atched location at level k — 1. Tests are to be perform ed only at the
locations (u,v) for which Gk _ t(u,v) = 1. The search continues until one of two
cases is encountered:
1. A t the search level n, Gn( u , v ) — 1 for only one value of (u,v). Location
(u ,v ) is declared the m atched location. If n is not the highest resolution level,
a local search can be made to locate a point of minimal cum ulated error. This
is done by searching the four adjacent locations of the declared location at
the next search level and selecting a point with minimal accum ulated error as
the most likely candidate. This process is repeated until the highest resolution
level is reached.
2. At the search level 1= 0, there exist several locations (u,v) such that
G0(u,v) = 1. Select the location with the smallest accum ulated error as the
most likely match location.
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8.2.3

Error M easures

The error measure e(sj, vv,) at the y'th window pair com putation can be
implemented in various ways (Rosenfeld and Pfaltz, 1968; Lissack and Fu,
1976). Among these are

e2( s„ w,) =

| ( s, -

s) -

( w,. -

w) | ,

e3(si’wi) = |(J/ - * )/» , - ( wi ~ " 0 /®w|.
where s is the m ean intensity of the image elements of the subimage (u ,v ) in
the search region,
M1
S=

M
and vv is the mean intensity of the window,
t M2
w = — - 2 wi,
M ,= ,
and a, and aw are the standard deviations of the search and window
M2
<J =

M

2

1 /2

(S i-s)2

o =

M

1 /2
M
2 (w i-w f
/=i

The L x norm error measure | — w, | was selected for the implementations
because of its com putational simplicity. Let the location of the true m atched
location be (u*,v*). In the ideal case,

m2
E (u *,v* )= ^ e(si,wi) = 0
/= l

and

0 = E(u*,v*) < E (u,v).

Therefore for this error measure, no norm alization is needed.
8.2.4

Derivation of Threshold Sequence

Let the sequence of error measurements be e lk,e2k,...,e jk. W ithout loss of
generality, the superscript k will be deleted with the understanding that the
derived threshold sequence is to be used at the search level l = k . Let
Ej = e i + ■■■ +ej.
The determ ination of the optimal threshold sequence {7}} for independent
errors involves the evaluation of the integrals

f T'fT2~E'-- ■(Tj~Ej~'PuAe
Jq

j

0

i)- • ■PuJeJ) d ( e i)-- ■d(ej),

where pUfV(ej) is the probability density of the yth error term evaluated at the
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test location (u,v). Tj is the threshold used in the y'th error com putation. The
form and the param eters of p uv(ej) depend upon the m ethod of error
measurement, the scene content, and the sensor transformations.
Let the error measure be based on the L x norm, or
ej = \sj-

■ W j\

At the location of true match (u*,v*), the sum of e, is a cumulative measure
of the difference between the two images. In order to make a correct decision,
one assumes that the total cumulative error is minim al at (u *,v*). Therefore
the knowledge of the shape of the error growth curve and the density
distribution of e] at (u*,v*) is im portant in determ ining the threshold
sequence. Theoretical analyses and experimental verifications in the field of
com m unication (Balakrishnan, 1968; Raemer, 1969), and in image processing
(Barnea and Silverman, 1972) have shown that density distribution of an
error measure of this type can be approxim ated by an exponential function.
Figures 8.19 and 8.20 show the error density distributions at the m atched
locations (u*,v*) for the matching of a 6 4 x 6 4 window and a 256x256 search
region of optical to optical and radar to optical matching. It is seen that the
density distributions can be represented by an exponential function with
m ean e as follows:
p u.c. ( ej) =

7

exp( - ^ ),

e — j ™ ~~exp ( -

7

) dej = r.

The variance of the error function is
° 2 = ~r f 0° ° ( ej ~

r ) 2 e x p (

“

"7

)

deJ

=

r1'

E rror Measure, e

Figure 8.19
matching.

Error density distribution at matched location of optical to optical scene
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E rro r M easure, e

Figure 8.20
ing.

Error density distribution at matched location of radar to optical scene match

After n measurements, let the cumulative error be En, where En can be
expressed as
En= e1H

+ en-

Although the error density function of the individual measurements is
exponentially distributed, that of En can be approxim ated by a Gaussian
function by invoking the central limit theorem for large values of n and
assuming that the individual error measurements are statistically independent.
En then has a mean of
and variance of n o 2, where
En - nej = nr,

an = V n Oj = V n r.

Let the threshold T„ have the value of the expected error En:
E„ = nr= Tn

or

T j r = n.

"Hie threshold Tn/ r can be m odified to account for the possible variations
in En. F or a variation of g deviations from En the threshold becomes
T „ /r= n + g V n .
Figure 8.21 shows the curves com puted using the above equation for
g = 0 ,1,2,4.
The process of creating a low-resolution image at the Arth search level
involved the low-pass filtering of the higher resolution image of the (k — l)th
level and then sampling the filtered data at one-half of the sampling rate of
that of the (k — l)th level. For a low-pass filter with a high attenuation rate,
this has the effect of reducing the noise bandw idth to one-half. As the search
resolution increases, the threshold sequence previously derived m ust be m od
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Figure 8.21

Threshold as a function of the number of measurements.

ified to account for the increase in noise. Assuming that these error m easure
ments ej are statistically independent, the error m easurem ent will have an
amplitude of V 2 <?y at the next higher resolution. The previous equation can
now be modified to account for this effect. A t the /cth search level, the
threshold sequence ( T k) becomes
Tnk/ r m( V 2 ) m~k = n + gkVJi

or

Tnk/ r m = ( V 2 r ~ k(n + g kV ^ ),

where rm is the am plitude of the average error m easurem ent at the m atched
location of the lowest search level m. The value gk is the num ber of possible
deviations from rm at search level k.
The value of gk is a function of the probability of a m atch p k at search level
k. If the num ber of error measurem ents is large, which is usually true in the
case of scene matching, the density distribution of the cumulative error Enk
can be approxim ated by a norm al curve. Therefore pk can be expressed by

Pk =
V l v ( v n r m)

2 { V n r m)

where y = ( T k - n r J / ( V ^ t r j .
The value of p k as a function of gk was com puted using the previous two
equations, and the result is shown in Fig. 8.22.
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Threshold

Figure 8.22

Probability of a match p k as a function of the number of deviations of threshold y.

It is seen that probability of a m atch increases with gk. However, the
com putational efficiency decreases as gk increases. This is due to the fact that
threshold Tnk increases with gk, and more test locations need to be evaluated
with a higher threshold.
The overall probability of a m atch pd is the product of the individual pk
com puted at each of the search levels
n

pd=

n pk,

k= m

where m is the lowest resolution level and n > 0 is the level at which a m atch
decision is declared and independence of levels has been assumed.

8.3

Hierarchical Search Techniques for Scene Matching

A sequence of experiments were made to dem onstrate the use of the
hierarchical search for image matching. To illustrate the application to widely
different images, radar and optical images of size 256x256 were used. Since
the two images were taken at different view angles and altitudes, it is required
that the optical image be geometrically corrected to be in registration with the
radar image. The radar image was intensity corrected to m atch as closely as
possible to that of the optical image. The methods used for these corrections
are described by W ong (1977). The corrected images are as shown in Figs.
8.23 and 8.24.
For the first sequence of experiments, Gaussian noise with zero mean and
a = 80 was added to the optical picture. Then a sequence of structured
pictures of sizes 128x128, 6 4 x 6 4 , and 3 2 x 3 2 was created through the
repeated applications of low-pass filtering and sampling. These are as shown
in Fig. 8.25. Three regions of interest were selected for matching. Three 8 X 8
subimages were extracted from the 3 2 x 3 2 noise-corrupted optical picture.

(b)

Figure 8.23 Structured optical images: (a) 256x256, (b) 128x128, (c) 64 x 64, (d) 32x32.
[From Wong and Hall (1978).]
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These subimages correspond to (i) the upper part of the large stadium at the
left upper comer, (ii) the lower part of the large stadium at the m iddle left,
and (iii) the small stadium at the right lower corner.
The param eters used in these experiments are summarized in Table 8.2.
The test locations that satisfied the decision rule are recorded for further tests
at the next higher resolution level. The testing continues until the registration
location is found. The perform ance has been summarized as shown in Table
8.3a.
Similarly, an 8 X 8 subimage of the small stadium was also extracted from
the 3 2 x 3 2 radar image. A m atching was perform ed on the 32 X 32 optical
Table 8.2
Experimental Threshold Values for Optical to
Noisy Optical and Radar to Optical Search
Search level, k

y

Optical to noisy optical
3
2
1
0

2.5
2.0
2.0
2.0

15
15
15
15

Radar to optical
3
2
1
0

3.0
2.0
2.0
1.0

14
14
14
14

Table 8.3a
Experimental Results for Optical to Noisy Optical Match
Search
level, k

N o. of successful
test location

N o. of window
pairs evaluated

3
2
1
0

Upper portion of large stadium
26,871
30
10
7,138
3
9,847
7,771
1

3
2
1

Lower portion of large stadium
27,214
26
2
6,071
1
1,957

3
2
1

Small stadium
9
2
1

26,048
2,112
1,933
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Table 8.3b
Experimental Results fo r Optical to Radar Match
Search
level, k
3
2
1
0

N o. of successful
test location

No. of window
pairs evaluated

Small stadium
28
3
2
1

27,760
6,529
3,072
8,115

image. The param eters used in these experiments are also shown in Table 8.2
and the perform ance of this experiment is also summarized in Table 8.2. The
num ber of locations examined and window pairs evaluated is shown in Table
8.3b.
8.3.1

Scene Matching Using Invariant Moments

The ability to extract invariant features from an image is im portant in the
field of pattern recognition. A n object in the image may then be identified
independent of its position, size, and orientation. The m athem atical founda
tions of invariant features is based on the theory of algebraic invariants
[Gureuich, 1964]. This theory deals with algebraic functions of a certain class
that remain unchanged under certain coordinate transform ations. H u (1962)
has shown results relating to two-dimensional m om ent invariants to algebraic
invariants. Sadjadi and Hall (1978) developed techniques by which seven
separate moments were com puted from digital images.
In C hapter 7, an analysis of the techniques for using invariant moments is
described. The perform ances of these measurements for scene matching will
now be considered.
A sequence of experiments was perform ed in matching radar to optical
scenes using hierarchical search techniques and invariant moments as fea
tures. The two sets of structured optical and radar images shown in Figs. 8.23
and 8.24 were also used in these experiments. The three subimages, extracted
from the radar image, were identical to those used in the previous experiment.
In these experiments, a standard product correlator was used to correlate
the seven invariant moments of the window with those com puted at each of
the test locations in the optical search region. A threshold sequence {RTk }
was selected, and a sequential decision rule was established. Let Nk be a set of
test locations (u,v) at search level k such that
Nk = {(M,u)|i?A.(u,t!) > R Tk, 1 < u ,v < A /2],
where R Tk is the threshold selected to be used at search level k and Rk(u,v)
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is the mom ent correlation at test location (u,v). M 2 is the num ber of picture
elements in the window. F or a search region of size N X N, an ( I N —2 M + l )2
matrix
i was generated by
if

( i,j)(E N k

if

( u ) e N k.

Gk

All other entries of GA:_ 1 are set to zero. M atrix
, is used as the test
location map at the next search level k — 1. Tests are to be performed at the
test locations for
1. The search continues until one of two
conditions is encountered:

Gk_i(u,v)=

(1) at search level n, Gn(u ,v )= 1 for one value of (u,v). Location (u,v) is
declared the m atched location.
(2) at the search level L = 0, there exist several locations (u,v) such that
G0(w,ti)= 1. Select the location with the highest correlation as the most likely
matched location.
To select the threshold R r k, the invariant moments of the optical image
were correlated with the moments of the image reduced by a factor of 2 and
rotated by 2° and 45°. The averaged correlation of the three cases was then
used as a bound to estimate a threshold sequence. The selected thresholds are
shown in Table 8.4. It is seen that these thresholds take on a very narrow
range of values. This is due to the fact that the correlations were made on the
logarithms of am plitude of the moments rather than the amplitude itself. The

Table 8.4
Scene Matching with Invariant Moments
Search
level, k
3
2
0

3

2
0

3
2

0

Threshold
level, R Tk

No. of successful
test locations

Upper part of large stadium
12
0.990
4
0.993
2
0.996
0.998
Lower part of large stadium
52
0.990
34
0.993
21
0.996
6
0.998
Small stadium
0.990
0.993
0.996
0.998

63
62
49
25
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third significant figure of these correlations is im portant in determining the
threshold values.
The results of the experiments are also summarized in Table 8.4. For each
of the three test windows, a search at the highest resolution was required and
resulted in sets that contained more than one candidate. However, the correct
test location is contained in each of the sets. Selecting the highest correlation
as the most likely candidate resulted in the correct decision for the upper
portion of the large stadium. For the other two test windows, there were
several test locations of equally high correlations. This m ade a selection of the
correct location difficult. The results of these experiments can be summarized
as follows: Scene matching with invariant moments is costly in com putation
due to the calculations needed to obtain the seven invariant features. This is
particularly true in scene matching at high resolution. However, at low
resolution the com putation is reasonable. Scene matching with invariant
moments can be used to great advantage at the low resolution level at which
other methods such as scene m atching with edge images are not possible. The
utilization of both feature types will be described in the next section.
8.3.2

Scene Matching with Edge Features

In the hierarchical search techniques two sets of structured images at
different resolutions are created. As the resolution is reduced at each search
level, the details of the images are diminished and only the salient outlines of
the objects in the image remain. A natural extension of this concept is to form
a binary-valued edge picture at the highest resolution and then to create a set
of structured edge pictures decreasing in resolution and in size. Scene m atch
ing can then be perform ed on two such structured sets using the hierarchical
scene m atching techniques.
Edge pictures transform ed from the geometrically corrected optical and
intensity corrected radar images are shown in Fig. 8.26. Since the optical and
radar images have different but distinguishable characteristics, m any of the
edges that appear in one image may not appear in the other. This is
particularly true for edges extracted from background and shadows around
the objects of interest. In order to match two-edge images, near-perfect edge
registration is required. This is due to the fact that edges are usually thin, and
any uncorrected geometric distortion on the order of one or two picture
elements will produce a considerably poorer match than those that are
perfectly registered. Therefore, the edge images created for scene matching
must be capable of meeting the following requirements:
(1 )
(2 )
and
(3)

retain salient edges of the objects to be matched,
be relatively free of spurious edges extracted from the background,
tolerate m inor geometric misregistration.
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(a)
m

1%A

SulLi-'t'
(c)

Figure 8.26 Structured optical and radar edge images: optical, (a) 256 X 256, (b) 128 X 128, (c)
64 x 64; radar, (d) 256x256, (e) 128x 128, (f) 64 x 64. [From Wong and Hall (1978).]

A process was developed to provide edge images capable of meeting the
three requirements. This process involves the following three major steps:
( 1 ) eliminate background edges by making the bright background uni
formly bright and dark background uniformly dark;
(2 ) retain only salient edges by adjusting the edge, threshold to minimize
the weak edges;
(3) thicken the remaining edges before scene matching to minimize the
effect of minor misregistration.
To remove the variations in background intensity, the following operations
are performed on the gray-scale image f (x ,y ):
f(x ,y )
f * ( x , y ) = \ /max
m in

if

T x< f { x , y ) < T 2

if

f(x ,y )> T 2

if

/ M

<

r f

Picture elements with intensity higher than the threshold T2 are forced to
have an intensity of / max. Picture elements with intensity lower than the
threshold T x are forced to have an intensity of I mm. In general, / max is selected
to have the intensity of the highest quantization level and
to have the
intensity of the lowest quantization level. These operations are designed to
make the bright and dark regions more homogeneous. In this m ethod the
crucial problem is in selecting the optimal thresholds T x and T2. In many
cases it is not possible to do this in advance since different images may
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Figure 8.27

Frequency distribution of intensity of optical image in Fig. 8.23c.

require different values of thresholds. However, it is often possible to select
good thresholds by examining the frequency distribution of gray levels.
Figure 8.27 shows the frequency distribution of the gray levels of the optical
image. F or this image T x = 25 and T2 = 205 were selected. Comparisons of
edge picture extracted from the original and the modified images indicate that
a considerable num ber of weak edges extracted from the background have
been removed by this process.
Further reduction of weak edges can then be made by thresholding the
gray scale edge image. The threshold for this operation was selected to
minimize the noisy edges without significantly reducing the salient edges. All
picture elements with am plitude greater than the threshold are set to the value
of 7max and all picture elements less than the threshold to / min. An edge
thickening process was then perform ed by setting the four neighbors of an
edge point equal to 7max. The resulting edge image is shown in Fig. 8.26a.
Following the same procedures, the radar image was converted into an
edge picture as shown in Fig. 8.26d. For this image, the thresholds were
selected at T x = T2 = 51. The frequency distribution of the gray levels of this
image is shown in Fig. 8.28.
Two sets of structured edge images of size 128 X 128 and 6 4 x 6 4 were then
created using methods described in Section 8.1. These are also shown in Fig.
8.26.
In the m atching of radar to optical images, it is the degree of similarity
between the two images that is im portant. This is due to the fact that two
images of the same object taken by the two sensors are far from identical
even under the most ideal conditions. Therefore it is appropriate to derive a
measure of similarity that provides a large separation between the matched
point and all other test locations. The statistical correlator previously de
scribed is capable of providing the desired perform ance in terms of giving a
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Figure 8.28

Frequency distribution of intensity of radar image in Fig. 8.23b.

sharp peak at the m atched location. However, in order for the m ethod to
work well, prior knowledge of the picture statistics is required. This inform a
tion is usually not available or extensive com putations are required so that
the correlator can be designed to tailor to the input data.
A simple but effective similarity correlation m ethod (Hall et a l, 1976) has
been developed. In this m ethod, the concept of pairing functions is in
troduced. At each test location (u,v) let the window and matching area in the
search region be scanned row by row in such a m anner that S corresponds to
the radar image region of size N X N,
S = (s l, . . . , s NxN),
and W corresponds to the optical matching area in the search region of size
N X N,
W = w v ...,w NxN
Each of the window pairs (sk,wk), \ < k < N 2, is examined. If sk has a
quantization level i and wk has a quantization level j , the pairing function
Ffj(u,v), 0 < i , j < 2 " — 1, is increm ented by one. Here n is the num ber of bits
used in the quantization. Therefore ^ 7 (m,u) for i = j is the num ber of window
pairs that are m atched in intensity and F ^U jv ) for i=£j is the num ber of
window pairs that are mismatched in intensity. If S and W were identical,
then
2 " - 1 2 » -l
( m2
for >=J
N2
2
2
F i M ,v ) =
for
0
i¥ j.
j - 0 y‘ = 0
A similarity correlation measure R(u,v) can be constructed as follows:
2" —1
r

{u ,v )=

n

1=0

Fa (« ,» )/ 1

2
7= 0

Fij(«>»)
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R{u,v) is the product of the ratios of the num ber of actual m atched window
pairs to the num ber of possible matches of each type. Note that the num ber
of pairing functions increases as the square of the num ber of quantization
levels. Therefore it is desirable to keep the num ber of levels to a minimum.
For binary-valued scene matching, only four pairing functions are required
and the above equation becomes
1
\

^

00F°°+^01\ 1
/

U

F"
n

+

1 1( + F 1/ F

)
^ . o j

f

=

i

oi

1

)I

oo J U

+

^

i o

/ ^

u

The simplicity of this equation is obvious. To implement this m ethod, only
four counters to accum ulate comparisons are needed. W hen the counting
operations are completed, the pairing functions represented by the contents of
the counters can be used to com pute R(u, v ) according to the above equation.
To dem onstrate the perform ance of the similarity correlator, an autocorre
lation was performed on an optical edge image with a search region size of
3 2 x 3 2 and a window size 8 x 8 . The value of R (u ,v ) at the test locations
adjacent to the m atched point is plotted in Fig. 8.29. To form a basis of
comparison, autocorrelations using the standard product correlator were also
made and results are as shown in the same figure. It is seen that the similarity
correlation provides a larger measure of distance separating the m atched
point from the other test locations. Since the background level is low, a
larger scale of correlation values up to unity is available for determining the
degrees of similarity between two images.

M atching P osition

Figure 8.29

Correlation as a function of matching position.
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A threshold sequence for the edge correlator will now be derived. Let A be
the event that there are FtJ window pairs of picture elements of intensity i in
the window region W paired with picture elements of intensity j in the
matching area S of the search region. Let the probability of occurrence of A
be
P { A ) = Pij.
Then the probability that Ftj takes on the exact value ntJ is

where TV,. is the num ber of picture elements in the window region that have
intensity /. The above equation is formulated by considering that each of the
m atching areas S is drawn at random from a set of all possible arrays that
can be formed with the same dimensions and quantization levels as the
window region W. This drawing process is the same as that of generating a
random array, element by element, from a sequence of uniformly distributed
quantization levels. U nder these conditions, n; ■is binomially distributed with
m ean and variance equal to
nu = N lPij ,

= N i P i j ( \ - PiJ).

Correlation between a given window region W and an array with Ftj =
can
be considered as correlation between S and a background scene. Correlation
with the background level R h can be expressed as

Combining these results gives

For a binary-valued image.

For a given window region, TV,. can be obtained by counting the num ber of
picture elements with intensity level i. p tJ is a function of the intensity
distribution of the search region. As an estimate p u can be com puted by the
following equation:

where M k is the num ber of picture elements in the search region with
intensity level k.
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Let the similarity correlation at the m atch location (u * ,v *) be R(u*,v*).
Then the probability density function of R (u ,v ) can be considered as
Gaussian distributed with a m ean of R(u*,v*) and a variance of R b2. F or a
given threshold R r , let Pk be the probability that R(u*,v*) exceeds R T. Pk can
be expressed by
1

Pk =

,oo

[ - [ / ? ( « ,

—— I exp-^
V 2 ^ R h J RT
I

r

— I,
V27T

exp

\d R (u ,v )
I

2R
R (u ,v)

dR,

where y = [/?r - R (u * ,v * )] /R b.
Solving the above equation for R T yields
R T = y R b + R (u *,v* ).
The numerical value of y can be com puted to achieve a given probability of
a match. The threshold can then be related to R(u*,v*), y , and Rh. R b can

(a)

(c)

(b)

(d)

Figure 8.30 Optical and radar scene 2: (a) optical image, (b) radar image, (c) geometrically
corrected optical image, and (d) superimposed (b) and (c). [From Wong and Hall (1978).]

(a)

(b)

(c)

(d)

Figure 8.31 Optical and radar scene 3: (a) optical image, (b) radar image, (c) geometrically
corrected optical image, (d) superimposed (b) and (c). [From Wong and Hall (1978).]

(a)

(b)

(d)

(c)

(e)

(f)

Figure 8.32 Structured optical and radar images for scene 2: optical, (a) 256x256, (b)
128 X 128, (c) 64 x 64; radar, (d) 256x256, (e) 128 x 128, and (f) 64 x 64. [From Wong and Hall
(1978).]

512

8.3

Hierarchical Search Techniques fo r Scene Matching

(b)

(c)

(e)
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(f)

Figure 8.33 Structured optical and radar images of scene 3: optical, (a) 256x256, (b)
128x128, (c) 64 x 64; radar, (d) 256x256, (e) 128x128, (f) 64 x 64. [From Wong and Hall
(1978).]

then be computed. In general R(u*,v*) can be considered as the highest
correlation value obtained in the scene matching. Therefore in hierarchical
scene matching, a new threshold can be com puted for each search level based
on the highest correlation value obtained on that level.
Three sets of optical and radar images were used in an experiment of edge
matching. These are as shown in Figs. 8.23, 8.24, 8.30 and 8.31. Edge
extraction techniques described were applied to these images. The results are
shown in Figs. 8.26, 8.32 and 8.33. Structured edge images of sizes 128 X 128
and 6 4 x 6 4 were created and are also shown in Figs. 8.26, 8.32 and 8.33.
A set of 32 X 32 gray level images was also created from the geometrically
corrected optical images and the intensity corrected images through the
repeated application of filtering. These images will be used at the lowest level
of the hierarchical search with invariant moments.
Scene Matching with Image 1
For a binary-valued image, the background correlation level at search level
k can be evaluated using
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Figure 8.34

Since

Windows selected for scene matching for scene 1. [From Wong and Hall (1978).]

+ P m = P ko+ P n = 1, using the above equation gives

Rbk= (Pw)(PnY
Pm and pyi can be com puted using
pSo= M 0k/ ( M 0k + M k),

p ku =

M k/ ( M 0k + M k),

where M 0k and M k are the num ber of picture elements in the search region
with intensities of 7max and 7min, respectively.
Two windows extracted from the radar image were selected for the match.
These windows, labeled as locations 1 and 2, are shown in Fig. 8.34. The
results of these matches are summarized in Table 8.5. The m atch locations
were correctly detected at each of the two matches. In the m atching of
location 1, two levels of search were required. However for the m atching of
location 2 three levels of search were needed.

Table 8.5
Scene Matching with Image No. 1
Search
level, k

Threshold

N o. of
successful test locations

Feature used

1

3
2

0.984
0.285

56
1

Moment
Edge

2

3
2
1

0.984
0.396
0.382

62
5
I

Moment
Edge
Edge

Location

8.3
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Figure 8.35

Window selected for scene 2. [From Wong and Hall (1978).]

Scene Matching with Image 2
Three windows extracted from the radar image were selected for the match.
These windows, labeled locations 1, 2, and 3, are shown in Fig. 8.35. The
results of these matches are summarized in Table 8 .6 . In the m atch of
locations 1 and 3, two levels of search were required. In the matching of
location 2 , three levels of search were required.
Table 8.6
Scene Matching with Image No. 2
Search

No. of

Location

level, k

Threshold

successful test locations

Feature used

1

3
2

0.990
0.699

74
1

Moment
Edge

2

3
2
1

0.990
0.635
0.661

94
2
1

Moment
Edge
Edge

3

3
2

0.990
0.595

44
1

Moment
Edge

Scene Matching with Image 3
For the matching of image 3, two subimages were extracted from the
optical image and the search was perform ed on the radar image. The two
subimages, labeled as locations 1 and 2, are shown in Fig. 8.36. The results of
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Figure 8.36
(1978).]

Window selected for scene matching image number 3. [From Wong and Hall

these matches are summarized in Table 8.7. In the m atching of location 2,
only two levels of search were needed, whereas, in the m atching of location 1 ,
three levels of search were required.
Table 8.7
Scene Matching with Image No. 3
Search
level, k

Threshold

N o. of
successful test locations

Feature used

1

3
2
1

0.996
0.370
0.322

77
3
1

Moment
Edge
Edge

2

3
2

0.985
0.434

21
1

Moment
Edge

Location

8.4

Performance Evaluation of Scene Matching Methods

Any given matching algorithm will be based upon certain measurements
taken from imagery at given resolutions containing a certain class of features,
and using a similarity measure. Since any scene matching algorithm is a
decision process, the perform ance may be characterized by means of a
receiver operating characteristic (ROC) curve that may be derived from
statistical evaluations. Suppose, for example, that we are matching a road
intersection area, using m om ent measurements. F our situations can occur at
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T ru th

I------------------------------ 1
M atch
(a)

M atch

M achine
D ecision

p fc o rre c t m a tc h )

fc)

Skip

p (in c o rre c t sk ip )

Skip
(b )

p (in c o rre c t m a tc h )

<d)

p (c o rre c t sk ip )

Figure 8.37 Matrix of conditional probabilities of possible decisions. (Note that the sum of
the columns is unity.)

each comparison location as shown in Fig. 8.37 and listed below:
(a) The true matching position is recognized.
(b) A wrong matching position is classified as a match.
(c) The true m atching position is skipped.
(d) A mismatching position is skipped.
An ideal algorithm would maximize the probabilities of (a) and (d) above,
and consequently minimize the probabilities of (b) and (c). For any algo
rithms and param eters considered, these probabilities may be estim ated and
tabulated. Note that the sum of the column terms of Fig. 8.37 m ust add to
unity. Variations of the decision rule, however, will affect the probability of a
correct skip versus incorrect skip or, conversely, the probability of a correct
m atch versus incorrect match. This trade-off may be shown in the ROC curve
of Fig. 8.38. In Fig. 8.38a, it is easy to see that algorithm A is absolutely
superior to algorithm B under the given set of param eters because, given a
certain desired probability of match, the probability of false m atch of
algorithm A is smaller than that of algorithm B. A com parison of perfor
mance of different measurements for the same scene features and resolution
is shown in Fig. 8.38b. Plotting such curves for different param eter com bina
tions allows one to evaluate the perform ance of any given algorithm under
each given set of conditions. The effects of resolution, type of measurements,
or type of scene features can be individually assessed by plotting param etric
ROC curves. To illustrate the use of the RO C curve for perform ance
evaluation, the previous scene matching approaches will be compared. The
assumptions required to evaluate the statistics are illustrative of the methods
available for obtaining statistical descriptions.

8 Scene Matching and Recognition

518

0

p fin c o rre c t m a tc h )
(b )

]

Figure 8.38 Receiver operating characteristic curves: (a) Resolution B is superior to resolu
tion A for feature type x and measurement type y and (b) measurement type y 2 is superior to
measurementy t for feature type x and resolution A.

Several approaches and techniques for scene matching have now been
considered, including the basic template matching method, sequential similar
ity comparisons, m atching with invariant moments, and matching with edge
features.
To further improve searching efficiency and increase map m atching perfor
mance, sequential hierarchical search may be incorporated as an integral part
of the matching methods. To evaluate the perform ance of any of these
techniques one may consider the probability distributions, as shown in Figs.
8.39 and 8.40, that could be at the A:th level in the hierarchical search or the
first level for template matching. The distribution pk( R ) is the probability that
the true match location takes on a specific similarity value R. Rk(u*,v*) is the
similarity value at the true match location for a particular m atch under
consideration. At the search levels where the image resolution is low, the
num ber of test locations is large, and the pk( R ) will be assumed to have a
Gaussian distribution with a variance of (aRk)2. Let Pk be the probability of
detection of the /cth search level (i.e., the probability that the similarity
measure at the true m atch location exceeds the threshold R Tk). Then Pk can

p(R)

P ro b a b ility
D en sity

Rk
T

R

R k ( u * ,v » )

(S im ila rity
M easure)

R k (u * ,v » ) = S im ilarity m e a su re a t m a tc h lo c a tio n
R

b

= B ac k ro u n d s im ila rity m e a su re

R k = T h resh o ld

Figure 8.39 Probability density function at match location p k( R) and background
(R).
R k(u*,v*) is the similarity measure at the match location, Rhk is the background similarity
measure, and Rr k is the threshold.

Similarity measure

Figure 8.40 pf and pd as functions of R for a typical match.
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be expressed as
Pk = r

Pk( R ) d R ,

J R _*

R —Rk(u*, v *)
Pk =

exp - 7lV liT o Bk JR-k

dR -

1
r 00
/ - R \2
___ j expl z I dR,
\ T l ^ Jy
\ 1 >

where y = [RTk - Rk{u*,v*)\/aRk.
Similarly, the probability of false fix at the /cth search level can be
com puted by
/•C O

P, = I

1

/•C O

pfR dR = ------------ I exp

J r/

R~Ru

dR

V 2 tt ak J Rrk

V 2 7T ■'-e
where y = (R Tk - R hk) / a k , p {( R ) is the probability density distribution of the
similarity measures of all test locations except the true m atch location, R bk
the similarity m easure averaged over all test locations (similarity measure of
the background), and (ak )2 the variance of pk(R).
F or small values of pk(R), the error introduced by the Gaussian assumption
for a non-Gaussian distribution may be large. Therefore either the actual
distribution must be used in the com putation or the Gaussian-assumed
com putation m ust be m odified through the use of the Edgeworth expansion
(Stuart and Kendall, 1969). Here the mean, variance, and the higher-order
moments of the distribution are used in the com putation of Pf. Let
;iin = £ { [ / ? —£ ( / ? ) ] " ) = the «th moment,
/
p {=

i - 'K j ’H

2 Pn(y)>
n=3

where Pn( x ) = f ( i i x, . . . , n n,x) and / is the num ber of terms in the expansion;
1

Pk = 1 -

ry exp \ - W2 ) 2}dE„

1

V277 ^— OO

where the normalized threshold y is given by
y = { Tnk ~ nrm ) / ^ n r ^
and rm is the am plitude of the average error measurem ent at the match
location of the lowest search level m. For these com putations n is set equal to
the num ber of picture elements in the window. Table 8 .8 shows the numerical
value of Pk as a function Tk" for the matching of the optical to noisy optical
images and radar to optical images at the lowest resolution level. The images
are as shown in Figs. 8.16-8.18. Subimages selected for the m atch are shown
in Fig. 8.41.

(b)

(a )

(c)
Figure 8.41 Subimages selected for map matching: (a) upper portion of large stadium, (b)
lower portion of large stadium, and (c) small stadium. [From Wong and Hall (1978).]

Table 8.8
Performance of Optical to Noisy Optical Scene Matching a
Tn

y

Pk

Optical to noisy
optical match

3.0
2.0
1.5
1.0
0.0

0.500
0.841
0.933
0.977
0.999

960
1080
1140
1200
1320

Radar to
optical match
896
1008
1064
1120
1232

“rm is the amplitude of the average error measurement at the
match location, and n is the number of picture elements in the
window. rm = 15 for noisy optical and rm = 14 for radar match.
n = 64.
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To compute the probability of false fix Pf the actual probability density
distribution p f is estim ated from the experimental data. This is accomplished
by computing the frequency of occurrence of test locations as a function of
the accum ulated error. Num erical integration is then performed to obtain P{
as a function of Tnk.
F or n = 5, Pf (Smith and Rockmore, 1976) becomes
P f= l - ^ ( x ) + { [ | JP3 (x 2 + l ) ] + [ i JP4x (x 2 + 3)]
+ [ £ P 32x ( x 4 - 1Ox2 + 15) ] + [ ^ P 5( x 4 - 6 x + 3) ]
+ [ t 3 5 ^ 4 ( * 6- 1 5 * 4 + 4 5 x —15)]},
where
n _ M5

10^2^3

(/*2)
Figure 8.40 shows a graph of Pf and Pd as a function of the normalized
similarity measure R for a typical match. It is seen from these plots that either
of the probabilities, Pk or P; can be made to take any desired value by an
appropriate choice of threshold R rk, and the other will then be determined.
However, the lower Pf is made, the lower Pk will be. A m ap m atching
perform ance curve can be generated by plotting Pk as a function of Pf. Two
of these curves are shown in Fig. 8.42; note that the curve with a sharper rise
produces a higher probability of a m atch for a given probability of false fix
S cene M atch in g w ith High P e rfo rm a n ce

1.0

0 .7 5

P ro b a b ility
o fa
M atch

n
u'5

0.2 5

0

1
0

0 .2 5

1-----------

1
0 .5

0 .7 5

P ro b a b ility o f False Fix
F ig u re 8 .4 2

S c e n e m a tc h in g o p e r a tin g c h a ra c te ris tic s .

1.0
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and, therefore, represents a m ap matching m ethod of higher performance. A
set of curves can be generated for the matches by each of m ap matching
methods. The relative perform ance can then be com pared in the m atching of
images that have a variety of scene features.
8.4.1

Performance of Basic Sequential Map Matching

The basic sequential map m atching with hierarchical search has been
described in Section 8.1.3. In this method, the similarity between two images
is determ ined by the accum ulated sum of the absolute difference in gray level
of the window pairs. The smaller the accum ulated error, the more likely the
m atch is achieved. The probability of a m atch Pk at the search level k as a
function of the accum ulated error or, equivalently, the threshold level T k can
be computed.
The perform ance characteristics of the optical to noisy optical m ap m atch
ing of the upper portion of the large stadium, lower portion of the large
stadium, and the small stadium are shown in Figs. 8.43, 8.44, and 8.45,
respectively. Figure 8.46 shows the perform ance characteristics of the radar to
optical m atching of the small stadium. Pk and P( as a function of Tnk for the
four matches are tabulated in Table 8.9. The operating characteristics pre
sented as the probability of a m atch as a function of the probability of false
fix are shown in Fig. 8.47. The sharp rise of these curves indicated a relatively
high perform ance by this m ethod in m atching the type of image under
considerations.
Following the same procedures, the operating characteristics of m ap m atch
ing by the basic sequential m ethod at the higher search level k = 2 are shown
in Figs. 8.48-8.51. Pk and Pf as a function of T k for these matches are

Threshold

Figure 8.43
level fc = 3.

Optical to noisy optical scene matching upper portion of large stadium; search

T hresh o ld

Figure 8.44
level k = 3.

Optical to noisy optical scene matching lower portion of large stadium; search

Threshold

Figure 8.45

Optical to noisy optical scene matching small stadium; search level k = 3.

Threshold

Figure 8.46

524

Optical to radar scene matching small stadium; search level k = 3.

P ro b ab ility o f false fix
F ig u re 8 .4 7

Optical to noisy optical scene matching for the upper portion of the large

stadium.
T a b le 8 .9
P e rfo rm a n c e C h a ra c te ristic s o f B a s ic S e q u e n tia l M a p M a tc h in g , S e a rc h L e v e l k = 3

Upper portion"
of large stadium

Lower portion3
of large stadium

Small stadium0

Small stadium*

Threshold

Pk

P,

Pk

P,

Pk

Pi

Pk

P,

1200
1150
1100
1050
1000
950

0.461
0.634
0.763
0.875
0.949
0.998

0.0002
0.0007
0.001
0.004
0.007
0.011

0.461
0.634
0.763
0.875
0.949
0.998

0.0001
0.0005
0.001
0.003
0.005
0.008

0.461
0.634
0.763
0.875
0.949
0.998

0.0001
0.0003
0.0006
0.003
0.006
0.010

0.670
0.818
0.917
0.976
0.998
0.999

0.0008
0.001
0.003
0.006
0.010
0.015

“Optical to noisy optical match.
b Radar to optical match.
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l.o r

5000

6000

7000

8000

Threshold

Figure 8.48
level A: = 2.

Optical to noisy optical scene matching upper portion of large stadium; search

Figure 8.49
level k = 2.

Optical to noisy optical scene matching lower portion of large stadium; search

Threshold

Threshold

Figure 8.50

Optical to noisy optical scene matching small stadium; search level fc = 2.

T h resh o ld

Figure 8.51

Optical to radar scene matching small stadium; search level k = 2.

P ro b ab ility o f false fix

Figure 8.52 Optical to noisy optical and optical to radar scene matching; search level k = 2. @
optical to noisy optical match using lower portion of large stadium, A optical to radar match
using small stadium region.
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Table 8.10

P e rfo rm a n c e C h a ra c te ristic s o f B a sic S e q u e n tia l M a p M a tc h in g , S e a rc h L e v e l k — 2

Upper portion0
of large stadium

Lower portion0
of large stadium

Small stadium0

Small stadium*

Threshold

Pk

Pi

Pk

Pi

Pk

Pt

Pk

Pi

6300
6200
6100
6000
5900
5800
5700
5600
5500
5400

0.490
0.601
0.699
0.792
0.862
0.890
0.942
0.970
0.982
0.996

0.002
0.003
0.005
0.008
0.010
0.020
0.039
0.06
0.090
0.120

0.490
0.601
0.699
0.792
0.862
0.890
0.942
0.970
0.982
0.996

0.003
0.005
0.008
0.012
0.016
0.018
0.02
0.021
0.028
0.03

0.490
0.601
0.699
0.792
0.862
0.890
0.942
0.970
0.982
0.996

0.001
0.001
0.002
0.004
0.007
0.01
0.02
0.03
0.06
0.09

0.850
0.902
0.931
0.952
0.963
0.984
0.995
0.998
0.999
0.999

0.001
0.001
0.002
0.005
0.008
0.012
0.023
0.040
0.062
0.088

“Optical to noisy optical match.
‘ Optical to radar match.

tabulated in Table 8.10. This data indicated that scene matching at this
search level produces a slightly higher probability of a false fix for a given
probability of a m atch than that obtained in the previous search level. This is
primarily due to the fact that at the high resolution level fewer test locations
are needed to be evaluated. The probability of a false fix Pf is a function of
the ratio of the num ber of test locations that passed the threshold test and the
num ber of locations tested. Each false location would contribute to a higher

T h resh o ld
F ig u re 8 .5 3

level k = 1.

Optical to noisy optical scene matching upper portion of large stadium; search
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Pf at the higher resolution level. Figure 8.52 shows the operating characteris
tics at search level k = 2. The rapid rise of these curves indicated a high
perform ance by this m ethod in m atching the type of images under considera
tion.
A typical perform ance characteristic curve of m ap m atching at the search
level k = 1 is shown in Fig. 8.53. Here, the probability of a false fix becomes
statistically less accurate due to the fact that very few test locations are used
at the high resolution level. The numerical value of Pf, however, can still be
obtained by theoretical com putations or through the extrapolation of m atch
ing data at the lower resolution levels.
8.4.2

Performance of Map Matching with Invariant Moments

The m athem atical foundations of invariant moment techniques and the
derivation of invariant m om ent equations have been described in C hapter 7.
These equations were applied to the m atching of three test windows. The
results of the experiments indicated that scene matching is successful in some
cases, while in other cases it produces several equally likely candidates at the
highest resolution used, thus m aking the selection of the correct location
difficult. However, scene m atching with invariant moments can be used to
great advantage at the low resolution level at which other methods, such as
scene matching with edge features, are not possible. The m ap m atching
m ethod with invariant m om ents was applied to the m atching of three sets of
images at the lowest resolution level of k = 3. The analyses presented in this
section are based on the results from these matches.
In the map m atching with invariant moments, the similarity between two
images is determ ined by the correlation of the seven invariant moments of the
radar subimages with those com puted at each of the test locations in the
optical search scene,

R (u,v) is the m om ent correlation at the test location (u,v), M, the /th
invariant mom ent of the radar subimage, and N (u ,v) the z'th invariant
mom ent of the optical subimage at test location (u,v ). Therefore the larger
the correlation R(u,v), the more likely that a m atch will be achieved.
The probability of a match Pk as a function of the correlation R can be
com puted using the previous equations. The standard derivation aRk is
com puted based on the variations of the correlation values around R(u*,v*),
where R(u*,v*) is the correlation at the true m atch location (u*,v*). To
compute the probability of a false fix Pf the actual probability density
distribution derived from the experimental data of each m atch is used. This is
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T h resh o ld

Figure 8.54

Scene matching with invariant moments, radar to optical matching image N o. 1,

location 1.

done by computing the frequency of occurrence of the test locations as a
function of the correlation R.
Figures 8.54 and 8.55 show the perform ance characteristics of the radar to
optical m ap m atching at locations 1 and 2 of image 1 shown in Fig. 8.56. In
these curves, the correlation threshold is plotted on a log scale. The log scale
is used to compensate for the fact that the correlation was com puted on the
logarithm of amplitudes of the seven moments rather than on the amplitudes
themselves. Pk and P{ as a function of the threshold for the two matches are
tabulated in Table 8.11. The operating characteristics are shown in Fig. 8.57.

T h reshold

Figure 8.55
location 2.

Scene matching with invariant moments, radar to optical matching image No. 1,

Figure 8.56
(1978).]

Windows selected for scene matching image No. 1. [From Wong and Hall

P ro b ab ility o f false fix

Figure 8.57
location 2.

Radar to optical matching with moments, image No. 1: — , location 1; —O — ,
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Table 8.11

Radar to Optical Scene Matching with Invariant Moments for Image 1 “
Location 1

Location 2

Threshold

Pk

Pf

Pk

Pf

0.900
0.950
0.980
0.990
0.993
0.995
0.998
0.999

1.000
1.000
0.705
0.400
0.195
0.120
0.080
0.020

0.165
0.156
0.112
0.082
0.064
0.052
0.001
0.000

1.000
1.000
0.978
0.720
0.458
0.280
0.100
0.020

0.172
0.121
0.108
0.072
0.061
0.002
0.001
0.000

“Pk is the probability of detection; Pf is the probability of false fix.

Figures 8.58-8.60 show the perform ance characteristics of the radar to
optical m ap matching at locations 1, 2, and 3 of image 2 shown in Fig. 8.61.
Pk and P{ as a function of the threshold for the three matches are tabulated in
Table 8.12. The operating characteristics are shown in Fig. 8.62.
Similarly, Figs. 8.63 and 8.64 show the perform ance characteristics of the
radar to optical m ap matching at locations 1 and 2 of image 3 shown in Fig.
8.65. Pk and Pf as a function of the threshold for the two matches are
tabulated in Table 8.13. The operating characteristics are shown in Fig. 8 .6 6 .
It is seen from the operating characteristics in Figs. 8.63, 8.64, and 8 . 6 6 that
m ap m atching at different locations within the same image produces a set of
curves that are consistent in character. The m atching of images 2 and 3
produces similar characteristics. F or a given probability of false fix, the
matching of image 1 produced a higher probability of a m atch than those that
resulted from the m atching of images 2 and 3. This is true in the operating
range where a probability of a m atch is significant (i.e., Pk > 0.6).
8.4.3 Performance Comparison of Scene Matching with the
Two Types of Intensity-Transformed Radar Images
In this section, a com parison of the radar images produced by the two
methods of intensity transform ation is made. The two transform ation
methods are the K arhunen-L oeve transform and the m ethod with sensordependent parameters. R adar to optical m ap matching is perform ed by
m atching regions extracted from the two types of radar images to the optical
images. Performance of map m atching with invariant moments, described
previously, resulted in the generations of sets of m ap matching perform ance
characteristic curves. R adar regions used in these matches were extracted
from the K arhunen-Loeve transform ed images shown in Fig. 8.67d. Figures
8 . 6 8 and 8.69 show the characteristic curves of the matching of locations 1

l . Or

T hreshold

Figure 8.58
location 1.

Scene matching with invariant moments, radar to optical matching image No. 2,

Figure 8.59
location 2.

Scene matching with invariant moments, radar to optical matching image No. 2,

P ro b ab ility o f

T h reshold

Figure 8.60
location 3.

Scene matching with invariant moments, radar to optical matching image No. 2,
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Figure 8.61

Window selected for scene matching image No. 2. [From Wong and Hall (1978).]

Figure 8.62 Radar to optical matching with moment image No. 2: — , location 1; — © — ,
location 2; — A — A — >location 3.
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Table 8.12
Radar to Optical Scene Matching with Invariant Moments for Image 2 a
Location 1

Location 2

Location 3

Threshold

Pk

P,

Pk

Pi

Pk

Pi

0.900
0.950
0.980
0.990
0.993
0.995
0.998
0.999

1.000
1.000
0.933
0.702
0.610
0.560
0.400
0.370

0.390
0.338
0.208
0.123
0.092
0.058
0.018
0.002

1.000
1.000
0.978
0.845
0.733
0.675
0.553
0.500

0.385
0.350
0.228
0.150
0.118
0.090
0.030
0.008

1.000
1.000
0.968
0.808
0.720
0.650
0.530
0.520

0.410
0.320
0.170
0.070
0.050
0.040
0.020
0.008

“ Pk is the probability of detection; Pf is the probability of a false fix.

T h resh o ld

Figure 8.63

Radar to optical scene matching with invariant moments, image No. 3, location 1.

Threshold

Figure 8.64

Radar to optical scene matching with invariant moments, image No. 3, location 2.
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Figure 8.65
(1978).]

Windows selected for scene matching image No. 3. [From Wong and Hall

P ro b ab ility o f false fix

Figure 8.66 Radar to optical scene matching with moments, image No. 3: — , location 1;
—O —, location 2.
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Table 8.13
Radar to Optical Scene Matching with Invariant Moments for Image 3 “
Location 1

Location 2

Threshold

Pk

P,

Pk

Pf

0.900
0.950
0.980
0.990
0.993
0.995
0.998
0.999

1.000
1.000
0.995
0.902
0.856
0.740
0.580
0.502

0.541
0.499
0.385
0.275
0.195
0.124
0.051
0.032

1.000
1.000
0.979
0.830
0.718
0.645
0.502
0.420

0.401
0.215
0.059
0.021
0.012
0.005
0.002
0.001

“Pk is the probability of detection; Pf is the probability of a false fix.

(c)

(d)

Figure 8.67 Intensity transformation of image No. 1: (a) original radar, (b) intensity
reversed, (c) intensity transformed with sensor-dependent parameters, (d) intensity transformed
with Karhunen-Loeve transform. [From Wong and Hall (1978).]

537

8 Scene Matching and Recognition

538

and 2 of Fig. 8.70. To form a basis for comparison, the regions of locations 1
and 2 are also extracted from the radar image in Fig. 8.67c. The results of
these matches are presented as characteristic curves in Figs. 8.71 and 8.72.
Probability of a match Pk and probability of a false fix Pf as a function of the
threshold for these matches are shown in Table 8.14. The operating character
istics, presented as P d as a function of P f, are shown in Fig. 8.73. Comparison
of map matching performance for the two types of image is shown in Table
8.15. It is seen that the two types of image provided similar performance in
terms of the probability of a match and probability of a false fix. Map
matching by the K arhunen-L oeve transformed images provided a higher
probability of a match at a lower probability of a false fix. This transforma
tion, however, requires the knowledge of the statistics of both the optical and
radar image. W hen these statistics are available, intensity correction with the

T h resh o ld

Figure 8.68 Scene matching with invariant moments, Karhunen-Loeve intensity-transformed
radar image to optical matching image No. 1, location 1.

T h resh o ld

Figure 8.69 Scene matching with invariant moments, Karhunen-Loeve intensity-transformed
radar image to optical matching image No. 1, location 2.

Figure 8.70 Windows selected for scene matching image No. 1. [From Wong and Hall
(1978).]

T h resh o ld

Figure 8.71 Scene matching with invariant moments, radar image transformed with sensordependent parameters to optical matching image No. 1, location 1.

T hresh o ld

Figure 8.72 Scene matching with invariant moments, radar image transformed with sensordependent parameters to optical matching image No. 1, location 2.
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Figure 8.73 Radar to optical map matching with invariant moments, image No. 1:
Karhunen-Loeve transformed image, — , location 1;
location 2; image transformed with
sensor-dependent param eters,
, location 1; — O — , location 2.

Table 8.14
Radar to Optical Scene Matching with Invariant Moments
Location 1“

Location 1*

Location 2“

Location 2 *

Threshold

Pk

Pf

Pk

Pt

Pk

Pf

Pk

Pf

0.900
0.950
0.980
0.990
0.993
0.995
0.998
0.999

1.000
1.000
0.705
0.400
0.195
0.120
0.080
0.020

0.165
0.156
0.112
0.082
0.064
0.052
0.001
0.000

1.000
0.990
0.656
0.282
0.172
0.115
0.072
0.018

0.173
0.168
0.121
0.085
0.066
0.053
0.001
0.000

1.000
1.000
0.978
0.720
0.458
0.280
0.100
0.020

0.172
0.121
0.108
0.072
0.061
0.002
0.001
0.000

1.000
0.995
0.970
0.612
0.350
0.212
0.092
0.018

0.193
0.136
0.122
0.086
0.065
0.002
0.001
0.000

a Radar image intensity-transformed with Karhunen-Loeve transform.
b Radar image intensity-transformed with sensor-dependent parameters.
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Table 8.15
Comparison of Map Matching Results o f the Two Intensity-Transform Methods
Location 1

Location 2

Threshold

AP*

AP,

APk

AP,

0.900
0.950
0.980
0.990
0.993
0.995
0.998
0.999
Averaged

0.000
0.010
0.069
0.295
0.118
0.042
0.100
0.100
0.092“

0.049
0.077
0.080
0.036
0.019
0.000
0.000
0.000
0.033 6

0.000
0.005
0.008
0.150
0.236
0.243
0.210
0.100
0.119“

0.122
0.124
0.129
0.194
0.065
0.000
0.000
0.000
0.079 4

“Average increase in probability of a match by the Karhunen-Loeve
transform method over that of the method with sensor-dependent parameters.
* Average decrease in probability of false fix of the Karhunen-Loeve
transform method over that of the method with sensor-dependent parameters.

K arhunen-Loeve transform can be used to great advantage. Intensity trans
formation using the method with sensor-dependent parameters provided
suboptical intensity corrections. Radar images transformed by this method
are shown to have sufficiently high quality to have resulted in map matching
with a relatively high probability of a match.

8 .4 .4

R e la t iv e

P e rfo rm a n c e

o f th e

D iffe re n t M a p

M a tc h in g

M e th o d s

Although experimental work was performed on the images, there were too
few images to be able to reach any specific final conclusions. M any remarks
and tentative conclusions can be made based on the results obtained in the
previous sections. Results from Section 8.8 indicated that the basic sequential
matching appeared to be an excellent method in the m atching of the images
used in the experiments. Scene contents in these images consist of relatively
well defined man-made objects located in areas of varying background. This
m ethod is useful in matching images taken by the same type of sensors under
different operating conditions. These sensors may include x ray, radar, and
radiometers. The true significance of this m ethod, however, is that scene
matching can be accom plished even in cases that are difficult for humans or
standard correlation techniques and can be accom plished with greatly re
duced computation. This was explicitly demonstrated in the matching of the
noisy small stadium.
A comparison of the operating characteristics of map matching with
invariant moments and those of the basic sequential m ethod indicated that
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map matching with the basic sequential m ethod generally produces higher
performance than map matching with invariant moments for scenes of many
types.
Of the three methods analyzed, map matching with edge features appeared
to be the best candidate for the matching of radar to optical images.
W hen a radar and an optical picture are examined in detail, it is often
found that the m ost distinguishable com m on features of the two types of
images are the outlines of the various natural as well as man-made objects.
Therefore, edge features can be used to great advantage in radar to optical
scene matching. However, features extracted by the existing edge operators
contain many spurious background edges. This difficulty has been largely
overcome through the developm ent of the edge processing technique. As
indicated by the results, excellent performance was obtained in the matching
of three image sets with scenes that have a variety of content. Since identical
scenes from the same image sets were used in the matching with invariant
mom ents and with edge features, a direct comparison o f the matching
performance by the two methods is possible. The results indicated a better
performance by the matches with edge features in all scenes.
The overall probability of a match P D is the product of the individual Pk
com puted at each of the search levels:

n

pD=

n

p k,

k —m

where m is the lowest resolution level and n > 0 the level at which a match
decision is declared.
The overall probability of false fix P F is the sum of the individual Pf
computed at each search level:
P F= t

f=m

Pf .

The overall performance of map matching by the three methods is tabu
lated as
Method

Performance

Basic sequential
Invariant moment
Edge features

Table 8.16
Table 8.17
Table 8.18

In summary, data from these tables indicate map m atching with the three
methods produces overall averaged P D and P F as
Method

PD

Pf

Basic sequential
Invariant moment
Edge features

0.915
0.807
0.954

0.079
0.095
0.059

Table 8.16
Overall Performance o f Map Matching by the Basic Sequential Method
Search level
k =3

Search level
k =2

Search level
k=1

Search level
k =0

Location

Pk

Pf

Pk

Pf

Pk

Pf

Pk

Pf

Po

Pf

Upper portion"
of large stadium

0.998

0.018

0.977

0.052

0.977

0.018

0.977

0.007

0.931

0.095

0.953

0.051

0.953

0.072

Lower portion4
of large stadium

0.998

0.010

0.977

0.028

0.977

0.013

Small stadium"

0.998

0.014

0.977

0.043

0.977

0.015

—

—

Small stadium4

0.999

0.010

0.977

0.019

0.977

0.013

0.841

0.006

Averaged

0.818 0.096
0.914 0.079

“ Optical to noisy optical match.
h Radar to optical match.
Table 8.17
Performance o f Map Matching with Invariant Moments
Image No.

Location

Pk

Pf

1

1
2

0.810
0.920

0.123
0.081

2

1
2
3

0.702
0.720
0.808

0.123
0.098
0.070

3

1
2

0.740
0.952

0.124
0.043

0.807

0.095

Averaged

Table 8.18
Performance o f Map Matching with Edge Features
Search level
k =2

Search level
/c= 1
Pk

Image No.

Location

Pk

Pf

1

1
2

0.977
0.977

0.067
0.039

2

1
2
3

0.998
0.998
0.988

3

1
2

0.933
0.933

Averaged

Pf

Pd

0.977

0.043

0.977
0.955

0.067
0.082

0.020
0.031
0.030

0.977
0.977

0.038
0.054

0.975
0.975
0.988

0.058
0.085
0.030

0.029
0.022

0.933

0.042

0.870
0.933

0.071
0.022

0.954

0.0593

Pf
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Threshold
Figure 8.74

Radar to optical scene matching with edge features, image No. 1, location 1.

Threshold
Figure 8.75 Radar to optical scene matching with edge features, image No. 1, location 2:
location 1; — O — , location 2.
Table 8.19
Radar to Optical Scene Matching with Edge Features for Image 1
Location 1

544

Threshold

Pk

0.10
0.15
0.20
0.25
0.30
0.40
0.50
0.60

1.000
1.000
0.992
0.990
0.969
0.842
0.490
0.22

Pf
0.74
0.54
0.34
0.15
0.05
0.015
0.005
0.001

Location 2
Pk

P<

1.000
1.000
1.000
1.000
0.998
0.962
0.860
0.602

0.920
0.740
0.540
0.250
0.110
0.037
0.010
0.008
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Probability of false fix
Figure 8.76

Radar to optical scene matching with edge features, image No. 1.

Figures 8.74 and 8.75 show the performance characteristics of the radar to
optical map matching at locations 1 and 2 of im age 1 as shown in Fig. 8.56.
Pk and P f as a function of the threshold or similarity correlation for the two
matches are tabulated in Table 8.19. The operating characteristics are shown
in Fig. 8.76.
Figures 8.77-8.79 show the performance characteristics of the radar to
optical matches at locations 1, 2, and 3 of im age 2 as shown in Fig. 8.61. Pk
and P f as a function of the threshold for the three matches are tabulated in
Table 8.20. The operating characteristics are shown in Fig. 8.80.
Similarly, Figs. 8.81 and 8.82 show the performance characteristics of the
matches at locations 1 and 2 of image 3 as shown in Fig. 8.65. Pk and P f as a
function of the threshold are tabulated in Table 8.21. The operating char
acteristics are shown in Fig. 8.83.
8 .4 .5

P e r f o r m a n c e o f M a p M a t c h i n g w ith E d g e F e a t u r e s

Radar to optical map m atching with edge features has been applied to the
three sets of images shown in Figs. 8.27, 8.31, and 8.33. The matchings started
at search level k = 2. This is due to the fact that as the resolution of the edge
image is reduced to level k = 1 the effect of the blurring on the image
simplifies the image to such an extent that a m atching decision cannot be
made with sufficiently high confidence. The analyses presented in the section
are based on results from the matches at the search level k = 2.

Threshold

Figure 8.77

Radar to optical scene matching with edge features, image No. 2, location 1.

Threshold

Figure 8.78

Radar to optical scene matching with edge features, image No. 2, location 2.

Figure 8.79

Radar to optical scene matching with edge features, image No. 2, location 3.

Threshold
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Figure 8.80 Radar to optical scene matching with edge features, image No. 2: — , location 1;
— ©— , location 2;—A — , location 3.

Table 8.20
Radar to Optical Scene Matching with Edge Features for Image 2“
Location 1

Location 2

Threshold

Pk

P,

Pk

0.20
0.40
0.60
0.70
0.75
0.80
0.85

1.000
1.000
1.000
0.992
0.981
0.933
0.610

0.160
0.070
0.030
0.021
0.007
0.001
0.005

1.000
1.000
0.998
0.977
0.940
0.680
0.200

Pf
0.208
0.075
0.018
0.015
0.010
0.008
0.006

Location 3
Pk

P,

1.000
1.000
1.000
0.940
0.640
0.170
0.040

0.410
0.050
0.030
0.020
0.015
0.005
0.001

“PA is the probability of detection; Pf is the probability of a false fix.
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Threshold

Figure 8.81

Radar to optical scene matching with edge features, image No. 3, location 1.

Figure 8.82

Radar to optical scene matching with edge features, image No. 3, location 2.

Threshold

Table 8.21
Radar to Optical Scene Matching with Edge Features for Image 3“
Location 1

Location 2

Threshold

Pk

P,

Pk

P,

0.10
0.15
0.20
0.25
0.30
0.40
0.45
0.50
0.60

1.000
1.000
1.000
1.000
0.982
0.842
0.663
0.267
0.018

0.825
0.689
0.361
0.156
0.083
0.018
0.009
0.003
0.001

1.000
1.000
1.000
1.000
1.000
0.980
0.905
0.850
0.123

0.972
0.836
0.603
0.348
0.180
0.042
0.021
0.007
0.001

aPA is the probability of detection; P, is the probability of a false fix.
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Probability o f false fix

Figure 8.83 Radar to optical scene matching with edge features, image No. 3: — , location 1;
—© — , location 2.

In the map matching with edge features, the similarity between two images
is determined by a similarity correlation

/t(«,o) - [ / ’00/ ( / ’00+ F01) ] [ F II/ ( F 1I + F01)].
Ftj is the number of window pairs with intensity i in the radar image and
intensity j in the optical image. Therefore, the larger the correlation, the more
likely that the match will be achieved. To com pute the probability of a false
fix P f the actual probability density distribution derived from the experimen
tal data of each match is used. This is done by computing the frequency of
occurrence of the test locations as a function of the similarity correlation
R(u, v).

8 .5

C o n c lu s io n s a n d D i s c u s s io n

The problem of m atching two images of som e scene taken by different
sensors under different operating conditions is a challenging problem in
image processing and pattern recognition. Geom etric and intensity correc
tions are often necessary in preparing the images for scene matching. Of the
two methods of intensity correction, transformation using the K arhunenLoeve transform provided the best intensity match. This transformation,
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however, required the knowledge of the statistics of both the optical and
radar images. W hen the statistics of both images are available, intensity
correction with the K arhunen-Loeve transform can be used to great advan
tage. Intensity transformation, using methods with sensor-dependent parame
ters, may also be used.
Experimental work was performed on too few images to be able to reach
any final conclusions; however, tentative conclusions can be made based on
the results of the analyses and experiments. The techniques of scene matching
with hierarchical search have proved to be effective in matching scenes of
many types. The developm ent of these techniques has provided an important
m ethod toward solving the difficult problem of scene matching in an efficient
manner. Scene m atching with hierarchical search has resulted in an averaged
computational saving of three orders of magnitude over that of the standard
correlation for the matching of 2 5 6 x 2 5 6 images. Of the three matching
methods using hierarchical search, map matching with edge features appeared
to be the best candidate for radar to optical matching. A s indicated by the
results from Sec. 5.3 excellent performances were obtained in the matching of
all three image sets for regions that have a variety of contents. Scene
matching with the edge features has provided a probability of a match of
0.954 and a probability of a false fix of 0.059 when averaged over the match
regions.
Scene matching with the basic sequential method provided good perfor
m ance in the m atching of scenes that contain relatively well-defined manmade objects of varying background. This method is particularly useful in
matching images taken by the same type of sensors under different operating
conditions. These m ay include
radiometric images taken at different view angles and altitude,
medical x rays taken at different viewing geometries,
radar images taken at different viewing geometries, and
optical images taken at different time and viewing geometries through the
earth’s time-varying atmosphere and cloud formations.
However, the true significance of this method is that scene matching can be
accomplished even in cases that are difficult for humans and for standard
correlation techniques and can be accomplished with greatly reduced com 
putations. This was demonstrated in the matching of the noisy small stadium.
Scene matching with the basic sequence method has resulted in an averaged
probability of a match of 0.915 and an averaged probability of false fix of
0.079.
D epending on the scene content, scene matching with invariant moments
was successful in som e cases. In others, it produces several equally likely
candidates, thus making the selection of the correct location more difficult.
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However, scene m atching with invariant mom ents can be used to great
advantage at the low resolution level at which other methods, such as scene
matching with edge features, are not possible. Scene matching with invariant
moments has resulted in an averaged probability of a match of 0.81 and an
averaged probability of false fix of about 0.1. This suggests a possible need
for improvement in this m ethod. Two possible improvements by which a
better and more efficient match may be accom plished are the following:
(1) W eight each of the seven moments with an appropriate weighting
factor before correlation. The numerical values of these weighting factors
may be related to the information content or the frequency distribution of the
grey levels of the images.
(2) Generate higher-order m oments. Select a set of mom ents for correla
tion com putation with the selection based on the information contents of the
images.
Scene matching using structured features has resulted in superior perfor
mance in terms of providing a sharper correlation peak at the location of true
registration; at the same time, this was accom plished at greatly reduced
computation and memory storage requirements as compared to those re
quired by the standard correlator. Several algorithms based on this matching
technique are developed. Experimental results indicated that this m ethod can
successfully be applied to the m atching of images in the presence of a high
noise level.
Although the experiments were performed primarily on optical and radar
images, the methods described in this report should be equally applicable to
images taken by other types of sensors, such as radiometers, x ray, or infrared
imaging systems.

B i b li o g r a p h ic a l G u i d e

The mathematical model for scene matching is pattern recognition, there
fore, the books on pattern recognition listed in the bibliography of Chapter 1
are excellent background. The general techniques of sequential recognition
are described by Fu (1968). A recent description of the basic correlation as
well as m odem methods is given by W ong (1976). Filtering to whiten the
spectra is described by Pratt (1974).
Sequential consideration of measurements was used successfully by Bam ea
and Silverman (1972). Another form of sequential template matching is
described by Ramapriyan (1976).
The coarse-fine sequential technique was introduced by W ong et al. (1977)
as a modern approach to scene matching that uses both the variable resolu
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tion sequence and sequential consideration of features to provide a logarithmetically efficient computation. Other search methods are described in N agel
and Rosenfeld (1972), Tanim oto and Paulidis (1975), and VanderBrug and
Rosenfeld (1977). The similarity measures used in sequential feature compari
sons may be developed in several ways. Several methods are described by
Rosenfeld and Pfaltz (1968) and Lissack and Fu (1976). One method of
determining a threshold sequence is based upon an estimation of the proba
bility density of the error. Techniques for density estimation are described by
Balakrishnan (1968), Raemer (1969), Barnea and Silverman (1972), Hall et al.
(1976), and W ong (1976, 1977).
Scene matching may be accom plished with a variety of features. Scene
matching using m om ent invariants is described by Sadjadi and Hall (1976)
and W ong and Hall (1978). Scene matching using edge features is described
by W ong (1976) and Hall et al. (1976). Other techniques are described in
Leese et al. (1971), Fischler and Elschlager (1973), and Weber and Delashmit
(1974).
The matching of scenes from different sensors is a general and important
problem. That matching can be accurately performed even between such
different images as produced by optical and radar sensors is described by
W ong (1977) and Hall et al. (1977).
The performance of scene m atching techniques may be described in terms
of receiver operating characteristic (ROC) curves. A difficulty in the compari
son of performance is that it is usually costly to perform a large number of
trials. The estimation procedures described in the text and by W ong (1977)
provide basic estimates of the performance easily. The estimates can then be
refined by further experimentation.

PROBLEMS
8 .1
Show that a normalized correlation surface for two binary images may
be computed using the logical “exclusive and” function and counters. Start
with the Schwarz inequality.
8 .2
Reduce both the template and image in Fig. 8.6 by quadrant averaging,
and determine a new correlation surface using the product correlation rule.
Compare the resulting correlation surface to the one in Fig. 8.6c.
8.3 Suppose that x , , x 2, . . . are independent feature measurements with den
sities piXj/Wj), i = l,2 ,_ /= 1 ,2 ,..., which is a univariate Poisson density with
mean X. Determine the threshold sequences for given errors e l2 and e2l for the
sequential probability ratio test.
8 .4
Correlation length is defined as the average radial distance from a
correlation peak to its 50% values. Generally, the smaller the correlation
length, the greater the accuracy of a match. Suppose a subset of an image
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f ( x , y ) is to be selected by multiplying the im age by a window function
w( x, y ) . Determine the window function that will produce the smallest corre
lation length when the original image and w(x, y ) f ( x , y ) are correlated.
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Appendix: Processing Techniques
for Linear Systems

A.

In tro d u c tio n

Linear processing techniques are the basis of many image enhancement
and restoration algorithms. The purpose of this appendix is to introduce
several of the important concepts and variations of linear system computa
tion. For simplicity, only the one-dim ensional case without noise will be
considered. The two-dim ensional extensions and noise considerations are
covered in the text.
The fundamental and familiar continuous linear system is first introduced.
Both time variant and invariant systems are then considered, and it is shown
that three forms, infinite im pulse response, fin ite im pulse response, and p erio d ic
superposition are practical m odels for physical systems that may be closely
approximated by discrete computations. The matrix representation for the
time variant system is a superposition relation, and the forms of this super
position matrix for each of the three m odels is considered. The matrix form
for the more widely used time invariant system is then developed. The
important concept of a circulant matrix arises in the periodic convolution. It
is next shown that the circulant matrix is diagonalized by a discrete Fourier
transform and, consequently, an efficient solution to the periodic convolution
equations is developed. N ext, it is shown that both finite and infinite impulse
response convolutions may be computed via a circulant convolution, thus
extending the efficient solution to all three cases.
A linear system h is defined by the relation
h [ a / i ( t ) + bf2{ t ) ] = ah [ / , ( t ) ] + bh [ f 2{ t ) ],

where f x( t ) and f 2( t ) are arbitrary inputs, and a and b are constants. Further
more, since an arbitrary input function,/ ( / ) , may be expressed as a weighted
sum of impulse functions,
f(0= f

f(r)8(t-r)dr,

J —OO
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the response of the linear system to this arbitrary input may be computed by
OO

/

f(T)S(t-r)dr .

L ^ — oo
- no

By the linearity property

8(0= [

f(r)h [8 (t-T )]d T .

J ——ran
00

Thus the response is characterized by the linear system response to an
impulse function, which leads to the definition of the impulse response h(t , t )
as

A(/, t) = A [ 5 ( / - t)].
Since the system response to an impulse may vary with the time of applica
tion of the impulse, the general computational form of the linear system is the
superposition integral:
8 ( 0 =

( bf ( T ) h ( t , T ) d T .

Ja

This integral equation is called the Fredholm integral, and several books have
been devoted to its solution [e.g., Rust and Burris (1972), see Chapter 4], The
limits of integration are very important in determining the form of the
computation. W ithout further assumptions about the system or input signal,
the computation must extend over an infinite interval,
—oo

An important condition of realizability of a continuous system is that the
response be nonanticipatory, or causal,
h(t,r) = 0

for

t —r < 0 .

The causality condition leads to the computation
— OO

N ote that both equations require an infinite duration for the computation,
and therefore cannot be directly com puted numerically. Rather, three other
forms that involve a com putation only over a finite interval are more
appropriate. These may be called infinite impulse response, finite impulse
response, and periodic superposition to conform with the standard terminol
ogy in digital signal processing. In the following discussion, we shall consider
these three forms for both continuous and discrete processing to emphasize
the fundamental assumptions and permit the selection of the appropriate
model for a physical system.
The first computational form that can be practically implemented on a
computer is the infinite impulse response, a causal system for which the input
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signal starts at t = 0. With the con d ition / ( ; ) = 0, / < 0 , the system is described
by
S(t)=

f ‘f ( T ) h ( t , T ) d r .

Jo

Since the output can be observed at any positive time, the system impulse
response could be of infinite duration. A n infinite impulse response system
can be implemented with a finite recursive filter computation. The previous
computation may be approximated by a numerical quadrature method for
discrete implementation. This requires selection of evaluation or sampling
times for both the input, T = i A t , and the output, t = j A t . N ote that an
interesting class of problems could be generated by sampling either the input
or the output but not both. These variations are not in the mainstream of
image processing and will not be considered. A lso, to avoid an interpolation
step in the evaluation of h( j At —i At ) , and rounding in the upper integral
limits, the sampling increments will be assum ed equal, i.e., A? = Ar. An
interpolation, if required, can easily be accomplished. The discrete superposi
tion for the infinite impulse response, causal system with input starting at
t = 0 may be written as
g ( k A t ) = 2 f ( j At ) h( k At , j A t ) A t
7 - 0

for k = 0 ,1 , 2 , . . . . By proper scaling so that A? = A t = 1 , the superposition
simplifies to
sO ) = 2 f(j)h{kj).
7 = 0

If the continuous system is time invariant, then
h(t,T) = h ( t - r ) ,

and consequently,
h( k, j ) = h( k —j ) .
Thus the superposition reduces to a convolution of the form
sO )= 2 f(j)h (k-j).
7 = 0

The above equations therefore describe the causal linear system with the
input starting at / = 0 for the time variant and invariant systems. These
computations may be used to model causal systems in which past, present,
and future relationships are meaningful. In optical systems, causality in the
time variable is applicable; however, spatial causality is not as appropriate. A
point is usually blurred into its surrounding points in an unordered manner.
Therefore another form of the linear system com putation must be considered.
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The second important com putational form is the finite impulse response
system described by
g ( t ) = f ‘+

f(r)h(t,T)dT.

J t- T /2

This form follows directly if the impulse response is assumed to be of finite
duration, i.e.,
h( t , t ) = 0
if \ t - r \ > \ T .
N ote that for this general noncausal system the present output depends on
past, present, and future inputs. The assumption of a finite impulse response
is usually reasonable and is especially appropriate for modeling blur in
optical systems.
Again using numerical quadrature, the finite impulse response computation
may be converted to discrete form. The input and output sample increments
will again be assumed equal, At = Ar, and the interval T divided into an even
number M of subintervals with At = T / M . An odd number of points could
also be used. The discrete com putation then becomes
k + M /2

g(kAt) =

2

k = 0, ± 1 , ± 2 , . . . ,

f (J A t ) h ( k At J A t ) A t ,

j = k - M / 2

which simplifies to
k + M/2

g(k) =

2

/C O M M -

j = k - M / 2

If the system is time invariant, the superposition reduces to the convolution
k+ M /2

* (* )=

2

fU)h(k-j).

j = k - M / 2

Changing the subscripts of the above equation gives a more familiar form of
the finite impulse response convolution as a m oving window computation,

The final com putation to be considered is the periodic or circular super
position. The importance of this form stems, not from its appropriateness for
modeling a physical system, but rather from its discrete computational
efficiency. Given finite durations for both the impulse response and the input
to the linear system, i.e.,
f(t)

nonzero for

0 < t < T x,

and

h(t,T)

nonzero for

0 < t - r < T 2,

then periodic extensions with a com m on period, 7’ > m in (7 ’1, T2) may be
defined as
f p( t + T ) = f ( t ) ,

hp( t , T + T ) = hp( t + T, r ) = h(t, r).
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Then a com putation can be made of the form
g p( t ) = f f p( r ) h ( t , r ) d r .
*'0

The output g ( t ) will also be periodic with period T. To avoid wraparound or
overlap of the functions requires only that T > T 1+ T 2. In this case an
aperiodic com putation may be performed with the periodic superposition.
The discrete computation may be developed assuming A? = Ar and M A t = T,
M —1
g P( k A t ) =

2

f P( j A t ) hp( k A t , j A t ) A t

j =o

or simply
M- 1

g p( k ) =

2

f p U ) h p(k, j ),

7 = 0

where k = 0, ± 1, ± 2 and the conditions of periodicity are
hp( k ± nM, j ) = hp( k , j ± n M) = hp(k,j),
f p ( j ± n M ) = f p( j ) ,
g P( k ± n M ) = g p(k),
for « = 0 , 1 ,2 ,.... For the time invariant system
M- 1

g P( k ) =

2

f p ( j ) hp( k - j ) -

j- 0

At this point, the basic equations for the three computational forms have
been developed. W e shall now consider matrix equations for each.

B.

M a tr ix R e p re s e n ta tio n s

If only a finite number of output values are to be considered, then matrix
forms of the discrete superposition or convolution computation may be easily
developed. The matrix forms show definite structures for the linear systems.
Consider the infinite impulse response convolution given earlier. The
sequence of output values may be directly written from the equation as
* (0 )-/(0 )A (0 ),
g (l)-/(0 )A (l)+ /(l)A (0 ),

g(2) = /(0 )A (2 ) + /(1 )A (1 ) + /( 2 ) /i( 0 ) ,

g ( M ) = f ( 0 ) h ( M ) + f ( l ) h ( M - 1) + • • • + f ( M ) h ( 0).
If only M nonzero input values are given and N > M , then
g(N)=f(0)h(N)+f(l)h(N- !)+••• + f(N )h (N -M ).
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This set of equations may be written in matrix form,
g = H f,
where
g(0)

m

M 0)

g (l)

M 0)

g( 2)

M l)
M 2)

g{M)

h(M)

g(N) _

h(N)

M l)

/(I)

m

M 0)

f{M)

M 0)

_/(N )

L
M
N
N ote that the matrix has nonzero terms only on the lower triangular portion.
Also, the effect of all input terms being 0 after M terms simply places zeros in
the input vector. If the impulse response h(j ) is zero for all N > j > L , then
zero terms are added to the lower left portion of the matrix, giving the matrix
a banded structure. The most important property of the H convolution matrix
is that the diagonal terms are equal. Square matrices with this property are
called Toeplitz. Thus, the convolution matrix is Toeplitzlike.
N ow consider the superposition relationship given previously. In a similar
manner, this equation may be written in the matrix form of
g = H f.
However, the H matrix no longer has the Toeplitzlike structure. H is given by

*(0,0)

A(1,0) MU)
H=

h( 2,0 )

h( 2,1)

A(2,0)

h( M, 0)

h(M,M)

This lack of Toeplitzlike structure indicates why superposition is more dif
ficult than convolution. The number of degrees of freedom of the H matrix is
on the order of M 2 rather than M.
Suppose that the impulse response has L, the input f has M , and the output
g has N nonzero terms. For a convolution computation, the number of
nonzero output terms of g is N = M + L. The form of the H matrix in this case
is of size N x L and thus has more rows than columns, representing a set of
overdetermined equations, is banded, and nonzero diagonal terms are equal:
m
H=

h( i)

MO)

h( L)

■■•

/i(0)

h( L)

■■•

M0)
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For a correlation com putation such as in template matching, the impulse
response size L and input size M are given, and output responses g are
computed only for the N = M —L + \ locations for which the template fits
completely in the input sequence. In this case the H m afnx has more columns
than rows, which represents underdetermined equations. The cases for which
the H matrix is square, L = M, and of full rank are rare.
N ow consider the matrix form of the finite impulse response computation.
The output terms as com puted by the convolution for positive values of k are
g(0) = / ( - \ M ) h { \ M ) + / ( 1

1) + • • • + / ( 0 ) / r ( 0 )

g(\)=f{\-\M )h(\M )+f(2-\M )h(\M -\)+-

• • + /(0 )A (1 )

g{N)=f(N-\M )h(\M )
+f(N + 1

1) + • • • + f ( N + \ M ) h ( - \ M ) .

Again, if only a finite number of output terms are computed, the equation
may be written in the matrix form
g = H f,

where
* ( 0)

h(\M)

h ( \ M - 1)

h{ 0)

h(\M)

?(1)

h(\M)

g(N)

h(-\M )

/(-IM )

m
/(i)

f(N + \M)
N ote that the matrix is banded and Toeplitzlike since diagonal terms are
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equal. Also, for the convolution com putation the number of nonzero input
terms assumed is N + M so that the set of equations is underdetermined.
Another important point is that each row of the matrix except the first is a
right shift of the row above it. This property will be very important with
circulant matrices. The matrix form for the superposition given earlier is also
expressable as
M

g ( k ) = ? Jf ( j + k - \ M ) h ( k J + k - \ M )

or

g = H f,

7 = 0

where

/i( l,|M + l)

H=

h(N,N+\M )

h(N,N-\M )

N ote that the diagonal terms are not equal for the superposition and that the
equations are undetermined.
The periodic convolution leads to the most interesting circulant matrix
form. The output terms for the periodic convolution are
S p ( 0 ) = / p ( 0 ) V 0 ) + / p ( l ) V - ! ) + • • • + f P( M - l ) h p( ~ M + 1).

By the use of the periodic property that hp( —k) = h p( M —k),
S P( 0 ) = / p(0)A p( 0 ) + / p( l ) / . p( A / - 1) + • • • + / P( M - l) A p( l )

and
g p( l ) = / p ( 0 ) A p( l ) + / p( l ) A p( 0 ) + • • • + / P( M - l)A p(2),

gp( M - l ) = / p(0)/!p( M - l ) + f p( l ) h p( M - 2 ) + - • • + f p( M — l)A p(0).
In matrix form
§ p — Hpfp>

where
gp(°)
Sp(l)

=

Ap(0)

hp( M - l )

hp( M - 2 )

hp( 1)

/ P(0)

Ap( l )

*p(0)

hp( M - \ )

hp{ 2)

/p (l)

hp( M - l )

hp( M —2)

hp(0)

/ P( M - 1 )

The matrix H now has the property that each row is a circular right shift of
the preceding row and H is square. Thus, H is a circulant matrix. An
important property of a circulant matrix is that it is diagonalized by a discrete
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Fourier transform operation. This fact was applied by Hunt (1972) to con
volution computations with great success. Follow ing Hunt’s development, let
us determine the eigenvalues and eigenvectors of a general circulant matrix C,
where

■■•

C (0 )

C( 2)
C( 1)

c(2)

C (3 )

••

C (0)

C ( 1)

C ( N —1)

C ( 1)

C(N--1 )

■

C(N--2 )

■

C (0 )

Let W=exp(i2-rr/N), where i = V — 1 . Then W k is one o f the N distinct
roots of unity, i.e., W kN= 1, A: = 0 , 1 , 2 , 1 .
N ow consider

X(k) =

C (0 ) + C ( l)

Wk+

C (2 )

W 2k + ■■■ + C ( N —1) W (N ~ I)A:.

The value \ { k) also satisfies the following equations:

\ ( k ) W k = C { N - \ ) + C{Qi)Wk + C ( \ ) W 2k+ ■■■ + C ( N —2) w^N~ l^k,
\ ( k ) W 2k = C ( N —2) + C ( N —1) W k + C(0) W 2K +

••• +

C ( N - 3 ) W (N~ l)k,

A(Jfc) W (N~ l)k = C (l) + C(2) W k + C(3) W 2K+ ■■■ + C( 0) W (N~ ')* .
The significance of these equations is clear if they are written in matrix form

\(k)W(k)=CW(k),
where W(A:) = [1, W k, W 2k, . . . , W (N~ 1)<:]T.
Thus by definition A(k) is an eigenvalue and W (k) is an eigenvector of the
circulant matrix C. Since there are N values W k, which are distinct roots of
unity, there are N distinct eigenvectors W (k). These eigenvectors may be
written as a matrix
W = [W (0 ),W (1 ),...,W (7 V —1)]
that is directly related to the discrete Fourier transform matrix. The inverse of
this matrix is therefore known to be
W ~ 1= [ N ~ 1exp( - i2irkj / N ) ]
The eigenvalue relationship m ay be written

Wyl = CW,
where A is a diagonal matrix w hose diagonal terms are equal to A(k),
W ~ 1 gives

k = 0 , l , . . . , N —1. M ultiplying on the left by

C = wylw-1.
Thus the circulant matrix is diagonalized by a discrete Fourier transform
matrix W. As shown by Hunt, this result has direct application to the
com putation of discrete convolution.
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A gain consider the matrix form of the periodic convolution. Since Hp is a
circulant, it can be expressed in terms of its diagonal representation D, using

Hp= WDW-1
or
gp =

W D W 1fp.

This equation may be directly interpreted in terms of D F T operations. If W_l
is called the forward transform and W the inverse transform, then the term
W- 1fp may be interpreted as the D F T of fp. Multiplication of this transform
by the diagonal matrix D corresponds to point by point transform domain
filtering with a function that is the D F T of the filter impulse response.
Finally, multiplication of the filtered result by W corresponds to taking the
inverse D FT. To clarify these relationships let

and

for ( k = 0,
1) represent the D F T s of the sequences fp and gp, respec
tively. N ext examine the elem ents of the diagonal matrix D. From the
definition of the eigenvalue of the circulant the diagonal elements were
com puted from the first row of Hp. The first row of Hp, however, is the
sequence, hp( —j ); thus a direct substitution gives

Since the sequence is periodic, the sum from 0 to —( N — 1) is exactly equal to
the sum from 0 to TV— 1, so that —j may be replaced by j in the above
equation to give

To be consistent with the form of the D F T used previously, let the D F T of
hp(J) be H( k), where H( k ) = Dkk/ N for A: = 0 , 1 .
Finally, the
frequency domain representation of the circular convolution is
G( k ) = NH( k ) F( k ) ,
which states that the discrete convolution may be computed by discrete
Fourier transforms. The D F T can be computed with logarithmic efficiency by
a fast Fourier transform algorithm. The discrete convolution theorem for
periodic sequences is an important result; however, its significance is even
broader than is readily apparent. It will now be shown that for a finite
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number of output terms, both the infinite impulse response and finite re
sponse results m ay be com puted exactly, using a periodic convolution.
Suppose we wish to com pute the infinite impulse response convolution for
a finite number of output terms. For definiteness, let the sequence lengths be
/(/),

/ —0 ,1

AT—1,

h(i),

i = 0 , l , . . . , L —l,

g(i),

i = 0, l , . . . , M + L —2.

To compute an equivalent sequence via a periodic convolution, we first define
extended sequences by filling out the sequences with zeros to length P:

g(i),
0,

i = 0, l , . . . , M + J —2,
i= M + J -\,...,P -\,

where P > M + J — 1 is an important condition. N ote that all sequences are
the same length. N ext construct a circulant matrix He as

He=

he( 0)

he( P - 1)

* e 0 )

* e 0 )

* e(°)

K{2)

hc( P ~ l )

A«(0)

N ow the computation of

produces a vector ge of length P\ however, the first M + J —2 com ponents are
exactly equal to the M + J —2 com ponents of g because enough zeros were
added to prevent overlap of the nonzero terms added to the He matrix and the
fe vector. Thus the aperiodic convolution may be com puted by a periodic
convolution.
N ow consider the com putation of the finite impulse response convolution
given in matrix form. It was previously noted that the rows of this matrix,
except for the first, were right shifts of the preceding rows. Thus, the matrix is
almost circulant and must only be made square and circulant by adding \ M
rows as the first and last rows. W e must therefore again define extended
sequences

K (i)=

o,

h ( M + N + 1 —/),

i = ± M + N + l , . . . , N + M,
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and
0,

0,1

=

g e( 0 = -

= \M +l,...,\M +N +l,

l) ,

= \ M + N + 2 , N + M,

0,

then form the circulant matrix He with the sequence he as before. The
resulting computation

is a periodic convolution. However, the desired g vector may be obtained
exactly by selecting the center N terms of the g e vector. This is sometimes
referred to as ignoring the edge effects. Thus, all three important convolution
forms m ay be represented by circulant computations and thus computed via a
fast Fourier transform algorithm.
Let us consider as a final example the difficulties encountered if an impulse
response of infinite duration is approximated by a finite discrete Fourier
transform computation.
Suppose the impulse response is given as (Kwoh, 1977, see Chapter 4)

h (0) = T r / 3 T 2,
h ( n ) = — 1/ t7«27’2

for

« = ± 1 , ±2.

where T is the sample spacing. The frequency response can be shown to be
H(u>) = |co| — T u 2/2-n
for 0 < |co| < 2m / T and periodic with period 2-n/T.
A discrete Fourier transform may be used to approximate this filter;
however, the accuracy of the approximation must be considered. The D F T of
the impulse response for finite N is
D(k) = 2

h ( n ) W nk,

0 < k < N — 1,

where J F = ex p (—j l m / N) . Taking account of the Hermitian or folding
frequency of the D F T gives
M

D(k)= 2

h ( n ) W nk+

2

h ( n ) W nk,

n = N —M

where M can be set to the Nyquist frequency | N .
Substituting the given impulse response gives
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Expanding and using the identity
^
2

k-i

cosKx
7T2
mx
x2
------1
= ~Z-------o------- T

K2

6

2

2

„
for

0<x<2n

gives
D( k ) = ( 2 v k / N T 2) ( \ - k / N ) + R ( k )

for

\k/N\<\.

Substituting to = 27rk / N gives
D ( k ) = |co| — Tw2/ 2 m + R( k) ,
which is the desired response plus a residue term. The residue term is
R(k) =

-

2cos ( 2‘i r n k / N ) / n 2 /■uT2

2
n= M + l

and causes the error in using the D F T to com pute the spectrum. U sing the
Riemann zeta function,
OO

2

\ / n 2 = TT2/ 6 ,

n=\

permits an upper bound to be com puted for R(k). For example, the first
frequency point in H{u>) should be zero. However with N = 5 \ 2 , M = 256,
T = 1, the value com puted by the D F T is approximately 0.00248678. This
value is consistent with the residue term
2

r 00

R(k) < — I

dx

— =0.0024868.

77 J n = 256 X

As illustrated by this example, if frequency dom ain accuracy is of great
concern and if the desired filter impulse response is infinite, it may be better
to use direct convolution or recursive filters rather than the FFT.
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